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Preface to Second Edition




In 1985 when Philip Davis wrote the introduction to
this book he lamented the low esteem in which math-
ematical history was held by the general public and
even by professional historians. He pointed out, rather
whimsically, that the “average person hardly thinks that
mathematics has a history, rather, that all of it was re-
vealed in a flash to some ancient mathematical Moses
or reclaimed from a handbag at the left luggage room
in Waterloo Station.” He points out that an admired text
in world history at the time devoted 20 of its 900 pages
to the history of science. In some ways this probably
has not changed very much, in spite of the best efforts
of the mathematical community.

We decided to check outa currently popular world
history textbook. It has more pages than the one Davis
pointed out, almost 1000, and that’s not surprising
because a lot of history has happened since 1985. But
the authors have even less to report about science and
mathematics. The word “mathematics” does not even
appear in the index of the second volume (post 1450).
There is brief mention of Arab, Babylonian, Chinese,
Greek, Indian, Islamic, and Sumerian mathematics, but
for the authors of this text mathematics seems not
to exist beyond that early time, though Archimedes,
Euclid, and Pythagoras are mentioned, and only much
later do we find the names of Copernicus and Kepler.
Descartes gets four short lines (the format is double col-
umn), and Newton gets 21. Beyond that there is noth-
ing—no Euler, no Gauss, nor anyone else. Computer
science fares no better. There is brief mention of the
Internet at the end of the second volume and a long
story about someone seeing a cell phone in the Cote
d’lvoire. That takes care of science, a total of maybe four
or five pages out of 1000.

While mathematics is largely ignored in texts on
world history, something striking has been happening:
an explosion of new books each year aimed at non-
specialists in mathematics and devoted to the biogra-
phy of mathematicians or to history, often of specific
problems or even specific formulas in mathematics.
One expects to see occasional scholarly biographies of
mathematicians, usually published by university press-
es, but in recent years we have seen, even from main-
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stream publishers, and to name just a few, biographies
of Abel, Cayley, R. L. Moore, Sylvester, Bourbaki, Erdés
(two, no less), Wiener, Nash, Coxeter, Tarski, Turing, and
Bolyai, some clearly aimed at professionals but some,
like Gleick’s Newton, for a wide public. During the same
time we have seen whole books written about math-
ematical constants ( e.g., the golden ratio, Euler’s con-
stant), on mathematical objects like the Mdbius strip,
on gigantic problems—four books on the Riemann
hypothesis alone, one on the classification of the fi-
nite simple groups, one on the four color problem, and
even on the Langlands program (!). And almost all of
these were written for a more or less general audience,
some more successfully than others, of course. We have
also seen a novel about d’Alembert, another on the
Goldbach conjecture. These publications would have
been unimaginable in 1985.

Nevertheless, when we looked back at our own
early effort to make mathematicians seem a bit more
approachable to a general audience, we found that
there were some remarkable disclosures here not read-
ily available in other literature. So we concluded that it
is time to reissue these interviews and profiles. With the
passing of time some statements made then now seem
less than prescient, and some predications did not
come to pass. Some of the participants are no longer
with us, and Persi Diaconis is no longer 35 years old. But
we have decided not to tamper with the interviews and
profiles themselves. They should be read in the context
of the mid-1980s. We have appended some notes to in-
dicate what has happened to subjects after the original
interviews, and the biographical notes at the end have
been updated.

From reviews of the first edition of the book in
1985, it was clear that people saw a need for something
to make mathematicians appear more accessible to
the public. And our title is much used, almost always
in reference to this volume. To avoid confusion a sec-
tion of the Notices of the American Mathematical Society
now has to be called “Mathematics People,” not nearly
as euphonious.

Though the range of personalities described
here is wide, we still believe that the people we include
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come across as interesting and attractive people, not

the withdrawn or clinically ill people who were pre-

sented in popular art forms in the late 1990s. They're

more like the mathematical people we know and ad-

mire. We hope that a new generation of readers will
agree.

Donald J. Albers

Gerald L. Alexanderson

June, 2007
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From the time of Plato’s Academy with its motto
“Let no one ignorant of mathematics enter here” to
the Age of Enlightenment, educated people were ex-
pected to be interested in the latest developments in
mathematics as well as those in the sciences, literature,
philosophy, music, and fine arts. The year Leibniz’s first
work on the differential calculus appeared in the Acta
Eruditorum (1684), the journal also carried articles on
theology, archeology, linguistics, philosophy, and the
anatomy of snakes. With the increase in abstraction and
complexity in the nineteenth and twentieth centuries,
mathematics became more and more difficult, even for
the otherwise well-educated and informed.Today math-
ematicians can rarely communicate to other scholars or
scientists, or even to other mathematicians, the ideas
in mathematics that are exciting to them. Along with
this intellectual isolation has come a feeling on the part
of many outside mathematics that mathematicians are
remote, unapproachable, aloof, and maybe even a bit
strange.

We hope through the interviews and profiles
included in this volume to dispel, at least in part, this
notion. We claim that mathematicians are no stranger
than certain philosophers we have known, or certain
musicians, or certain artists, or . .. well, we need not go
on. We hope to demonstrate that mathematicians are
a remarkably diverse group with a wide range of intel-
lectual interests and a full spectrum of personalities. It
is true that mathematics does require great concentra-
tion and intellectual power of a rather special type, so
the creative mathematician may display a single-mind-
edness beyond that observed in a wider population,
but those who persist through the present volume will
come to see, we believe, that mathematicians are still
an interesting bunch. They may share more traits with
artists than with experimental scientists. We leave it to
the reader to judge.

The genesis of this volume coincided with the
90th birthday of George Polya, when the first editor
of the volume, the then newly appointed editor of the
Two-Year College Mathematics Journal, asked the sec-
ond editor to do an interview of Polya for the Journal.
This turned out to be of interest to the readers and led
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to a series of interviews carried out by a number of dif-
ferent mathematicians. These interviews have been
published in the Journal over the past five years. The
present volume includes all of those interviews and
contains a number of new interviews done just for the
present volume.

Clearly the editors would not claim that those
interviewed are the best, most productive, or even the
most interesting of twentieth century mathematicians.
They are certainly among the best, most productive,
and more interesting. That's why they were chosen. But
there are many others who would qualify for inclusion
but who were not willing to be interviewed, or were not
available. Or the editors did not know someone who
could approach them. Or they were just overlooked.
We are grateful to those who agreed to be interviewed
and we apologize to those who should be included but
are not. Perhaps, at another time, for another volume or
another journal, these omissions can be rectified.

The reader will note that not all of the entries are
interviews. A few profiles and one autobiographical
sketch have been used instead, largely because they
were already available.

The object has been rather differentfrom whatone
would compile in an oral history project. There has been
no attempt to cover in detail the subject’s mathematical
achievements. Instead, while trying to give some notion
of what sort of mathematics the person has done, we
try to concentrate on the human side. We have tried to
discover why the person chose mathematics, why the
person is excited by mathematics, and why the person
thinks that what he or she does is important.

Naturally, such a project has involved far more
people than the two editors who put the final collec-
tion together. We wish to thank all those who agreed
to be interviewed, all those who did the interviewing
or wrote profiles, and the many who have helped in the
production effort: Geri Albers, Lisa Albers, Ken Allen,
Joan Bailey, Margery Douglas, Elena Giulini, Judith
Grabiner, Raoul Hailpern, Dave Jackson, Yvonne Pasos,
Alan Ringold, Gerald D. Silverberg, Rosemary Uribe,
and Judith Goodstein and Mary Terrall of the Caltech
Archives.
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And of course, we wish to thank Klaus Peters,
President of Birkhduser, Boston, and the officers and
committee heads of the Mathematical Association of
America who made the whole project possible: Richard
D. Anderson, the late Edwin F. Beckenbach, Leonard
Gillman, Ivan Niven, David P. Roselle, Alan Tucker, and
Alfred B. Willcox.

Both of us were inspired by Men of Mathematics.
We here offer special thanks to its author, the late E. T.
Bell.

D. J. Albers, Menlo College
G. L. Alexanderson, University of Santa Clara
January, 1985
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Mathematicians focus their primary attention, and
rightly so, on mathematical ideas, their origin,
their continuing creation, and their dissemination. This
history of mathematics plays a somewhat peripheral
role, and biographical studies are rare, although they do
get a wide audience, as witness Men of Mathematics by
E.T. Bell and the more recent biographies by Constance
Reid. However, these were not about living mathemati-
cians.This present volume, by contrast, offers us insights
into the lives of some leading contemporary scholars,
obtained for the most part through direct question-
ing. Why did they pursue mathematics, not some other
field? How did they get into their particular specialty?
All the questions addressed are related directly or indi-
rectly to mathematics.

The outcome is a collection of lively sketches
that illuminate the mathematical scene, especially in
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the United States and Canada, in the last several de-
cades. The book is a noteworthy example of living his-
tory gathered directly from several of the luminaries
who have played key roles in the mathematical life of
this continent. Would that similar vignettes were avail-
able of such leaders of an earlier time as George David
Birkhoff, Eliakim Hastings Moore, and Oswald Veblen.
This collaborative effort between the Mathematical
Association of America and the publisher, Birkhduser
Boston, is a welcome addition to the literature on the
human side of mathematics. Our special thanks go to
the writers for their skillful and sensitive treatment of
the subject matter, and to the mathematicians who co-
operated by “sitting for their portraits.”

Ivan Niven, President
Mathematical Association of America



Introduction: Reflections on Writing the History of Mathematics

Philip J. Davis



he essays, interviews, and reminiscences that are

contained in this book present profiles of some of
the finest contemporary mathematical minds. They link
men and women of extraordinary achievement with
both their material and their environment. Although the
writing is relaxed, informal, and delightfully easy to read,
we come away exhilarated, feeling that we too have
been present at moments when great mathematics was
created and have shared the feelings of the creators.

At the level of shop talk we will learn which math-
ematician has written more than nine hundred papers
and how he views this accomplishment. We will learn
what mathematician is skilled at parlor tricks and how
this relates to his professional work. We will read of the
mathematician who says, quite flatly, that the computer
is important, but not to mathematics; and we will read
the exact opposite view expressed. We will know, if we
read on, which mathematician, much more than most,
explained in his papers how he got his results.

Shop talk aside, it is inevitable that having turned
the last leaf of the last profile one finds oneself in a
historical mood. One begins to think of generations of
people and of the relationship between mental worlds
and the historical events against which our lives are
played out.

Since the sixteenth century, the world has be-
come mathematized, scientized, technologized at an
increasing clip. Our comforts, our customs, our men-
tal states, our imagery, our sense of what is and what
is not, our fate, even, have all become increasingly
tied to the latest developments in technology. Despite
this, books of general history do not deal adequately
with science and technology. History has traditionally
been the chronicle of the struggles of dynasties or of
power blocs. One can read in history books about so-
cial arrangements, about economic arrangements;
one can learn how powerful are the forces of the ideas
of freedom, of glory, of nationalism, of religious faith;
but one finds very little indeed of a precise nature as
to how mathematics and technology grew, and what
the interaction was between them and the general cul-
ture. Taking the popular History of the Modern World by
Palmer and Colton (Knopf) as an example, one finds in
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it one chapter, 20 pages out of 900, like a plum in a pud-
ding, devoted to the growth of science. Our college his-
tory departments are only now beginning, tentatively
and timorously, to hire scholars who have more than a
beginner’s knowledge of scientific matters.

Reasons for this neglect are not hard to find.
In the first place, the ideas of science are not easily
comprehended, and the history of those ideas forms
a web that is far more tangled than the marriages of
the Hapsburgs. For one and the same person to under-
stand both science and “conventional” history requires
a great deal. Secondly, even when a writer has a grasp
of both history and of the history of science, it appears
extraordinarily difficult to link the two. There is a school
of thought that denies the possibility of doing so in
a meaningful way. The ideas of science and of math-
ematics, it asserts, form an independent dimension of
human intelligence and experience. These ideas ap-
pear gratuitously on the stage of history; and though
they may create subsequent history, they are random
events, unexplainable by the history to that point in
time. Granted that conventional history is, in part, an ar-
tistic construction; that, according to Jacob Burckhardt,
famous philosopher of history, “the outlines of a culture
and its mentality may present a different picture to ev-
ery beholder,” then it would appear that one merely
adds another layer of artistic conjecture with every at-
tempt to paint scientific lines into the canvas of general
history.

Before explaining what my own feelings (and
hopes) are in this matter, | will back up a bit and say
a few words about how the history of mathematics
has been written. At a primitive level we can compile
chronological lists of people who had mathematical
thoughts: Thales, Pythagoras, Parmenides, Zeno . . .,
putting in as many names as we find worthy and deter-
mining their dates as accurately as we can. This might
be compared to early historical writings, which were of-
ten nothing more than lists of kings that ancient scribes
collated. A list of mathematicians, carried forward to
modern times, might surprise quite a few people, for
the average person hardly thinks that mathematics
has a history, rather, that all of it was revealed in a flash
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to some ancient mathematical Moses or reclaimed
from a handbag at the left luggage room in Waterloo
Station.

We want more than lists. And more is, in fact,
available. In dealing with what is available, the histo-
rian of mathematics has several tasks. The first is that
of interpretation and description, where the material is
to be considered almost in the sense of static isolation.
The historian of mathematics must identify material as
mathematics and tell us what that mathematics pur-
ports to be; he must build a coherent and continuous
historical structure of mathematical ideas. For ancient
material this may be a job of the first magnitude.

The second task is to try to discover the genesis of
mathematical ideas and to describe their interrelation
one with the other and with the outside world.

The third task is for the historian to communicate
his discoveries and insights to his readers. This obvious
point is not so much that there are scholars who study
and study and fail to publish, but that each writer of his-
tory must imagine for himself a readership of a certain
kind and try to make sense to that readership.

Let us discuss the last task first. Begin by asking:
what has the readership been for mathematical history?
It is read by some few mathematicians and scientists,
some professional historians of science, some philoso-
phers, and some people who are interested in the histo-
ry of ideas. Then, there is the raggle-taggle remainder:
younger students who very occasionally sign up for a
course on the History of Mathematics and people who
prefer the Encyclopedia Britannica to Agatha Christie for
a bed-book.

Theintelligent layman, although his life is increas-
ingly mathematized, doesn’t know that mathematics
has a history and wouldn't care to read about it if he did
know. The general historian doesn’t much care about
it. And now comes the low blow: the average scientist,
the average teacher of mathematics at any level, and
the average research mathematician do not read the
history of mathematics. It is not thought necessary to
their professional careers. Researchers go forward from
recent material, occasionally referring, as needed, to a
paper written twenty-five or fifty years ago.

Ask the next question: Who writes mathematical
history?' Lumping biographies of mathematicians to-
gether with the history of mathematical ideas (perhaps
one shouldn't do this), we find that it is written by all
kinds of people from poets to professional biographers
to scientific Grub Streeters, to math buffs, to mathema-
ticians of great accomplishment.

| have enjoyed Muriel Rukeyser’s biography of
Thomas Hariot (1560-1621). Rukeyser, a poet, writes
with poetic mistiness about her attempt to recon-
struct this swashbuckling Elizabethan mathematician
from the dusty manuscripts in the library of the Duke
of Northumberland. If, here and there, a statement is
made about mathematics that betrays her ignorance,
it can serve to remind the professionals that the bulk of
humankind who live in great ignorance of mathematics
still have reactions to its very existence.

| have enjoyed equally well (but in a different
sense) papers of Clifford Truesdell straightening me out
on some point in Euler.

It is pleasant to be able to report that the num-
ber of highly professional mathematicians who have
attempted history has been on the increase. For the
general history of post-Renaissance mathematics, we
should list among such authors the names of E. T. Bell,
Morris Kline, Clifford Truesdell, Howard Eves, Oystein
Ore, C. B. Boyer, Herman Goldstine, Andre Weil, D. J.
Struik, R. L. Wilder, Salomon Bochner, L. C. Young, Harold
Edwards, and numerous others, including the short his-
torical notices prepared by Nikolaus Bourbaki.

Grossly, one may divide authors into two catego-
ries: those who understand the mathematics they write
about and those who do not. History can be written
from the outside and from the inside. Surveying what
is available in its wide variety, and given my own back-
ground, | find it not too difficult to reach the conclusion
that the most significant mathematical history is that
written by insiders for the inside. Let me designate it as
Inside History.

I have been informed that there is no comprehensive history of
the histories of mathematics. | should think that this might be a
worthwhile scholarly project.



How is such material to be characterized? First
of all, it assumes that the reader has a fair amount of
understanding of the mathematics under discussion.
Now this would be a reasonable assumption for inside
readers and for material up to, say, 1900. After that time,
there has developed such a plethora of mathematical
material and such a degree of specialization that the
insider knows only the “taste” of the next field but lacks
deeper knowledge. The historian cannot simultane-
ously write a history and a mathematical text book, and
so even the insider skips what he doesn’t understand
and strains out the list of names and the surface link-
ages. Thus we are in a dilemma: one cannot really un-
derstand Inside History unless one is on the inside, and
not even insiders are completely inside. The necessity
for popularization therefore exists at all levels.

Inside History comes forward in time. Having dis-
tinguished a number of major lines of development,
it follows these developments through. At the same
time, it tries to give snapshot pictures of how the whole
mathematical scene at a particular era shaped up. It
assumes there is progress in mathematics; it points to
the resolution of old problems and to the birth of new
ideas. In carrying the action forward to the present, it
assumes that the past was aimed, like an arrow, at the
problem. It interprets the past in terms of the present,
rather than on its own terms. It assumes that the pres-
ent is the justified completion of the past.

Inside History tends to strip away from its nar-
rative all considerations that are extra-mathematical.
Inside History thinks that mathematics is culture-free;
that it has a universality which renders it everywhere
valid and interpretable;? that the little man on Mars—or
wherever he now has taken up residence—will inevi-
tably come up with the sequence of digits 3.14159 ...
and think it quite as interesting as we do. Just as it has
been said of the novels of Jane Austen that one could
not tell from them that the Napoleonic Wars had been

2 UIf Grenader in Mathematical Experiments on the Computer
(Academic Press, 1982) writes, “Sometimes it may be hard to
understand one’s own (APL) code six months after it has been
written.”
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fought, so in our mathematical histories, with the pos-
sible exception of one aspect, one can hardly tell that
the mathematics was created by people living in his-
toric times or by people who had an intellectual life that
extended beyond the mathematical. The one exception
is that connections are drawn—not as often as might
be, but sufficiently often—to the concerns of science.
Connections are made to astronomy, to geography, to
navigation, to surveying, to physics, and to engineer-
ing. But excluded from such narratives, whether by ig-
norance on the part of the author or by self-censorship,
are any intimations that mathematics has any relation-
ship to or derives any inspiration from the irrational, the
mystical, the metaphysical, the theological, the ritual, or
from the general activities of mankind, including all the
things that the current generation of writers happen to
think are foolish or reprehensible.

Inside History moves from great name to great
name and tends to draw the major lines of develop-
ment in such a way that they pass through the great
names.

Inside History purports to give the ultimate and
unique explanation of how mathematics came to be
what it obviously seems to be.

In virtue of the way Inside History treats the re-
lationship between the present and the past, | fall in
with the suggestion of Professor Joan Richards that it
be called Whig History. The term was introduced by
historian Herbert Butterfield in 1931 and alludes to the
tendency to “emphasize certain principles of progress
in the past and to produce a story which is the ratifica-
tion, if not the glorification, of the present”

Whig history of mathematics is now the finest
kind we have and the kind that most of us are comfort-
able with. It has great strengths and certain inadequa-
cies. It distorts the past by not describing the past in its
own complex nature. It ascribes to the past a teleologi-
cal direction. It omits from its description a great deal of
connecting tissue that is not formalized, written-down
mathematics. It does not treat (or treats in a slapdash
way) the relationship between mathematics and busi-
ness, war, religion and theology, metaphysics, cosmolo-
gy, ethics. These omissions are absolutely scandalous in
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that they lead to an inadequate account of the sources
of mathematical inspiration.

In the case of general history, Whig history is
not the only way in which history has been written.
Among alternative ways are history as a guide to con-
duct: the lessons of history. There is history as it really
was: the total recovery of the past. There is history as
“Heilsgeschichte”: history as the road to salvation and
the linking of events with the universal sacred dramas.
There is history as science: history has laws that can be
discovered and that have the same validity as scientific
laws.

Now the history of mathematics may be writ-
ten, with some obvious modifications, along all these
lines. When Raymond Wilder analyzes and categorizes
the varieties of pressure that lead to progress in math-
ematics, he is, in part, attempting a science of the his-
tory of mathematics. When André Weil advocates the
study of mathematical history so we can learn from the
thought of the masters, he is setting up the Old Masters
as guides to future mathematical conduct and creativ-
ity. When the Scottish mathematician Colin Maclaurin
(1698-1746) wrote that the purpose of doing mathe-
matics was to reveal and reflect God’s glory, then the
link to the sacred and the hermetic has been made.

In his essay “Great Men and Their Environment,’
the American psychologist and philosopher William
James wrote, “The community stagnates without the
impulse of the individual; the impulse dies away with-
out the sympathy of the community.” | should like now
to raise the question: Is it possible to write a history of
mathematics along the lines suggested by this quota-
tion? | should like to think so, but | am not at all certain
it can be done. Call it social history or social-psychologi-
cal history. | often call it Jamesian history.

If Whig history is, in part, a fiction, then Jamesian
history may be an impossibility. Many scholars have as-
serted as much, and they deprecate, if they do not actu-
ally hold in contempt, what little has been done along
these lines.

Having despaired of the possibility of such histo-
ry, | will attempt to set down some of its features. Is this

paradoxical? Mathematics, of course, often proceeds
in just this way. The requirements for \/_71 imply the
impossibility of its existence; mathematicians ignore
this and proceed anyway. | undertake this exercise to
liven my personal hope that someone might hit upon a
mode within which the impossibility may be dispelled.

A first and perhaps foremost requirement is that
we achieve an understanding of the willingness of the
community to mathematize and to be mathematized.
| emphasize particularly the second part of the state-
ment, for—make no mistake about it—mathematics,
whether it is thought to have been put into social prac-
tice by reason or by whim, contains ideas, patterns, and
procedures which are potent vehicles of social organi-
zation and change. The heart-cry “Do not fold, staple, or
punch me”can be taken as the battle cry of one party in
the struggle between the “two cultures.”

Consider, for example, the tendency currently
sweeping the western world to use credit-card money
instead of cash money. Now this favors mathematics
(at the primitive level of bookkeeping and data pro-
cessing). It is not the result of a conspiracy of com-
puter manufacturers in cahoots with mathematicians.
It was slow in finding acceptance, having apparently
been started some twenty-five years ago by four res-
taurateurs in New York City. Here is a conflict; but the
“Zeitgeist” apparently favors mathematics.

Why did it take until the 1500s for the commu-
nity to allow itself to be stochasticized? In the Roman
Empire, apparently, certain statistics were collected
pertaining to accidents. But no one thought to divide
through by the base population to arrive at stable rates.
The mathematics of elementary combinatorial prob-
ability is simple enough. Why were not the odds for dic-
ing laid out in the third century B.C.?

Is there a relation, as some have claimed, between
the non-Euclidean geometry of the 1800s and the doc-
trine of ethical relativism that subsequently became
popular? A case can be and has been made for such a
connection.

Why do we, today, allow our military strategies to
be so mathematized and computerized when the dif-
ference of one bit in a program may send all down the



road to oblivion? What is the basis of our confidence or
our cynicism?

Why did mathematics dry up under the influence
of Roman civilization?

Why did not ancient Oriental mathematics dis-
cover proof?

Here we have touched on the two most famous
questions of this type of history. The list may be extend-
ed indefinitely.

It is difficult enough to write within mathemat-
ics itself how certain ideas grow from seed. Descartes
tells us that the idea of the total mathematization of
science came to him in a vision couched in secular sym-
bols and evoking a religious reaction. Poincare, centu-
ries later, tells us that the solution to a certain problem
came to him as he stepped aboard a streetcar. (And if
visions and streetcars are now scarce, shall we throw up
our hands?) How much more difficult it is then to link
a specific creation to the community. Yet we must try.
In doing so, we will write many foolish things. | do not
go along with the Wittgensteinian ukase: “Wovon man
nicht sprechen kann, dariiber muss man schweigen.” (“If
you can't talk about it, shut up.”) This condemns us to
the minimal communication of the monk’s cell, to vows
of silence that hardly enrich our intellectual life.

A second requirement brings us to individuals. We
must achieve a proper understanding of the relationship
between the great men and those of lesser rank. When
Newton remarked modestly that if he saw further than
most men it was because he stood on the shoulders of
giants, he was expressing a truth which is all too often
ignored. The giants stand on the shoulders of lesser gi-
ants, and the whole pyramid would collapse without
the firm support of the community.

A third requirement is the avoidance of parochial-
ism. Too often, particularly when the author is a profes-
sional mathematician well versed in some specialty, he
writes history as though it were the manifest destiny of
the past to lead with trumpets and flags precisely to his
specialty. For example, | have felt that most histories of
the theory of functions of a complex variable are inade-
quate insofar as they underplay (or are totally unaware
of) the contributions and the driving force that came
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from dynamical astronomy. Avoidance of parochialism
requires a proper understanding of dead motives. Why
were certain things done? The reasons we ascribe are
too often our reasons and not the reasons of the time.
To write mathematical history “wie es echt gewesen”
(“the way it really happened”) may be impossible, but
the attempt rewards us when we discover what differ-
ent stuff was packed into the minds of the past.

A mathematician sits somewhere in space and
time and creates mathematics. He may be working on
paper or on papyrus. He may be drawing figures on
sand or on a computer scope. He may be carving sym-
bols on stone. He may be in a scientific laboratory. He
may be at a blackboard before a group or he may be
by himself. He may be in jail or in a lighthouse. He may
be blind. He may have access to books or he may not.
Whatever he creates, if it is disseminated and proves to
be intelligible to other men, it has de facto integrity.

What is his relationship to his material? From
whence does it derive? What does he think he is do-
ing? Toward what end is it directed? Why does he do
it? What are the consequences of his scribblings? What
is the nature of his conceptualization? What are his cri-
teria for success? If it is thought that his symbols have
some applicability to the greater world, how does this
come about?

One man works with numbers, another man
works with space. A third man works with logic, anoth-
er with patterns. Someone else works with differential
equations and yet another with computer languages.
Is there a common element to these inquiries, a com-
mon attitude or psychology? What distinguishes them?
What is important? What is not? What is alive? What is
now irrelevant? What is beautiful? What is not? What is
simple? What is complex? What makes it so? What does
the experience of being a mathematician amount to?

From material such as now follows, the historians
of the future will draw their conclusions.
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Garrett Birkhoff

Interviewed by G. L. Alexanderson and Carroll Wilde



I n 1976, as part of the recognition of the American bi-
centennial, the annual meeting of the Mathematical
Association of America in San Antonio was dedicated to
the history of American mathematics. One of the prin-
cipal speakers was Professor Garrett Birkhoff. He has
unique qualifications to provide a first-hand account of
much of the 20th century history, since not only has he
had a most distinguished mathematical career himself,
but he grew up with additional insights gained from his
father, George David Birkhoff, who was perhaps the first
American to be recognized as one of the world’s lead-
ing mathematicians.

Garrett Birkhoff's San Antonio paper, “Some
Leaders in American Mathematics: 1891-1941," can
be found in The Bicentennial Tribute to American
Mathematics 1776-1976 (D. Tarwater, ed.; MAA). A pro-
fessor of mathematics at Harvard for 45 years, he has
made important contributions in an amazingly broad
range of mathematical fields and has written, some-
times with coauthors, a number of pioneering books:
Lattice Theory, 1940, 3rd edition, 1967; Survey of Modern
Algebra (with Saunders Mac Lane), 1941, 4th edition,
1977; Hydrodynamics, 1950, revised edition, 1960; Jets,
Wakes & Cavities (with E. Zarantello), 1957; Ordinary
Differential Equations (with G.-C. Rota), 1962, 3rd edi-
tion, 1978; Algebra (with Saunders Mac Lane), 1967,
revised edition, 1979; Modern Applied Algebra (with
Thomas Bartee), 1970; and Source Book in Classical
Analysis, 1973.

His father, George D. Birkhoff, was also for many
years professor of mathematics at Harvard and in
1938, to mark the semicentennial of the American
Mathematical Society (founded in 1888 as the New
York Mathematical Society), he wrote an earlier version
of what his son was to do in 1976. It was a paper titled
“Fifty Years of American Mathematics” and appeared in
the AMS Semicentennial Publications. It is interesting
to note that even in 1938 he could already cite his son’s
significant contributions, especially to lattice theory.

George D. Birkhoff (1884-1944) was also known
for the breadth of his interests. He published approxi-
mately 190 papers in classical analysis, difference equa-
tions, dynamical systems, physical theories, the four
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color problem, aesthetic measure and even, in one
case, number theory. His books were Relativity and
Modern Physics, 1923; The Origin, Nature and Influence
of Relativity, 1925; Dynamical Systems, 1927; Aesthetic
Measure, 1933; and Basic Geometry (with R. Beatley),
1940. Though he seemed to be concerned mainly with
problems close to celestial mechanics and physics, he
nevertheless wrote in his 1938 essay that “it is well not
to forget that many of the most astonishing mathemat-
ical developments began as a pure jeu desprit”

The following conversation took place in January,
1982, at the Naval Postgraduate School, Monterey,
California.

MP: What strikes me about your career is the incredible
range of interests, from lattice theory through mathe-
matical physics. How did you happen to shift over the
years or was it really a shift? Were you always interested
in all these aspects of mathematics?

Birkhoff: | was always interested in everything. In fact,
my father was concerned that as a boy, | couldn’t de-
cide what | wanted to do; he thought | should make a
choice. Finally, when | entered college, he told me in
words of one syllable that | would have to earn my liv-
ing when | graduated, and | had better make use of my
four years to prepare myself for a profession. It was at
that point that | decided to become a mathematician. |
liked mathematics, and my father’s being a mathemati-
cian was no reason | should not become one too.

Actually, advised by my father, | prepared in col-
lege for a career as a mathematical physicist, taking
two courses in mathematics and one in physics each of
four years. (In those days, mechanics was considered a
mathematics course.) In my junior year, | took a course
from George W. Pierce in “Electric Oscillations and
Electric Waves”' (Maxwell’s electromagnetic theory),
and in my senior year one from E. C. Kemble in the then
new quantum mechanics. It was through these courses,
and a half-course in potential theory with Kellogg, that
| came to understand partial differential equations. |
gave my first talk in a physics seminar, as a senior.

" The title of Pierce’s book (McGraw-Hill, 1920) and his course.
Pierce had collected $2,000,000 in a patent suit against AT&T.
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But in connection with my undergraduate thesis,
| also read a lot of modern abstract mathematics, such
as Lebesgue theory, point-set topology, and so on. As
a senior, | also secretly discovered finite groups in the
library, and fell in love with them.

When | went to Cambridge University on a Henry
Fellowship after graduating, | planned to work on math-
ematical physics, specializing in quantum mechanics.
However, my course with Kemble at Harvard had not
prepared me for Dirac’s lectures. Kemble had not sug-
gested that there might be undiscovered elementary
particles; his course had left me believing that quantum
mechanics was exclusively concerned with solving the
Schrodinger equation. Not until after | heard a lecture
on positrons by Carl Anderson in the spring of 1933,
did it dawn on me that Dirac’s lectures were aimed at
describing particles that hadn't yet been observed! By
then | had switched from mathematical physics to ab-
stract algebra. My main sources were van der Waerden's
Moderne Algebra and Speiser’s Gruppentheorie, both of
which | had learned about from Caratheodory in the
summer of 1932.

MP: Where was Caratheodory at that time?

Birkhoff: He was in Munich. | had spent July of 1933 in
Munich working on groups by myself, and | called on
him. | had read and greatly admired his paper“Uber das
lineare Mass von Punktmengen,” in connection with
my thesis. He gave me tea with his son and daughter,
and then showed me his imposing library. He said, “If
you're interested in group theory, you should study
Speiser’s book. And if you want to know more about
algebra, read van der Waerden. " | followed his good
advice, greatly helped by Philip Hall after | arrived at
Cambridge University.

Lattice Theory

By January, 1933, | had begun thinking about what |
called lattices. | changed my “research supervisor” from
Fowler, a mature mathematical physicist, to Philip Hall,
a young but already notable group theorist. Hall was a
very stimulating and generous person who encouraged
me in abstract algebra. | decided that | could achieve

more researchwise in that area than in mathematical
physics at that time. Van der Waerden’s book made
modern algebra seem like a field just opening up and
blossoming and its approach dominated my research
for the next seven or eight years, with special emphasis
on lattice theory.

My ideasaboutlattices developed gradually. Philip
Hall did not know of the important work of Dedekind
on “Dualgruppen,”although he did call my attention to
Fritz Klein's related papers on “Verbande.!" It was my fa-
ther who, when he told Ore at Yale about what | was do-
ing some time in 1933, found out from Ore that my lat-
tices coincided with Dedekind’s Dualgruppen. Ore had
edited Dedekind'’s collected works. | was lucky to have
gone beyond Dedekind before | discovered his work. It
would have been quite discouraging if | had discovered
all my results anticipated by Dedekind.

| could talk on, but H. J. Mehrten's excellent
Die Entehung der Verbandstheorie records the his-
tory of lattice theory to 1940 very well. Anyone in-
terested can find the story there; Mehrtens wrote
to every active participant who was still alive in
1975, and carefully analyzed and coordinated their
recollections.

MP: The Colloquium Series publication (Lattice Theory)
came out in 1940.

Collaboration with Mac Lane

Birkhoff: Yes, and Birkhoff and Mac Lane in 1941. Morse
had told me that nobody under 30 should write a book.
So I thought it over and wrote two! | think the first thing
to be said about Birkhoff-Mac Lane is that it made al-
gebra interesting to many students who were not in
mathematics at all. It was very popular and created a
real revolution; | considered it most unfortunate that
one studied algebra and geometry exclusively in high
school, followed by three years of calculus in college,
with little visible connection between them.

MP: The picture has remained bad in many places prac-
tically until today. Some still see only calculus, differen-
tial equations and advanced calculus in the first years
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Mac Lane

and conclude that this is mathematics. Some years ago
we put an abstract algebra course in the sophomore
year for our students, and | must say that it isn't only
Birkhoff-Mac Lane that students read: your Lattice
Theory is one of the most often checked out books in
the mathematics collection in our library.

When | went to school there were essentially two
books we read in algebra-van der Waerden (Moderne
Algebra) and Birkhoff-Mac Lane (Survey of Modern
Algebra). | think many who developed mathematically
at that time still reach for Birkhoff-Mac Lane when an
algebra question arises. How did you and Mac Lane get
together to write that book?

Birkhoff: My father recognized Mac Lane’s exception-
al qualities, and got him invited as a Benjamin Peirce
Instructor in 1934-1936. He returned to Harvard in
1938, the year after | had given a course in modern
algebra on the undergraduate level for the first time.
Although my course was well attended, | was much
more research-oriented than teaching-oriented. Mac
Lane had had much more teaching experience than |,
and I think the popularity of our book owes more to him
than to me. His problems and his organization of linear
algebra were especially timely. My conservative inclu-
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sion of material from the then traditional “college alge-
bra”and“theory of equations” courses (Bocher, Dickson,
Fine) may have helped with its initial success, as did
my recognition that Galois theory used vector spaces.
Our collaboration involved some compromises. When
| taught “modern algebra” in “Math. 6” the first time, in
1937-1938, | began with sets and ended with groups.
The next year Mac Lane put group theory first, and set
theory (Boolean algebra) last! That was characteristic of
his freshness, his initiative, and his lack of respect for
conformity; but it came as a slight shock to me at the
time. After teaching the course again the next year, |
suggested that we coauthor a book, usable by our col-
leagues, so that we wouldn’t have to alternate teaching
it forever, and he agreed. One of us would draft a chap-
ter and the other would revise it. The longer chapters
are his; the shorter ones mine.

MP: Tell us about your other collaborators.

Birkhoff: | have been very lucky in meeting and know-
ing so many outstanding mathematicians of all ages.
| wrote joint papers with Philip Hall and John von
Neumann in the 1930s, and, of course, Birkhoff-Mac
Lane is another example. | enjoy people and try to learn
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from them. | would really have to go over a complete
list of my papers to be able to name all of my collab-
orators. | feel that | owe a great deal to other people.
Appreciating contributions of others is an important
aspect of mathematics.

MP: 1 would like to ask you which of your many achieve-
ments has given you the greatest sense of satisfaction.
What are you most proud of having accomplished?

Birkhoff: These are for me very different questions. |
am proud of having contributed to the defeat of Hitler
through my work on shaped charges, and to the under-
standing of modern technology through my work on
scientific computing. But my greatest satisfaction has
come from my part in establishing lattice theory as a
recognized branch of mathematics, along with univer-
sal algebra, in the 1930s. | am looking forward to writ-
ing a fourth edition of my book Lattice Theory during
the 1980s!

Undergraduate Education

MP: We would like to back up in time, if we may, to ex-
plore the foundations of your remarkable career, begin-
ning with your undergraduate education.

Birkhoff: The story begins with a tribute to my father:
notonly did he ask stimulating questions, mathematical
or otherwise, but also in college | had four of his Ph.D’s
as instructors: Morse, Whitney, Walsh, and Brinkmann.
This was surely a unique experience, and | was totally
unaware of it at the time. Another teacher was Kellogg
who, as it happens, was our next door neighbor. So my
Harvard undergraduate mathematical training was al-
most an inside job.

My undergraduate mathematics also had an un-
usual beginning. After a year at boarding school in Lake
Placid, my sister and | joined our parents in Europe. At
the end of the first week, my father asked me, “What are
you going to do this summer?” | said, “I suppose that
I'll improve my French, go to some museums and ab-
sorb European culture!” He said, “You're going to learn
the calculus!”So he bought me a second-hand, dactylo-
graphed French calculus book which | studied through

the summer, more or less. In the fall | was exposed
to Morse and Whitney in second-year calculus; they
brought out vividly the contrast between its intuitive
plausibility and its theoretical complexity. For exam-
ple, they digressed to construct a classic pathological
function whose mixed partial derivatives d’u/dx dy and
d?u/dy dx are not equal. They also noted that a smooth
function having m local maxima (“peaks”) and p local
minima (“pits”) in the interior of a disk, and vanishing
identically on the boundary, ordinarily had m + p — 1
saddle-points (“passes”). Such digressions probably
seemed like irrelevant distractions to many students,
but | found them fascinating.

MP: Were Whitney and Morse using a text in your sec-
ond-year calculus course?

Birkhoff: Yes, Osgood’s Introduction to the Calculus;
| only learned recently that our corrector was Harry
Blackmun, now a Supreme Court Justice! As part of
freshman tutorial, | also read Osgood and Graustein’s
Analytic Geometry, from which | learned linear alge-
bra. The following year | had advanced calculus with
Brinkmann, using Osgood’s splendid Advanced Calculus.
At the same time, | took a graduate course in complex
function theory with Walsh. | realized that this was the
course that was intended to make or break prospective
mathematicians. | managed to get an A +, after which |
felt like a professional mathematician.

Harvard had a tutorial system—it was newin those
days—and concentrators writing senior honors theses
had the illusion that they were doing research. | tried
to publish my undergraduate thesis in the Transactions,
but Tamarkin rejected it. He wrote me a very nice letter
and said that efforts like mine should be judged from
two points of view. Judged by professional standards,
it fell short. Most of my results about what | called a
“counted point-set,”and which has recently been called
a “multiset’, followed easily from known properties of
integer-valued functions. But judged as a first research
effort by an aspiring young mathematician, it was very
promising. | did get a small piece of it published a year
later.

MP: Was that your first publication?



Birkhoff: Yes, my first publication.
MP: Who were your most stimulating teachers?

Birkhoff: | found most of my undergraduate courses at
Harvard inspiring, and felt that | had a galaxy of stimu-
lating teachers in all subjects. Among my mathematics
teachers, especially stimulating were Morse, Whitney,
Walsh and Kellogg. The theoretical explanations of the
calculus by Morse and Whitney made it possible for me
to appreciate the beauties of complex function theory
as taught by Walsh, a year later.

Kellogg, after introducing me to analytical me-
chanics in my freshman year, tried to teach me poten-
tial theory as a sophomore. Though | was not ready for
it then, his classic Potential Theory, which came out later
that same year, has contributed greatly to shaping my
ideas about elliptic boundary value problems.

Many of my professors took a personal interest
in helping their students to learn. | have mentioned G.
W. Pierce’s role in teaching me the basic mathematics
of electricity and magnetism. He was a clear and in-
teresting teacher as well as a notable inventor, but his
teaching assistant used to fill the board with formulas
without giving motivation. Assuming that all the mate-
rial was in Pierce’s book | just cut the class for the last
month. Then as the final exam approached | called on
Pierce and said: “l suppose the final exam will be based
on material in your book, and that if | know what's in it |
should be all right” He said, “By no means. | have totally
revised the book and have a big set of lecture notes." He
lent me his notes, thereby salvaging me. Then on the fi-
nal exam one problem was to determine a certain num-
ber. | claimed that the number was not unique. Since |
got an A* in the course, and Pierce asked me to speak
later in a graduate seminar, | assume | was right.

At Cambridge University in 1932-1933, Hardy
was by far my most stimulating teacher.

MP: Did many Harvard professors write their disserta-
tions with earlier Harvard professors?

Birkhoff: | don't think so. Before 1914, most American
mathematicians wrote Ph.D. theses in Europe. And af-
ter 1930, our department tried consciously to avoid in-
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breeding. Although Loomis wrote his thesis with Walsh,
and Mackey’s thesis adviser was Stone, Stone had left
Harvard before Mackey joined the Harvard faculty. In
my own graduate years, | was closer to von Neumann
than to anyone on the Harvard faculty, including my fa-
ther. Zariski was the first Harvard mathematician after
my father to have Ph.D. students stay on as members of
the faculty. We always felt that inbreeding was a weak-
ness, and that the Chicago mathematics department
was suffering from it in the late 1930s and early 1940s.
Each of Moore, Dickson, and Bliss was succeeded by his
leading Ph.D.

MP: Albert was a student of Dickson?

Birkhoff: Yes, and Graves was a student of Bliss, who
in turn had been a student of Bolza. Other, less distin-
guished Chicago mathematics Ph.D!s had also stayed
on as members of the department. At Harvard the pol-
icy has generally been to avoid that sort of succession,
because it tends to get very political. | didn’t regard my-
self as anybody’s student.

Childhood and Early Education

MP: May we back up once again, this time to your boy-
hood and pre-college experience? There is no question
that you had a very famous father, and children of fa-
mous parents often have a difficult time of it—they're
under pressures and expectations are high. Did you feel
this when you were growing up?

Birkhoff: That's a very good question. | sometimes think
| was trained to be precocious. | was educated at home
till I was eight and | graduated from grammar school
at eleven. By that time my family was aware enough of
Wiener's unhappy youth to take me out of school for a
year before | entered high school. | spent the year get-
ting physically stronger riding a bicycle around and
playing baseball and skating at the Cambridge rink. It's
a miracle that | didn't get killed on my bicycle. | remem-
ber a truck screeching its brakes as | came whizzing
around a corner. | did get a scar on my forehead from
another bicycle accident. | spent six years after gradu-
ating from grammar school before entering Harvard at
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the age of 17.1am glad that | became physically strong
enough to participate with my classmates in sports and
so on. So | seemed like all the others in college. There
was a period in my early life when | definitely was very
advanced, especially in things like mathematics. We be-
gan algebra in 8th grade and the teacher had me cor-
rect the papers to keep me out of mischief.

MP: Did your mother have a career?

Birkhoff: Mother went to the University of lllinois and
was trained as a librarian. She practiced her profession
until she married and then gave it up; this was common
in those days.

MP: Did she have a wide range of intellectual
interests?

Birkhoff: Though she read a lot, | think she was more
social than intellectual, really. She and my father es-
sentially divided responsibilities. Having friends, social
friends, and caring for the children were primarily her
responsibility. However, my father was a stimulating
person at all ages. He took my sister and me on excur-
sions, particularly when we were very young, and made
life interesting for us somewhat later by telling us excit-
ing stories, having opinions on controversial questions,
and so on.

MP: You mentioned a six-year gap between your el-
ementary school education and the time you entered
Harvard, but you didn't mention where you went to
high school.

Birkhoff: | spent five years at Browne and Nichols. |
lost a year because | didn't have any foreign language
and some of the things you get in private school. My
sister went to private grammar school and public high
school—partly for principle, partly for thrift. | went to
public grammar school and private high school. | had
a good mathematics teacher there: Harry Gaylord, who
had written a trigonometry book with Bocher. He was
lucid and forceful. In algebra, he used the Dalton Plan
under which you could progress as fast and as far as
you wanted. So | finished high-school algebra my sec-
ond year there. | started geometry in my third year, but

we went to Europe in February, so my Euclidean geom-
etry was a little sloppy. A year later my father wanted
to go around the world on his “Aesthetic Measure” proj-
ect. So my parents suggested | take my college board
examinations a year early. After passing them, | had a
wonderful fifth year at Lake Placid where | did much
skiing. It was a splendid year physically and for general
maturing. | was there while my family went around the
world.

George D. Birkhoff’s Education

MP: | would like to ask about your father a little bit, par-
ticularly his education.

Birkhoff: My father also went to a very superior high
school, the Lewis Institute in Chicago, later part of
the lllinois Institute of Technology, and he told me his
opinion that my high school education was not nearly
as stimulating as his. The Lewis Institute was semi-pri-
vate—there were adjustable fees depending on the
financial status of the students. The teachers were, |
think, very enthusiastic and that’s where he fell in love
with mathematics.

Garrett Birkhoff as a Harvard freshman in 1928.



MP: Both your father and Veblen took their doctorates
with E. H. Moore at Chicago, though they had done
their undergraduate work at Harvard. Why was that?

Birkhoff: My father’s uncle, Garrett Droppers, went to
Harvard in the class of 1892. He was an economist who
was for a time president of the University of Nebraska,
and was made Minister to Greece by Woodrow Wilson.
He had gone to Harvard and married a Cambridge girl.
It may have been his example that made my father go
to Harvard after two years as a Chicago undergraduate.
Perhaps it was because he had mastered so many of the
courses at Chicago by that time and wanted new stimuli.

At Harvard he was primarily under the influence
of Bocher. He and Bocher were very congenial, and |
think his liking for French mathematics was due part-
ly to Bocher and partly to his admiration for Poincaré,
whose geometric theorem? he proved. This was men-
tioned by Constance Reid in her book; Courant de-
scribed it to me.

MP: Courant said when he was in Géttingen that it was
published in an obscure American journal. Which jour-
nal was that?

Birkhoff: It's in the Transactions, 1912. You can find it in
my father’s collected works.

MP: Scarcely an obscure journal today!

Birkhoff: He was a lifelong friend of Oswald Veblen. His
friendship with Veblen and R. G. D. Richardson, and his
cordial relations with Bliss and Dickson at Chicago dat-
ing back to his undergraduate years, were all a real part
of the vitality and strength of American mathematics
during those years.

MP: | am surprised and impressed that the two greatest
American mathematicians in that period—Birkhoff and

2 G. D. Birkhoff states the problem thus: “Let us suppose that a
continuous one-to-one transformation Ttakes the ring R, formed
by concentric circles C, and C, of radii a and b respectively (a >
b > 0), into itself in such a way as to advance the points of C_in
a positive sense, and the points of C, in the negative sense, and
at the same time to preserve areas. Then there are at least two
invariant points.”
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Veblen—took their Ph.D!s at Chicago, which had been
established in 1892, only a few years before they went
there, whereas Harvard dates from 1636.

Birkhoff: Chicago had a remarkable faculty. E. H.
Moore was given a free hand by William Rainey Harper,
and he enticed to Chicago two of Klein's students
who were high school teachers in Germany—-Bolza
and Maschke—both superb teachers. There was also
Michelson: my father took a course in electricity and
magnetism from him. The University of Chicago was
just an exciting place to be at that time.

MP: But it became an exciting place practically
overnight. The story of the University of Chicago is
incredible.

Birkhoff: Yes, it is. It shows you what forty million dol-
lars could do.

MP: At the time.

Birkhoff: It was a marvelous thing that happened there
and | guess Harper should get lots of credit.

MP: 1would like to go back to the reason your father re-
turned to Chicago rather than going on to Géttingen—
or to Paris since his tastes were perhaps more French.

Birkhoff: Language may have had something to do
with it. Also, he was already doing research when he
entered college. He was trying to solve the Fermat
problem with Vandiver at about that time, a problem
that Vandiver worked on all his life. | should have saved
the letter Vandiver gave me—he gave me a bag of let-
ters from my father ten years ago. In one of them, my
father wrote: “We will solve Fermat’s problem and then
some!”

MP: He did have a taste for hard problems. | recall that
he also worked on the four color problem for years.

Birkhoff: He always regarded himself as competing with
the greatest mathematicians of all time. It was an aspi-
ration of his to be a great mathematician. He was also
fascinated by mathematics and he was not afraid of dif-
ficult problems. So he took on the most notable ones.
Throughout his four college years, two at Chicago and
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two at Harvard, where he got his M.A. at 21, he was do-
ing research. If you look at his published works you can
see that he was trying to solve problems and publish
their solutions. After two years at Chicago, he probably
wanted new exposures, so he went to Harvard where
his uncle had gone.

He and Osgood were never very congenial. He
felt that Osgood was more or less a martinet, who had
the German teacher-dominating-student approach.
Bocher was much more flexible and informal, and was
generally considered a more inspiring, if less systemat-
ic, teacher. Bocher also liked differential equations. My
father claimed, and others | have talked to have shared
this opinion, that Osgood never mastered the Lebesgue
integral. It is my private opinion that Hubert also never
mastered the Lebesgue integral. When | was an un-
dergraduate | inherited my father’s prejudices: | never
took a course with Osgood and | learned the Lebesgue
integral.

MP: | do not recall that you mentioned Lebesgue’s
name in the lecture® yesterday.

Birkhoff: | thought | did, if briefly. Baire’s thesis, Borel
measure, and the Lebesgue integral, which is essential
for the Riesz-Fischer theorem, are all part of the French
pre-history of functional analysis.

Interest in Applied Algebra

MP: Let us move back to your writing for a few minutes.
Birkhoff-Mac Lane was a pioneering text and more ac-
cessible to a larger number of students than van der
Waerden was. But Birkhoff-I was also a pioneering work.
We have seen a number of applied algebra books since,
but that [one] was, to my knowledge, the earliest.

Birkhoff: The book was Bartee’s idea, and he selected
the applications. We wrote it in the late 1960s. During
the preceding decade, Louis Solomon, Neal Zierler, and

3 A lecture on the evolution of functional analysis at the Naval
Postgraduate School in Monterey. The substance of this talk was
published in a paper with Erwin Kreyszig: “The Establishment of
Functional Analysis” Historia Mathematica 11 (1984), 258-321.

other Harvard Ph.D!s had worked on coding theory. My
contribution came in correlating the material with the
basic principles of the abstract algebra.

MP: That was a very exciting book when it came out
because it opened up vistas for a lot of people.

Birkhoff: Possibly | helped to stimulate interest in those
areas by an article in the Monthly,* and by a symposium
on more advanced topics. A number of Harvard Ph.D!s
were involved in algebraic coding theory.

MP: For many people, Birkhoff-Bartee represented
their first encounter with many of those ideas. When
did it come out?

Birkhoff: It came out in 1970. We had taught the ma-
terial for four years before that. | had always felt that
Bourbaki missed many ideas in algebra, and this gave
me something of a crusading spirit. Bourbaki empha-
sized linear and multilinear algebra, to the virtual ex-
clusion of finite groups, Boolean algebra, lattices and
combinatorics. The Monthly article on current trends in
algebra gave a picture of algebra as | saw it developing,
and | think that subsequent events have more or less
substantiated that.

MP: | recall a meeting of the MAA in San Antonio in
1970 where a panel made up of Mac Lane, Jacobson
and Herstein discussed the appropriate content and
the aims of an undergraduate course in abstract alge-
bra. The views ranged from Herstein’s rather modest
expectations to Jacobson’s description of what seemed
to many to be a two-year graduate sequence. Where do
you stand in this spectrum?

Birkhoff: Where | stand in this spectrum is this. First
of all, | think we should mention Mac Lane-Birkhoff
(Algebra). Both Mac Lane and | decided that to tamper
with the Survey would be a mistake. So his idea was that
the Algebra would be an updated Survey. He was able to
teach that to freshmen very successfully because heis a
marvelous teacher.

4 “Current Trends in Algebra,” Amer. Math. Monthly 80, 760~
782.



MP: And the University of Chicago probably has mar-
velous freshmen too!

Birkhoff: Yes. But | have never felt that this material is
what one should teach freshmen. | feel strongly that it
is very dangerous for mathematics to detach itself from
the rest of the world; to be part of the world around one
is much healthier. | observed a great decline in enroll-
ment in the undergraduate algebra course at Harvard
since we adopted Herstein instead of Birkhoff-Mac
Lane; Herstein's appeal is primarily for professional pure
mathematicians. And we all know that opportunities
are much more numerous in computing and statistics
than in pure mathematics. Perhaps the greatest con-
tribution of Birkhoff-Mac Lane, as contrasted with van
der Waerden, is that it relates algebra to useful math-
ematical techniques, such as matrices and linear alge-
bra, but without sacrificing rigor. Actually, the swing
back to pure algebra in most later texts represents a
retrogression to van der Waerden: groups, rings, and
fields. This retrogression was exactly what my article on
“Current Trends in Algebra” and Birkhoff-Bartee were
aimed at correcting: the idea that van der Waerden'’s
Moderne Algebra was what algebra was for all time. As |
get older, | am more and more convinced that van der
Waerden, stemming from Emmy Noether and Hilbert,
really tries to glorify number theory at the expense of
real and complex algebra, which are actually far more
substantial subjects.

Interest in Mechanics

MP: | am still interested in the range of your interests in
mathematics, from pure to applied mathematics.

Birkhoff: | was always interested in practical applica-
tions. As a Harvard freshman taking “analytical mechan-
ics” with Kellogg, | was intrigued by his explanation of
the“sting” felt by baseball batters in hitting a ball, when
they failed to hold the bat at the “center of percussion”
relative to the point of impact (and the bat’s center of
gravity). This stimulated me to write an essay on the
bounce of a spinning tennis ball hitting the court at an
arbitrary angle. (Kellogg was our next-door neighbor,
and we had played tennis together occasionally.)
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But my initiation into serious applied mathemat-
ics concerned the analysis of two important weapons
of World War Il. The first of these was the then secret
“proximity fuze,” a device which determined the dis-
tance to a target by timing the reflection of radio waves.
If the target was ten meters away, a radar echo would
come back after about 33 nanoseconds. | first worked
on these proximity fuzes with a secret committee con-
sisting of Morse, von Neumann, and one or two others,
and set up by Warren Weaver. We studied their effec-
tiveness for anti-aircraft use, and that involved me in
probabilistic work. Our task was to estimate the factor
by which the “probability of kill” of an enemy airplane
by an anti-aircraft shell would be increased if the usual
“time of flight” fuzes were replaced by proximity fuzes.

Later, at the Ballistic Research Laboratory of the
Aberdeen Proving Ground, | had the privilege of having
a desk in the office of R. H. Kent, who was our leading
expert in Army Ordnance. In his company | saw early
X-ray shadowgraphs of exploding shaped charges (the
bazooka), and within 24 hours developed a simple ex-
planation of why they were so effective in the “bazoo-
ka,” our main infantry-operated antitank weapon. This
was my most substantial contribution to the war effort;
G. I. Taylor had proposed the same explanation a few
months earlier in England.

Still later, through the Navy, | became involved in
trying to develop theoretical models of the entry of tor-
pedoes into water and “skip-bombing.” But most impor-
tant of all, | realized that the computer was going to in-
fluence profoundly the nature of applied mathematics.
Of course, von Neumann was a friend of mine and we
discussed informally many problems, especially com-
pressible flows and shock waves around projectiles.

MP: World War Il was then very influential.

Birkhoff: Yes. Mathematical physics and engineering
are very different, and | have been more attracted to
engineering mathematics, which is concerned with
practical problems of immediate importance, than to
mathematical physics. Most of my “applied” interests
have been really the result of circumstances. During
the war | found that my ability to diagnose fluid me-
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chanics, even with a rather limited knowledge of it, but
knowing Kellogg's Potential Theory, was very useful to
both the Army and the Navy. | decided that if oppor-
tunity permitted after the war, | would try to see what
could be done scientifically, instead of sort of on a crash
basis, to treat some of the questions | had become in-
volved in. That's what motivated my book Jets, Wakes,
and Cavities. My Hydrodynamics resulted from an invi-
tation to give lectures at the University of Cincinnati. |
talked about interesting questions in fluid mechanics,
and pointed out that hydrodynamics is not what Lamb
thought it was. You don't really get any idea about
the realities of hydrodynamics from Lamb (Sir Horace
Lamb: Hydrodynamics). But my book on Jets, Wakes, and
Cavities, which | wrote with generous support from the
Navy through the 1950s, was a direct outgrowth of my
wartime activities.

Another interest of mine is numerical linear alge-
bra. | became interested because this subject is crucial
in solving large systems of linear equations. This inter-
est did not become active until some years after | had
begun my first hydrodynamics phase. My activity in sci-
entific computing really began in 1948, when | gave to
David Young as a thesis topic solving the Dirichlet prob-
lem on a computer, thus automating Southwell’s relax-
ation methods. Varga succeeded Young, working for me
as a research assistant. When he went to Westinghouse,
| was asked to be a consultant there; this was 1954.

MP: That's a long way from lattices.

Birkhoff: 1t is, but at Westinghouse, Varga and | re-
lated vector lattices to nuclear reactors. In treating el-
liptic boundary value problems numerically, the main
cost comes in solving the approximating linear differ-
ence equations. If you have a thousand equations in a
thousand unknowns, you know there exists a solution,
but how do you compute it? Von Neumann was never
able to solve that problem satisfactorily. We are having
a meeting here (at the Naval Postgraduate School) in
January, 1983, which really continues the development
that began with Young's thesis. In turn, this was written
only a few years after von Neumann first foresaw the
great influence that digital electronic computers would

have on the solution of scientific, technical and engi-
neering problems.

Computing is a fascinating field, but debugging a
program is a terrible bore. It is very much more efficient
to have canned programs that have been debugged
and apply to a wide variety of problems, and then to
modify or supplement them for special purposes, than
to start from scratch. One outstanding package of sub-
routines is NASTRAN, developed to put a man on the
moon, for structures that we used for space vehicles.
ELLPACK is another, designed to solve elliptic problems;
it is better from an educational point of view, partly be-
cause it is not nearly so massive. NASTRAN has nearly
350 thousand lines of programming and you really
have to search through the package forever. It would
be like going to the Library of Congress to learn how to
blow a whistle. ELLPACK is an intermediate size pack-
age, 35,000 lines long. With it you can do for $5 what
would have cost $10,000 30 or 40 years ago.

George D. Birkhoff’s Work on the
Four Color Problem

MP: Today, one seems to need computers even to solve
the four color problem!

Birkhoff: Yes, to show that each of nearly 2,000 ring-
shaped maps is “reducible” The concept of a “reduc-
ible map” was invented by my father when he was at
Princeton in 1912. The four color problem was one of
my father’s hobbies. | remember that all through the
1920s, my mother was drawing maps that he would
then proceed to color. He was always trying to prove
the four color theorem.

MP: There’s a story that has been circulating in this area.
I should ask you whether it is apochryphal. It concerned
ayounger colleague of your father at Harvard, Bernhart,
| believe, who also worked on the four color problem.
Your mother is reported to have asked Mrs. Bernhart
at a tea—the Bernharts had only recently been mar-
ried—"Did your husband make you color maps on your
honeymoon too?”



George David Birkhoff in 1941.

Birkhoff: | suspect it is apocryphal, since my parents
were married in 1908, and my father’s first paper on the
four color problem was not published until 1912. A re-
lated, definitely true story concerns Lefschetz. He came
to Harvard—this must have been around 1942—to
give a colloquium talk. After the talk my father asked
Lefschetz, “What's new down at Princeton?” Lefschetz
gave him a mischievous smile and replied, “Well, one
of our visitors solved the four color problem the oth-
er day." My father said: “l doubt it, but if it's true I'll go
on my hands and knees from the railroad station to
Fine Hall” He never had to do this; the number of fal-
lacious proofs of the four color problem is, of course,
legion.

MP: Do you believe it has now been solved?

Birkhoff: Yes.| am not an expert, but there are convinc-
ing probabilistic arguments that there exists an algo-
rithm in each of the 1700 cases. There may be some

Garrett Birkhoff o 11

little slips, but you must realize that no such proof is
absolutely checked over to the last line. You have to go
somewhat on faith. I think that the proof is substantially
correct, but that human ingenuity should be able to re-
duce its bulk by at least an order of magnitude.

MP: You don't have any philosophical problems with
the idea that a proof that you cannot read is not really
a proof?

Birkhoff: There'savery good analogy. Daniel Gorenstein,
aHarvard Ph.D., has organized the mathematicians who
found all finite simple groups. He was quarterback of
his high school football team, and | think this was good
training for the task. His view is that there are 11,000
pages of close mathematical reasoning scattered in a
lot of journals, and if no mistakes have been made, all
finite simple groups have been found. This is a very sim-
ilar situation. You have to have faith that, on balance,
probably each and every one of these people decided
where the truth lay, closely enough so that any small
gaps in their reasoning can be filled in. Your real prob-
lem is to put all this reasoning back on a human scale.
If you tell me that you know all the simple groups, why
should | believe you?

MP: No one person can wade through all the details.

Birkhoff: That's exactly the point. Both human beings
and computers are fallible, even if extremely accurate
in some ways. So | think the two proofs® should have
the same status in the public mind. They are both very
elaborate constructs, arising in a civilization with very
high technology. The experts believe them.

Colleagues in Mexico

MP: In another direction, we are aware of some of your
special activities related to Mexico, including an honor-
ary doctorate from the National University of Mexico.
We also know that you plan to fly to Mexico City from
Monterey before returning to Cambridge. We are curi-
ous about your connections there.

®> That of the four color theorem, and that there are no unknown
finite simple groups. (Ed.)
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Birkhoff: My father was interested in relativity from
1920 on, as were many others. He wrote two books on
it in the 1920s and he developed a theory of gravita-
tion about two years before he died, while he was tour-
ing South America and Mexico. In Mexico he got great
response not only from Vallarta, who was at M.L.T. for
many years, but also from a young mathematician,
Barajas (whom | shall be seeing tomorrow night), and
he invited them to come up to Harvard for the year, but
he died that October. It was quite a tragedy for them
as well as for his family. The following summer | went
down to Mexico and tried to help them to carry on with
this theory of gravitation as well as to try to be gener-
ally stimulating mathematically. | have been back sev-
eral times since and have a warm and close relationship
with these particular people and some others as well.

MP: Lefschetz had a Mexico connection too, didn't he?

Birkhoff: Yes; he went every summer for many years.
His role was very different. He was working with the to-
pologists and pure mathematicians and you might say
Princeton won out over Harvard as a result. Many of the
ablest Mexican graduate students in mathematics went
to Princeton for many years, from 1950 on. Wigner also
had some influence.

Aesthetic Measure

MP: | would like to go back to aesthetics briefly. Was
your father interested in the theory of music?

Birkhoff: He was interested in and liked music. He
played the piano. He was not very proficient, but he
enjoyed it very much. My mother told me that he had
ideas about aesthetics, in his early twenties. In the late
1920s he started writing them up. It was quite com-
mon in those days for scientists to theorize about other
subjects. Simon Newcomb, | think, wrote 500 papers
on mathematics, and almost as many on other sub-
jects. It was common for scientists to speculate about
the nature of knowledge. Boole, for example, wrote a
famous book called Investigation of the Laws of Thought,
and Helmholtz wrote about cognition theory. My fa-
ther had his formula M = E/C, C being the complex-

ity and E being aesthetic value.® Then he tried to ap-
ply this formula to axiomatize our senses of aesthetic
attractiveness.

Itwasin 1927-1928, when|wasin Lake Placid, that
my father wentaround the world to study Indian and ori-
ental music with help from the Rockefeller Foundation.
At the International Congress of Mathematicians in
1928, he gave an invited address on his “aesthetic mea-
sure”in the Palazzo Vecchio in Florence. The session was
opened by two pages with trumpets in that marvelous
medieval setting, which was itself very aesthetic. To de-
velop a theory of aesthetics was regarded as a real plus
for mathematics, extending its empire over the realm
of thought. This is always the question: should math-
ematics be inward-looking and concentrate on the in-
tegers or should it look out and try to find new things,
complex numbers or whatever, and computers? My
father’s “aesthetic measure” was very much an outward
thing. But Hardy did not appreciate it. When | arrived in
Cambridge in 1932, he asked, “How is your father com-
ing along with his aesthetic measure?” | replied, “The
book is out.” He said, “Good, now your father can get
back to real mathematics!”

MP: So his aims were broader than those of Descartes,
Euler, and such who were also interested in the theory
of music?

Birkhoff: 1think such comparisons are unreliable. Didn't
Mozart write music with some sort of random number
generator such as a pair of dice? But | think my father’s
ideas about aesthetics have withstood the test of time
as well as anybody else’s.

They have nothing to do with the mathematics of
vibrating strings or other musical instruments. His the-
ory was more psychological, in the spirit of Boole and
Helmholtz. How does the human mind work? He also
tried to appraise a good many old ideas—the golden

6 See Stiny, George, and James Gips, Algorithmic Aesthetics,
University of California Press, 1978, 155-163. G. H. Hardy's A
Mathematician’s Apology is often quoted by those who like to dep-
recate “applied” mathematics. But see Norman Levinson’s “Coding
theory: a counterexample to G. H. Hardy’s conception of applied
mathematics,’ Amer. Math. Monthly 77 (1970), 249-258.



rectangle, for example.| remember hearing about them
as a teenager and thinking that theories of aesthetics
were a lot of hooey.

MP:  Finally, we would like to ask about your plans for
the near future.

Birkhoff: 1 am presently concentrating on fluid dynam-
ics, and expect to complete another book in this area
within the next few months. My current work also in-
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cludes coordinating the program for the January meet-
ing in Monterey. This conference is being held in con-
nection with my stay at the Naval Postgraduate School
next year, for the equivalent of a semester as incum-
bent of the ONR Mathematics Research Chair. During
this visit | plan to do research on numerical weather
prediction, teach a course in fluid dynamics, and con-
tinue writing a series of books which | hope to publish
during the 1980s.



David Blackwell

Interviewed by Donald J. Albers



t sixteen, David H. Blackwell enrolled at the

University of lllinois to earn a bachelor’s degree
so that he could get a job as an elementary school
teacher. Six years later, he had his Ph.D. in mathematics
and a fellowship to the Institute for Advanced Study at
Princeton.

Today, he is a much honored professor of statis-
tics at the University of California, Berkeley. He is a theo-
retician, noted for his rigor and clarity, who has made
contributions to Bayesian statistics, probability, game
theory, set theory, dynamic programming, and informa-
tion theory. He says, “I've worked in so many areas—I'm
sort of a dilettante. Basically, I'm not interested in doing
research and | never have been. I'm interested in under-
standing, which is quite a different thing.”

Professor Blackwell was interviewed in his office
at the University of California in April of 1983. While
being interviewed, he went to the board several times
to “share something beautiful with somebody else.” In
a short time, it became clear that David Blackwell, the
theoretician, is also a natural-born teacher.

MP: You were born in Centralia, lllinois, back in 1919,
just after World War I.

Blackwell: That's right, in Centralia, a small town in
Southern lllinois with a population of about 12,000.

MP: You whizzed through elementary and secondary
school, graduating at the young age of 16. What remem-
brances do you have of your childhood in Centralia and
the influences on you? Were your mother and father
mathematically inclined?

Blackwell: No, they weren't. My grandfather ran a store.
| had an uncle who could add numbers, three columns
at a time, and that always impressed me. He never went
to school at all; my grandfather taught him.

MP: Did your family come from lllinois?

Blackwell:No, my grandfather came from Ohio where he
was a schoolteacher and then became a storekeeper.

MP: To whom do you trace your mathematical abilities?
Blackwell: To my grandfather, | suppose. | never knew

him. Apparently he was a well-educated man—he cer-
tainly left a large library of books. The first algebra book
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| ever saw was in his library. | don't think he graduated
from college but | know he was a schoolteacher and,
in fact, that's how he met my grandmother. She was a
student in his class while he was teaching in Tennessee.
The reason that his son, my uncle, never went to school
was that my grandfather never let him. He was afraid he
would be mistreated because he was black.

MP: But your grandfather went to school.

Blackwell: But that was in Ohio, not in lllinois! Southern
lllinois was probably fairly racist even when | was grow-
ing up there. The school | went to was integrated, but
there was also a segregated white school in that same
town. There were in fact two segregated schools, one
that only blacks could attend and one that only whites
could attend. But | was not even aware of these prob-
lems—I had no sense of being discriminated against.
My parents protected us from it and | didn't encounter
enough of it in the schools to notice it.

“Geometry Is a Beautiful Subject!”

MP: Were there teachers along the way who made a
particular difference, who made learning exciting?

Blackwell: Oh, there were many. A couple of years ago
my first-grade teacher came to see me here. She’s about
82 now and living in Southern California. | hadn’t heard
of her in a number of years and of course | was in her
class in 1925, but she somehow knew where | was and
looked me up here in Berkeley.

But there were a couple of mathematics teachers
in particular. My high-school geometry teacher really got
me interested in mathematics. | hear it suggested from
time to time that geometry might be dropped from the
curriculum. | would really hate to see that happen. It is
a beautiful subject. Until a year after | had finished cal-
culus it was the only course | had that made me see that
mathematics is really beautiful and full of ideas. | still re-
member the concept of a helping line. You have a propo-
sition that looks quite mysterious. Someone draws a line
and suddenly it becomes obvious. That's beautiful stuff.
| remember the proposition that the exterior angle of a
triangle is the sum of the remote interior angles. When
you draw that helping line it is completely clear.
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The helping line makes it obvious.

(4 o .{))

a=p+y—why?

And then there’s the river problem where if you want to
go from P to the river and then to Q, you have to have
equal angles at R to minimize the path. Why is that so?

0

oy

P

Again, you construct the mirror image Q" and then it’s
clear what the shortest path is. The construction of this
one extra point changes the problem from something
that is mysterious to something that is obvious.

MP: How about your other high-school courses such as
Algebra Il and Trigonometry?

Blackwell: | could do it and | could see that it was use-
ful but it wasn't really exciting. When | went to college |
knew that | was going to major in mathematics because
| liked it and it was easy for me. But through calculus |
thought it wasn't particularly interesting. The most in-
teresting thing | remember from calculus was Newton'’s
method for solving equations. That was the only thing
in calculus | really liked. The rest of it looked like stuff
that was useful for engineers in finding moments of in-
ertia and volumes and such.

MP: That's curious in a way, because you are gener-
ally portrayed as a theoretician who presents his ideas

in beautiful and elegant ways. The first two examples
that you give from geometry seem to enforce that. But
Newton’s method, finding approximations to roots of
equations, seems inconsistent with the other examples.

Blackwell: But it's also geometrical. By the way, | just al-
ways understood limits. For some students that’s a dif-
ficult concept.

MP: Do you mean epsilon-delta proofs?

Blackwell: No.There probably were epsilons and deltas
in the book, but | don't know whether | understood it
in that way. The next year | really fell in love with math-
ematics. | had a course in elementary analysis. We used
Hardy's Pure Mathematics as a text. That's the first time
| knew that serious mathematics was for me. It became
clear that it was not simply a few things that | liked. The
whole subject was just beautiful.

Planned to Be an Elementary
School Teacher

MP: Was that in your junior year?

Blackwell: 1t was my combination junior and senior
year; | was an undergraduate only three years. | took
some summer courses and proficiency exams. One of
the reasons | went into mathematics is that | have never
been especially ambitious. When | went to college | ex-
pected to be an elementary school teacher.

MP: But you had gone through high school and found
it pretty easy. You still expected to teach in elementary
school?

Blackwell: That's right. | think the reason may have
been that my father had a very good friend who was
influential on the school board of a town in Southern
[llinois and even before | went to college he had told
my father that when | finished he could get me a job. It
was all laid out that that’s what | was going to do. That
was about 1935 or 1936 when jobs were scarce. In order
to teach you had to take courses in education and | just
kept postponing those courses. Before | had to make
up my mind, though, it became clear that | was going
to get a master’s degree in four years, so then | raised



my sights a little. | thought | might teach in a college or
in high school.

MP: Was there ever any doubt that you were going to
end up in teaching?

Blackwell: No, never any doubt about that.

MP: How did your father respond to your postponing
the education courses?

Blackwell: He had so much confidence in me that he
thought that whatever | did was right. He himself was
not an educated man—he had gone through only the
fourth grade in school. He didnt know much about
what went on in a university.

MP: Your father must have been a pretty good guy.

Blackwell: Oh, he was a great guy. | found out at the
end of my freshman year that he had been borrow-
ing money to send me to college. At the start of my
sophomore year | told him that he didn’t have to send
me any more money because | could support myself.
At the time | told him that, it wasn't quite clear how |
was going to do it, but | just didn't want him to borrow
any more money. | had several jobs, as a waiter and as a
dishwasher. | had an NYA job, the equivalent for college
students of the WPA. | had a job cleaning cases in the
entomology lab and filling vials with alcohol. | did that
for a couple of years.

MP: You realized that your university education was a
pretty big sacrifice for the rest of the family. What did
your mother think of your university experience?

Blackwell: She was somewhat more concerned about
the specifics of what | was doing. She wondered wheth-
er | would be able to get a job once | graduated, but she
pretty much left it up to me.

MP: 1 am interested in your plans to be an elementary
school teacher.

Blackwell: | don't think | could have remained an el-
ementary school teacher but it wouldn’t have surprised
me at all had | remained a high-school teacher. | think |
could very easily have done that. In fact, after | got my
master’s degree | suspect that if | had gotten a job as a
high-school mathematics teacher | would have taken it.
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MP: But you were demonstrating big mathematical tal-
ent at that time—you had received a fellowship.

Blackwell: But | think | would have done it. You go to
college for four years and you go out and you get a
job. Some people go on. | knew | could do the course
work—there’s no question about that —but | didn't
know whether | could write a thesis. Does anyone really
know whether he can write a thesis until he does?

During my first year of graduate work | knew that
| could understand mathematics. | could take a gradu-
ate mathematics text, read it and do the problems, and
with great difficulty | could read a research paper and a
journal. | knew | could do that. But whether | could do
anything original | didn't know. | didn’t mind trying it
but it was not the only path in the world for me. | think |
would have been perfectly content being a good high-
school mathematics teacher.

MP: I'm sure you would have been active reading
mathematics.

Blackwell: Oh yes, and | would have been active in
something like NCTM. Times are different now, too. One
of my high-school teachers went on to become a col-
lege mathematics teacher after the war and my high-
school physics teacher had a Ph.D. in physics. In those
days people wanted to get a job they liked.

Graduate School and the Institute for
Advanced Study

MP: You finished your bachelor’s degree in 1938 and
then stayed on at lllinois for a master’s degree.

Blackwell: 1 continued working and for the last two
years had fellowships from the university.

MP: Were fellowships commonly awarded to black stu-
dents at that time?

Blackwell: If there was any difficulty | never heard a
word of it. During my first year of graduate work a cou-
ple of my teachers encouraged me to apply for a fellow-
ship. Let me tell you a story about that. Before the fel-
lowships were announced, one of my fellow graduate
students told me that | was going to get a fellowship. |
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said, "How do you know?”He said, “You're good enough
to be supported, either with a fellowship or a teaching
assistantship, and they're certainly not going to put you
in a classroom. That was funny to me because the fel-
lowships were the highest awards; they gave one the
same amount of money and one didn't have to work
for it. | have no doubt, looking back on it now, that race
did enter into it.

MP: Were there any black faculty members of the
department?

Blackwell: No, not even in the whole university.

MP: So it turned out to be a lucky break, and you con-
tinued through to the Ph.D. as a student of Joe Doob.

Blackwell: And he was, | would say, clearly the most im-
portant mathematical influence on me.

;s

Blackwell, a distinguished professor at the University of California, Berkeley, went to college expecting to become an elementary

school teacher.

MP: When did you first come in contact with him?

Blackwell: My first meeting with him was when | asked
him whether | could work with him.

MP: You hadn't taken a course from him?

Blackwell: No. Don Kibbey, who was chairman at
Syracuse for a number of years, was a teaching assistant
atlllinois at that time. One day he asked me whom | was
going to work with. | told him | didn’t know, | hadn’t
thought much about it, but it was time | started. He
said, “Why don't you try to work with Doob? He's a very
nice guy.” Don was working with Doob. | had a lot of
confidence in Don'’s judgment so | just went up to Doob
and asked him if | could work with him and he said
yes.

MP: Was Halmos there at that time?




Blackwell: Oh yes, he was a year ahead of me. He was
also working with Doob.

MP: Yet you ended up in very different areas.

Blackwell: Rather different. | have stuck closer to
probability than Paul has. | learned a lot from Paul
by the way. Many of the papers Doob gave to me,
he had given Paul to read a year before. They were
on measure theory. Paul had learned them and was
anxious to tell someone about them. | was of course
anxious to hear them. | suspect | was the first one
to hear the first version of Paul's measure theory
book.

MP: Doob took you along with him to the Institute for
Advanced Study.

Blackwell: Now | may not get this story just right, but
| think something like this happened. | think it was the
custom that members of the Institute would be ap-
pointed honorary members of the faculty at Princeton.
When | was being considered for membership in the
Institute, Princeton University objected to appointing
a black man as an honorary member of the faculty.
As | understand the story, the Director of the Institute
just insisted and threatened, | dont know what, so
Princeton withdrew its objections. Apparently there
was quite a fuss over this, but | didn't hear a word
aboutit.

MP: At that time, you were doing measure theoretic
work with Doob. But today you're thought of as a statis-
tician. How do you think of yourself? Are you a statisti-
cian or a mathematician?

Blackwell: 1 don't even try to classify myself and | try
not to classify other people. To me that’s a fruitless and
limiting occupation. In statistics we distinguish be-
tween probability and statistics, between theoretical
statistics and applied statistics, between Bayesian and
non-Bayesian statistics, data analysts and other kinds of
statisticians. People try to categorize other people and
even themselves; they put themselves in pigeonholes.
As | say, | think that's stultifying. You can get good math-
ematics at all levels of abstraction.
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MP: How did you get into statistics?

Blackwell: Let me tell you how | got interested in sta-
tistics. In 1945, | was teaching at Howard University.
The mathematics department there was small and not
very lively. | looked around Washington, D.C,, to find
mathematics wherever | could. | happened to attend
a meeting of the Washington Chapter of the American
Statistical Association. Abe Girshick gave a lecture on
sequential analysis. To me it was a very interesting lec-
ture. The most interesting part was a theorem that he
announced that | just didn't believe. Indeed, | went
home to see if | could construct a counterexample, and
not believing the theorem it was easy for me to think
that | had found a counterexample. | wrote it up and
sent it to him—he was working for the Department of
Agriculture at that time as a statistician. My counterex-
ample was wrong, but instead of just dismissing this
counterexample as the misguided effort of somebody
who didn't know statistics, he invited me over to his of-
fice to talk about it. He didn't tell me it was wrong—he
just asked me over to talk about it and this established a
personal relationship and collaboration that lasted until
his death. And that’s how | got started in statistics, just
listening to that one lecture by Abe Girshick. In fact, my
first paper in sequential analysis was on this very equa-
tion that | didnt believe.

MP: What is sequential analysis?

Blackwell: 1t is the analysis of an experiment where
the number of trials is not specified in advance. It's the
analysis of sequential experiments—that’s the only dif-
ference between what is called sequential analysis and
fixed sample-size analysis. You can either start out with
how many subjects you're going to have and how many
trials you're going to make, or you can say, I'm going
to keep looking until | reach a conclusion. Of course,
people had been doing that informally for a long time,
but Wald was the first one to formulate that idea and
study it systematically. Sequential analysis is no longer
considered a distinct branch of statistics. For example,
we do not have any course called sequential analysis
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any more. Its importance at the time was that it led to
a re-examination of many things. If concepts for fixed
sample-size analysis turn out to be less appropriate
for sequential analysis, then that sort of suggests that
maybe they weren't appropriate for fixed sample-size
analysis either. I'm sure that it's Wald’s work in sequen-
tial analysis that led to his work in general decision the-
ory and that was very important in the development of
statistics.

“I’m Sort of a Dilettante”

MP: Of the areas you worked in, which do you think are
the most significant?

Blackwell: 1've worked in so many areas—I'm sort of a
dilettante. Basically, I'm not interested in doing research
and | never have been.

MP: What are you interested in, then?

Blackwell: 'm interested in understanding, which is
quite a different thing. And often to understand some-
thing you have to work it out yourself because no one
else has done it. For example, | have gotten interested
in Shannon'’s information theory. There are many ques-
tions that he left unanswered that were just crying
out to be answered. The theory was incomplete so |
worked on it with a couple of my colleagues because
we wanted to know what happens in this case or that
case. The drive was not to find something new. It would
have been nicer if it had all been done. But since it
hasn't been done, you just want to fill out the theory
and make it complete. That’s what | mean by being a
dilettante. When | feel that my understanding of some-
thing has been rounded out pretty well, then I'm ready
to move on to something else.

MP: Then maybe that accounts for this long list where
you have made contributions: Bayesian statistics, prob-
ability theory, game theory, set theory, dynamic pro-
gramming, information theory.

Blackwell: But just about everything that I've worked on
involves either probability theory or set theory. And of

course since the measure theory model for probability
involves set theory, | haven't really gone very far away
from where | started. | have just looked out in many dif-
ferent directions from it.

Duels

MP: You are cited as one of the pioneers in the theory of
duels. How did you get interested in duels?

Blackwell: 1 recall it very well. That happened at the
Rand Corporation when | was a consultant for them.
One day some of us were talking and this question
arose: If two people were advancing on each other and
each one has a gun with one bullet, when should you
shoot? If you miss, you're required to continue advanc-
ing. That's what gives it dramatic interest. If you fire too
early your accuracy is less and there’s a greater chance
of missing. It took us about a day to develop the theory
of that duel. | did it and Abe Girshick did it and John
Williams did it. Then | got the idea of making each gun
silent. With the guns silent, if you fire, the other fellow
doesn’t know, unless he’s been hit. He doesn’t know
whether you fired and missed or whether you still have
the bullet. That turned out to be a very interesting prob-
lem mathematically.

MP: Did you ever go beyond two-person duels?

Blackwell: I've never gone beyond two-person, zero-
sum games at all. They're the only ones | understand.
It's regrettable that those are the games for which the
theory is clear and beautiful because those are the least
important games. One person wins; the other loses. But
they’re just not the kind of games that are played in the
world. For example, the game being played between
the United States and the Soviet Union is a much more
important game and it is not a zero-sum game. Both
sides can win or both sides can lose. But I've never un-
derstood those other games. Only the zero-sum games
have a clear theory.

MP: Have you tried to understand those other games?

Blackwell: | did try for a long time to understand non-
zero-sum games but | did not succeed and it became



clear to me that | was not going to succeed. | was very
impressed and | still am impressed by the so-called
“sure thing” principle. It was formulated by Jimmie
Savage. The “sure thing” principle says this: “If you have
to choose between two acts, A and B, and how much
you're going to make depends on some unknown situ-
ation—it might be S, or it might be S,. Suppose that
if you knew it was S, then you would choose A over B,
and that if you knew it was S,, you would choose A over
B. The “sure thing” principle says that even if you don't
know, you should choose A over B. That seems like such
a plausible principle, but let me show you what it leads
to. The “sure thing” principle leads to the prisoner’s di-
lemma. You and | are playing a game and | can either
cooperate with you or double-cross you. And you can
either cooperate with me or double-cross me.

The first coordinate in each box shows how much
| get, and the second coordinate in each box shows
how much you get. So I'm wondering, should | cooper-
ate with you or double-cross you? Maybe you're going
to cooperate. If | cooperate | get two; if double-cross |
get five. So if | knew that what you're going to do is co-
operate, then | would double-cross. But maybe you're

You
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going to double-cross, then if | cooperate | get zero and
if | double-cross | get one. So again it's better for me
to double-cross. So I'm going to double-cross. It's actu-
ally symmetric. The five is bigger than the two and the
one is bigger than the zero so you should double-cross.
So we both believe in the “sure thing” principle and we
both double-cross. So we each get a dollar, whereas, if
we had cooperated, we would each get two dollars. In
fact, the situation with the Soviet Union has elements
like this in it. To cooperate is to disarm and to double-
cross is to rearm with bigger and bigger weapons. That
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takes a lot of resources and we would both be better off
disarming. But each is afraid that if he throws away his
weapons, the other one will not and he will be at a great
disadvantage. So when | saw that this “sure thing” prin-
ciple led to an armaments race, so to speak, | realized |
was not the one to come up with a satisfactory theory
for non-zero-sum games. | keep on encouraging other
people to work on it, though.

MP: Are there parts of your work that have given you
particular pleasure? You have a couple of theorems
named after you—there must be a certain amount of
pleasure there.

Blackwell: One thing that gave me a good deal of plea-
sure was finding a game theory proof for a theorem in
topology: the Kuratowski Reduction Theorem. | was
studying the proof and trying to understand it, when
all of a sudden, | recognized the kind of thinking | was
doing, exactly the kind of thinking | was doing some
years before when | was thinking about games, infinite
games. In about three minutes | realized that you could
prove this theorem by constructing a certain game.
That gave me real joy, connecting these two fields that
had not been previously connected.

MP: That probably surprised a few topologists.

Blackwell: Actually, some logicians got interested in it.
I may have been one of the first to show how infinite
games related to set theory. Actually, | was not the first
because Banach and Mazur, back in Poland, related in-
finite games to set theory. (Blackwell then went to the
board and outlined the proof.)

Blackwell on Teaching

MP: You're the first person I've interviewed who can't
restrain himself, who can't keep from getting up to the
board to explain something. You must like to teach.
What is it that makes teaching fun for you?

Blackwell: Why do you want to share something beau-
tiful with somebody else? It's because of the pleasure
he will get, and in transmitting it you appreciate its
beauty all over again.
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MP: Are you teaching now?

Blackwell: Yes, | teach at all levels. This quarter | have
only a graduate seminar but last quarter | had a senior-
level course and a very elementary course. In the fall
quarter | had a course for sophomore-level engineers.
There is beauty in mathematics at all levels, all levels of
sophistication and all levels of abstraction.

MP: If you were to write down a short list of desirable
characteristics in a mathematics teacher, what would
be on the list?

Blackwell: | don't think that one person is a good teach-
er for all students. There are all kinds of styles of learning
and it takes a good teacher to teach in a style that is not
the style in which he learns. For example, | love pictures.
The first time | had a blind student in my class, though,
| realized how inexplicit my teaching is. For example, |
put five points on the board and say, “Let’s try to fit a
line through them! The blind student is completely lost
because | don't give to the points any coordinates. In
another case, | didn't write anything except two letters,
A and B. Some people prefer a somewhat more formal
style than that. | think that I'm a good teacher for cer-
tain kinds of students, but not necessarily all.

“Formulas and Symbols—I Don’t
Especially Like Them”

MP: What I've seen so far reminds me somewhat of Paul
Halmos’ style. Maybe what we see here is the common
influence, Doob.

Blackwell: My students sometimes complain because |
use more than one symbol for the same thing. | forget
which symbol | use because the symbols are not very
important to me. It's strange to have a mathematician
who doesn't especially like formulas and symbols. | re-
member when von Neumann and Morgenstern’s book
on game theory came out. It was a very significant book
and it's a big book, because they wrote it twice, once
in symbols for mathematicians and once in prose for
economists. | read the prose. | found it much easier to
read than the symbols. If you are a mathematician it's

easy to translate the ideas in prose into symbols if you
want to.

MP: What do you as a mathematician do on a day-to-
day basis?

Blackwell: Well, what | did today was to try to under-
stand two forms of the category 0-1 law, to see if one
of them is stronger than the other and to see what
each one implies about the existence of what Harvey
Friedman calls diagonalizations. It's one of the things |
was doing today. That's at a rather high abstract level.

Another thing | was doing today was just playing
around with a computer, trying out programs for mini-
mizing a function of five variables, looking at curves
and trying various techniques to see which ones work
and which ones don't. | would say that the first thing |
told you about is a somewhat more serious activity be-
cause if | find out the relationship between those two
forms, the 0-1 law, I'll probably tell my students about it
in a seminar and | may even pursue it further. The other
is unlikely to result in anything more than my better
understanding the problem of minimizing functions. |
play quite a bit.

MP: What do you mean by play?

Blackwell: You know the algorithm for calculating the
square root. If you want the square root of s and you
start out with x, you divide s by x and take the average
and that’s the new x. Every positive definite matrix has
a positive definite square root. It occurred to me that
maybe this algorithm would work for positive definite
matrices. You take some positive definite X, add to it SX”
and divide by two. The question is: Does this converge
to the square root of X? | decided that instead of try-
ing to prove it | would just try it out. If you have an X
you can square it and compare it to S and calculate the
distance between them. | started out with the identity
as my first approximation. In a particular example, the
error at first was tremendous, then dropped down to
about .003.Then it jumped up a bit to .02, then jumped
up quite a bit to .9, and then it exploded. Very unex-
pected. It is not unusual to have it diverge if you start
out far away from the solution, but when you start out



close to a solution you expect it to converge to the solu-
tion. That's characteristic of Newton's method and this
is kind of a Newton-like method. Then | started looking
at the theory and it turns out that the algorithm works
provided that the matrix you start with commutes with
the matrix whose square root you want. You see, it's sort
of natural because you have to make a choice between
SX7 and XS, but of course if they commute it doesn't
make any difference. Of course | started out with the
identity matrix and it should commute with anything.
So what happened?

MP: You must have been having some kind of round-
off error.

Blackwell: Exactly! If the computer had calculated ex-
actly it would have converged. The problem is that the
matrix the computer used didn’t quite commute.

“I Think Proofs by Contradiction
Are a Mistake”

MP: | have been told that you have a very interesting
way of proving a theorem. How do you, in fact, prove
a theorem?

Blackwell: | don't really know. | think proofs by contra-
diction are a mistake. I've always found that if you start
with mutually contradictory hypotheses, you're always
working in never-never land. You're saying that in this
land 0 = 1 and you're just trying to show that that’s
where you're working. Nothing you say is true, and in
a way you're not learning anything because everything
you say is false. In all the cases | have looked at, you can
transform a proof by contradiction into a proof in which
everything you're saying is true and you learn more
that way. It's not a question of making a big change.
Let me give you an example. Take the proof that the
set of real numbers is uncountable. The usual proof is
this: Suppose you have a list of all the real numbers, the
first one, the second one, the third one, and so on. Write
out their decimal expansions, then you can write down
one where it differs from the first one in the first place,
from the second one in the second place, and so on.
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So you've reached a contradiction. You have claimed to
have them all but you've shown one that is not in the
list. It's a beautiful proof but | would formulate the theo-
rem this way. Show me any sequence of numbers and
I'll show you one that is not in the list. It's a small change
but it's a positive fact. Every proof by contradiction that
| have seen or studied can be recast so there’s no con-
tradiction at all. You learn something new.

MP: The first one that we typically see as students is the
irrationality of the square root of 2.

Blackwell: That is more difficult—I would have to think
about that.! But | am convinced that imbedded in that
somewhere is a positive approach to the proof. In the
proof that the number of primes is infinite there is, of
course, a construction of a prime that is larger than any
of the primes in the list. So that one is clear.

MP: Thus we should make proofs positive and avoid
proofs by contradiction.

Blackwell: Yes, | learn things that way. It is well known
that from contradictory premises you can deduce any-
thing. Well, I'm just not interested in deducing things
from contradictory premises.

“I Applied Only to
Black Institutions”

MP: Let's jump back to Howard University for a few
minutes. You were there for ten years. In the Neyman bi-
ography, Constance Reid mentions that Jerzy Neyman
of the University of California first saw you at the
University of lllinois where you were president of the
Mathematics Club. In 1942 he contacted Doob, hoping
to get Doob to join the statistics department, but Doob
said, “No, | cannot come but | have some good students
and Blackwell is the best. But of course he’s black and in
spite of the fact that we are engaged in a war that's ad-
vancing the cause of democracy, it may not have spread
throughout our own land.” How did that incident affect
you?

! Later, Blackwell did give a positive approach to the proof.
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Blackwell: Let me tell you what happened. This is an-
other one of those cases where | didn't know much
about it until later. Neyman wrote to me and said he
wanted to interview me for a possible job in Berkeley.
We met in New York and he interviewed me. He said he
would let me know. He went back to California and |
didn’t really expect anything to happen. | had already
written 104 letters of application to black colleges.

MP: You hadn't thought of applying to other
institutions?

Blackwell: Oh no, | applied only to black institutions.
MP: You mean the door was closed?

Blackwell: | just assumed that it was, but then Neyman
wanted to interview me and | was glad to be inter-
viewed. | would have welcomed the job. | didn’t expect
anything to happen and eventually | got a letter from
him saying something like this: “In view of the war situ-
ation and the draft possibilities, they have decided to
appoint a woman to this position.” It sounded plausible
to me and | wasn't expecting anything anyway. It wasn't
until I came to Berkeley that | learned that there was
more to the story than that. My blackness was a plus

Blackwell, the theoretician, says, “I've never been especially interested in research—I’m sort of a dilettante.”

for Neyman. He had a tremendous amount of sympa-
thy for anyone who had been oppressed or mistreated
in any way. He always favored the underdog. It would
have given him a special pleasure to appoint me just
because | was black.

MP: Neyman eventually had that pleasure, although
some time elapsed between that first interview and
your eventual appointment here.

Blackwell: Yes, twelve years.

MP: While you were at Howard you kept going. You did
a lot of research.

Blackwell: | was quite free at Howard. They understood
the importance of attending professional meetings, for
example. They were quite generous in paying expenses
for attending professional meetings. | think everyone
had the right to attend one professional meeting per
year, more than that if you could show need for it.

MP: That's better than a lot of colleges today.

Blackwell: Better than Cal. Now if you are presenting a
paper, you can getyour expenses paid, but not if you just
want to go there and learn something. It causes a lot of
incomplete papers to be presented because that's how



people get their expenses paid. | was able to maintain
mathematical contacts with statisticians in Washington
and | went to meetings all over the country.

MP: Did the employment situation change much for
blacks during your twelve years at Howard University?

Blackwell: Oh yes. The first year | was at Howard one of
my colleagues in the economics department got an ap-
pointmentat the University of Chicago. Looking back on
it, | feel that there must have been a big change just re-
sulting from World War I1. | think there was a big change
between the 1941 attitude and the 1945 attitude.

Berkeley

MP: You arrived in Berkeley in 1954 and shortly thereaf-
ter the Department of Statistics was formed as a sepa-
rate entity from the Department of Mathematics. Would
you have been happier had the division not occurred?

Blackwell: No, in fact, Neyman had had a separate oper-
ation for some years. It was just formalizing something
that was in fact already the case. Neyman had had his
statistical laboratory and when he wanted appoint-
ments in what was thought of as the statistical labora-
tory, the mathematicians pretty much went along with
it. | rather liked being in a smaller group. | think a group
loses something when it grows beyond a certain size. |
think one would miss that close personal relationship
where everybody talks to everybody else. Now our de-
partment is a little bit too big.

MP: You succeeded Neyman as chairman of the depart-
ment. At the time, you were still a junior member of the
department, at least in years of service.

Blackwell: | had known all the people of the depart-
ment before | came here. Mathematical statistics is still
not a very large subject and it was considerably smaller
at that time. Mathematical statisticians all knew each
other and would see each other at meetings of the
Institute of Mathematical Statistics.

MP: You mentioned earlier some people who have in-
fluenced you: your geometry teacher and Doob. Was
Neyman also an influence on you?
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Blackwell: He was a very good friend. He was not so
much a professional influence on me but rather he had
a personal influence. His statistical and mathematical
ideas did not influence me very much, at least not di-
rectly. It was his character as a man—he was a warm,
generous, principled man. He regarded himself as a
conservative and in some ways he was a conservative
person. For example, in dress, he was extremely con-
servative. He had rather rigid standards about proper
behavior.

MP: Was anyone else a strong influence on you?

Blackwell: Well, Girshick influenced me. We worked to-
gether over many years. He had more good statistical
ideas than | had, though | was better trained technically
than he was. He would often announce some mathe-
matical idea of his and it would turn out that it was not
quite right, but almost right, and what was right was in-
teresting. He was full of ideas and anxious to get other
people to work on them.

Blackwell on Leadership

MP: It seems that since your student days you have
been a leader. At the University of Illinois, you were
president of the local mathematics club. You have been
president of the Institute of Mathematical Statistics and
an officer of several other organizations. Do you have a
flair for leadership?

Blackwell: No.
MP: Do you lead grudgingly?

Blackwell: No, | don’t mind doing it. | have a tendency
to figure out what people want done rather than be a
leader. When | was department chairman, | soon discov-
ered that my job was not to do what was right but to
make people happy. When you set about making up a
teaching schedule, you know that A can teach it but he
won't do a very good job, and B will do a better job, but
Btaught it last year so you give it to A.

MP: So you don’t miss administrative work.

Blackwell: Not a bit! In fact, when | gave up being chair-
man, for about a year my first waking thought in the
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morning was, “I'm no longer chairman,” and it made my
day.

MP: It wasn't too many years after you arrived here
in Berkeley that the whole social fabric of the univer-
sity was torn apart by the free speech movement. You
weren't exactly a bystander.

Blackwell: | was completely sympathetic to the stu-
dents. | did not like the way they expressed their griev-
ances, but they certainly had grievances. The students
had changed but the administration had not recog-
nized the change. You know when Adlai Stevenson was
running for president—I believe that was in 1956—he
was not allowed to speak on the Berkeley campus. The
administration took this line: The university must not
get involved in political matters. No candidates were
permitted to speak. When | was going to school that
would not have bothered me at all. And it wouldn't
have bothered most of the other students when | was
going to school. But the students in the 1960s were a
different breed. A lot of them were very much interest-
ed in what was going on and these rules that may have
been appropriate 40 years ago were simply completely
outmoded. But the administration wouldn't move an
inch. That's what the students were protesting. They
wanted to hear all kinds of ideas discussed on the cam-
pus. Looking at it now, it's hard to believe that's the way
it was, but it really was that way. | don't like loud noises.
There was a lot of violence and destruction in those
days, but the students really had something to protest.

Blacks in Mathematics

MP: At mathematical meetings I still see very few black
faces. The list of black mathematicians is short and it
does not seem to be growing very rapidly. Do you have
any explanation?

Blackwell: Yes. Black people goin other directions. Black
people are going into the professions: law, medicine,
and business. | sort of understand that: there’s more se-
curity. There’s more certainty of having a fair income in
those areas than there is in mathematics. | don’t know if
you know J. Ernest Wilkins. He'’s a black mathematician

just a few years younger than | am. He's good. In fact,
he's also an engineer and is a member of the National
Academy of Engineering. His father was quite a good
mathematics student and got his bachelor’s degree
at the University of lllinois. Then he went into law and
became a very distinguished lawyer. He was on some
president’s cabinet. There are other black people who
have had considerable mathematical talent but went
into law.

Families and Telephones

MP: You've been at Berkeley a long time now and you've
had a very creative career here. Have you ever thought
of going anywhere else?

Blackwell: Oh no, I've been pretty happy here and a
number of our children are living here now, and those
who are not plan to come back here.

MP: You have eight children?
Blackwell: Yes.

MP: That's a big family even by the standards of the for-
ties and fifties. You must like children.

Blackwell: Yes.|like grandchildren too.

MP: Have any of your children pursued careers con-
nected with mathematics?

Blackwell: No, they have no particular mathematical in-
terests at all. And I'm rather glad of that. This may sound
immodest, but they probably wouldn’t be as good at it
as | am. People would inevitably make comparisons. My
brother went to the University of lllinois and he was a
freshman there about ten years after | was. He joined
the same fraternity that | had belonged to. They asked
him, when they found he was from Centralia, whether
he was related to me. He said:“l think I've heard of him,
but there is no connection” Again, he didn’t want to
be compared to me. He wanted to make it on his own.
My name was on some sort of a plaque there. It's hard
on the younger one, whether he made a very good re-
cord or whether he made a very bad record, for he gets
blamed for what his older brother did.



MP: Some years ago Life Magazine put out a book
on mathematics that had your picture in it. You were
shown teaching, which | now see was very appropriate.
It also mentioned that you did not have a phone in your
home. Do you still have no telephone in your home?

Blackwell: Oh, no, our youngest daughter won that
battle years ago. She insisted we have a telephone. But
for a long time we did not have a telephone. It wasn't
based on any principle at all, but one of our kids ran up
an excessive long-distance bill so we decided to have
the telephone discontinued for a month. One month
went into two and two months when into three and we
decided that there were advantages as well as disad-
vantages to not having a telephone.

| do not have a positive attitude toward tele-
phones, though. During World War Il a friend of mine
and | were in Washington trying to get a train to New
York. There were long lines and trains did not run very
frequently. Furthermore, soldiers had priority. We were
standing in the ticket ling, just waiting to get some in-
formation, and my friend said, “Just a minute” He left
the line and then | heard the telephone ring—the ticket
agent stopped waiting on customers and went over,
answered the telephone, and gave my friend the infor-
mation he wanted to know. That’s when my attitude
toward the telephone changed. What a rude, impolite
instrument that is. It can break in and take priority over
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all the people who have made the effort of coming in
and standing in line.

MP: Do you have any hobbies?

Blackwell: No. When | have spare time | listen to music
orlgointo the country and work. We have some land up
in Mendocino County, about 40 acres. It's beautiful—it
has a creek and big redwood trees. When we bought
it my dream was to go up on weekends, get a martini,
sit under a redwood tree, and watch the creek go by.
But when | go up there | work from the time | get there
until the time | leave, planting trees, repairing fences,
cutting weeds, fixing a leak in the barn. So many things
go wrong that something always has to be done. When
we go up, I'm not the only one who works. My wife also
works from the time we get there till we leave for home.
It hasn’t worked out at all the way we had in mind, but
itis a lot of fun.

Postscript

Although Blackwell retired from the University of
California, Berkeley, in 1989, he has written ten re-
search papers since then. In 1986, he received the R. A.
Fisher Award from the Committee of Statistical Society
Presidents. Over the course of his career, he supervised
50 doctoral students, an unusually large number for
any professor.



Shiing-Shen Chern
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By William Chinn and John Lewis



I n the spring of 1982, the National Science Foundation
announced the creation of two new institutes of re-
search in mathematical sciences. Given the general
scarcity of government funding for scientific research,
this was remarkable news. Even more remarkable is
the unique background of the man who was selected
as Director of the Mathematical Sciences Research
Institute in Berkeley, Professor Shiing-shen Chern. To
get a more precise picture of his background, Professor
Chern was interviewed by the authors at the temporary
facilities of the new Institute on October 8, 1982. What
follows is a product of this interview together with bio-
graphical accounts from additional sources.

Shiing-shen Chern was born on October 26, 1911
(a couple of weeks after the overthrow of the Manchu
dynasty) in Kashing, Chekiang Province, China. Kashing,
located about 50 miles southwest of Shanghai, is not-
ed for its scenic lakes and streams, matching those of
nearby Hangzhou. Chekiang is one of the provinces on
the eastern coast, known to the Occidental world par-
ticularly for its brocades and embroideries. Here, Chern
spent his boyhood.

As a young student in high school, Chern studied
mathematics from the then heavily used Algebra and
Higher Algebra by Hall and Knight and Geometry and
Trigonometry by Wentworth and Smith, doing a large
number of the exercises in the books. At the age of 15,
he enrolled in Nankai University in Tientsin (known for
one of its graduates, Chou En-lai, the premier under
Mao Tse-tung). In the late 1920s, Nankai was a small
university with a total enrollment of 300. It comprised
three schools: letters, science, and commerce;and the
school of science had four departments: mathematics,
physics, chemistry, and biology. Chern’s aptitudes and
preferences steered him toward the sciences, and after
a year or two, he decided to major in mathematics, al-
though students did not formally choose a major until
their third year. One reason for his choice of mathemat-
ics was his disinclination for laboratory work. Another
reason for selecting mathematics was the presence
of Dr. Li-fu Chiang, an excellent professor who had re-
ceived his Ph.D. from Harvard under Julian Coolidge.
Mathematics in China was in a primitive state at that
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time, and few universities offered a course on complex
function theory or linear algebra. Chern was fortunate
to have been at a university where such courses were
offered along with courses on non-Euclidean geom-
etry and circle and sphere geometry (using books by
Coolidge). He had four classmates who graduated with
him in 1930, and just a few years ago, he had a reunion
with two of them in China.

In 1930 there were very few people in China do-
ing mathematical research. One of the few was Dr. Dan
Sun, a professor at Tsing Hua University in Peking (then
called Peiping). Dan Sun had been a student of E. P. Lane
at the University of Chicago, and his research area was
projective differential geometry. Through his teacher Li-
fu Chiang at Nankai University, Chern had already been
attracted to geometry and, upon graduation, he took
the entrance examinations for the graduate school of
Tsing Hua university. He was the only graduate student
in mathematics accepted that year and he was hired as
an assistant. His formal graduate training actually began
in 1931 and he remained at Tsing Hua until 1934. During
this period, Chern read many papers on projective dif-
ferential geometry and wrote several of his own. In
1934, he received a fellowship from the Boxer Indemnity
Fund. He was supposed to come to the United States to
continue his studies. Instead, he requested and received
permission to go to Hamburg, Germany, to study under
Professor Wilhelm Blaschke, the well-known geometer.
This choice was the result of Blaschke’s visit to Peking in
1932 when he had lectured on the geometry of webs, an
area of mathematics that Chern found very attractive.

Chern entered the University of Hamburg in
November 1934 and received his D.Sc. in February
1936. After completing his degree, he had one more
year remaining on his fellowship; he sought advice
from Blaschke on what to do. Blaschke thought that
Chern could either stay in Hamburg and work with Emil
Artin on algebra and number theory or go to Paris to
work with Elie Cartan on differential geometry. While in
Hamburg, Chern had gotten to know Artin quite well.
He had listened to more lectures by Artin than any of the
others; all of Artin’s lectures were beautifully organized.
If Chern had stayed in Hamburg, he may well have be-
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come an algebraist. Instead, his attraction to differential
geometry was so strong that he chose to go to Paris.

Chern’s association with Cartan proved to be ex-
tremely important for his career. Cartan was the leading
differential geometer in the world at that time. Chern
had already had some contact with Cartan’s work while
he was in Hamburg through the lectures and writings
of Kahler. Cartan’s writings were generally regarded as
very difficult, but Chern quickly accustomed himself to
Cartan’s way of thinking. In retrospect, Chern feels that
it was like learning a new language. There is a tendency
in mathematics to be abstract and have everything de-
fined, whereas Cartan approached mathematics more
intuitively. That is, he approached mathematics from evi-
dence and the phenomena which arise from special cas-
es rather than from a general and abstract viewpoint.

Despite his lofty standing in the mathemati-
cal world, Cartan was very responsive to his students.
Cartan held his regular office hours on Thursday af-
ternoons, and at first, Chern would line up outside
Cartan’s office with all the others waiting to see him.
After a while, however, Cartan invited Chern to meet
with him at his home, and from that time on, they met
about once every two weeks at Cartan’s apartment (by
coincidence, they lived near one another on Boulevard
Jourdan). Within a few days of each meeting, Chern
would receive a letter from Cartan in which he would
discuss further thoughts on ideas and problems that
had come up at their meeting.

In the summer of 1937, Chern returned to China
to become Professor of Mathematics at Tsing Hua
University. He traveled by way of the United States, and
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Chern and his family in 1955.



in August, embarked on a Canadian boat bound from
Vancouver to Shanghai. But while he was on board, the
Sino-Japanese war broke out and, as a result, the boat
did not stop in Shanghai; it went on to Hongkong in-
stead. Chern never reached Peking on that trip. Because
of the war, Tsing Hua University, Peking University, and
Nankai University moved to Changsha and combined
to form a new, temporary university. After disembark-
ing in Hongkong, Chern went directly to Changsha. He
stayed there for about two months, but the Japanese
were getting closer and work conditions became im-
possible. So in early 1938, the combined university
moved to Kunming (where it was named Southwest
Associated University) and Chern remained there
until 1943. It was during these years that Chern mar-
ried Shih-Ning Cheng, and his son, Paul, was born.
Mathematically, it was a period of isolation, but he had
good students and taught courses on advanced top-
ics such as conformal differential geometry and Lie
groups.

By 1943, U.S. military aid began to come to China,
and the intensity of the Japanese air raids had dimin-
ished. That year, Chern received an invitation to come
to the Institute for Advanced Study in Princeton; both
Oswald Veblen and Hermann Weyl were impressed with
his work. Chern accepted, and traveled from Kunming
to Princeton by American air transport via Calcutta,
Karachi, Aden, Egyptian Sudan, Accra, Ascension Island,
Natal, and Miami. The entire trip took about one week.
Chern spent the years 1943-1945 at the Institute. It was
a highly productive period for him; during this time,
he completed his famous intrinsic proof of the Gauss-
Bonnet formula and his work on characteristic classes.
He developed close relationships with Hermann Weyl
and André Weil during this visit to the Institute. Chern
and Weyl spent many hours discussing a wide range
of mathematical topics. Chern feels that Weyl had a re-
markable ability to predict the future of mathematics;
he foresaw the great development in algebraic geom-
etry which has since taken place. Chern also came to
know Solomon Lefschetz very well. Under Lefschetz’s
editorship, Chern served as an associate editor of the
Annals of Mathematics.
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Calligraphy by Chern.
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When the war ended in 1945, Chern decided to
return to China. After leaving Princeton at the end of
1945, he visited the Lefschetz Institute of Topology in
Mexico City (an invitation had been extended at the
suggestion of Lefschetz). From there, he traveled to
Chicago, and then to San Francisco where he had to
wait for more than two months for a boat to Shanghai.
The boat, a troop transport, reached Shanghai in April
1946 after about a month at sea. Upon his arrival,
he was asked by the Academia Sinica to organize a
Mathematics Institute. The Institute was first installed
in Shanghai and later moved to Nanking, the capital
of the Nationalist Government. Chern decided that the
most effective way to start the Institute was to run it like
a graduate school. So he invited fresh college graduates
and lectured to them on algebraic topology, sometimes
for as much as 12 hours a week. Altogether, there were
only 20 people at the Institute, and Chern was the sole
senior member. This very talented group later devel-
oped into distinguished mathematicians.

This period with Academia Sinica lasted about
two years. In the fall of 1948, the Civil War in China was
approaching Nanking, and Chern was once again invit-
ed to the Institute for Advanced Study in Princeton by
Veblen and Weyl. Chern accepted the invitation, and at
the end of 1948, he and his wife and two children, Paul,
and ten-month old daughter, May, left for the United
States. In the meantime, he received an appointment
as a full professor at the University of Chicago. The ap-
pointment was not to take effect until the summer of
1949; so Chern spent the winter term of 1949 at the
Institute for Advanced Study and joined the faculty of
the University of Chicago in July of 1949. Coincidentally,
Chern was the successor to E. P.Lane at Chicago; he took
Lane’s geometry Chair (as mentioned above, Chern’s
own teacher, Dan Sun, had been a student of Lane).
Chern remained at the University of Chicago until 1960
when he accepted an appointment at the University of
California at Berkeley, with which he has been associ-
ated ever since.

Chern is currently working full time as Professor
Emeritus at the University of California, where he still
teaches, and as Director of the Mathematical Sciences
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Research Institute in Berkeley. He continues to do re-
search and is integrating research with his administra-
tive duties. Quite a few of the younger members of
this Institute have research interests similar to his, and
Chern has done work with some of them.

In addition to his work in Berkeley, Chern trav-
els regularly to China, where he has an appointment
at Beijing University. He has been back to China seven
times since 1972, and prior to that time, he made nu-
merous visits to Taiwan. When he travels to China, he
generally gives lectures at various universities and has
personal contact with many mathematicians through-
out the country. Chern has also helped to organize
annual conferences on differential geometry and dif-
ferential equations in China. The first one was held in
Beijing in 1980 and was attended by an American del-
egation of twelve mathematicians, together with those
from other countries. During this past summer (1982),
he attended the third DD-Conference, and helped to
plan the next one. He also met with government of-
ficials in China in an effort to obtain financing for the
next conference. Through Chern’s insistence, students
have been asked to participate in these conferences;
the youngest participant at the third Conference was
a very impressive 19-year-old. Chem believes that the
future looks extremely bright for Chinese mathematics,
and that the academic setbacks caused by years of the
country’s self-imposed isolation from foreign influence
are disappearing.

An account of Chern’s distinguished career in
mathematics would not be complete without further
mention of his students, in whom he takes great pride.
Chern’s former students include Nobel laureate (1957)
Chen-Ning Yang and Fields Medalist (1982) Shing-tung
Yau. Yang was an undergraduate student of Chern at
Southwest Associated University in Kunming, and Yau
was one of Chern'’s Ph.D. students at U.C. Berkeley; both
gave lectures at the June 1979 symposium held on the
Berkeley campus to honor Chern. Another of Chern’s
students was Wu Wen-tsun, who received first science
prize in China in the 1950s. Wu was a member of the
Institute of Mathematics, Academia Sinica, which Chern
organized in Nanking.
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Chern in Berkeley in 1979.

Chern’s former students are impressively dis-
tributed throughout the world. They include the fol-
lowing: Joseph Wolf and Alan Weinstein (Berkeley);
A. Rodrigues, P. Simoes, M. do Carmo, and L. Barbosa
(Brazil); H. Suzuki (Japan); N. Petridis (Greece). Former
students now in remote parts of China indicate the
further reaches of Chern’s influence. These students
include Chen Chieh, Vice President of the University of
Inner Mongolia; Chen Teh-Huang in Urumchi, Xinjiang,
China’s most northwestern province; Sun Ye-Fon, Kirin
University in Changchun, Kirin, China’s most northeast-
ern province; and Chu Teh-Hsiang in Kunming.

Reflecting on the account of Chern’s life, one is
reminded of the age-old question: Is man a product of
history, or is history a product of man? Chern’s career has
been indistinguishable from the remarkable growth
of differential geometry within the past forty years. In

the 1930s, most differential geometers were working
on generalizations of general relativity; i.e., they were
searching for a unified field theory. Nothing really came
of these efforts. When Chern was working on differen-
tial geometry in the 1940s, this area of mathematics
was at a low point. Global differential geometry was
only beginning; even Morse Theory was understood
and used by a very small number of people. Today, dif-
ferential geometry is a major subject in mathematics,
and a large share of the credit for this transformation
goes to Professor Chern.

Finally, perhaps characteristic of his modesty,
when Chern was asked about his schedule for the im-
mediate future (at the end of the interview), he casually
mentioned that in a few weeks (November 18) he was
going to Switzerland to receive an honorary degree
from Eidgensssische Technische Hochschule (ETH),



the university where Einstein received his degree, and
whose professors included Hermann Weyl and Heinz
Hopf.

Postscript

Chern was very active up until his death at age 93 in
2004. In his later years he spent increasing amounts of

Shiing-Shen Chern ° 35

timein his native China, where he was revered. Hisamaz-
ing career was capped by numerous honors. In 1993 he
received the Steele Prize of the American Mathematical
Society. In the same year, he won the Wolf Prize; he
donated the one million dollar stipend to several in-
stitutes. In 1985, he was elected to membership in the
Royal Society, and in 1986 he was made an honorary
member of the London Mathematical Society.
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It’s a pleasure to write an obituary while the subject
still breathes: of the dead one should speak only
good; the living have a chance to reply.

I met John Conway through my son. They were
both members of my own Cambridge college, Gonville
and Caius. When Mike Guy and his sister, now Anne
Scott, became undergraduates in 1960, Conway was
in his early years as a graduate student. It's well known
that graduate students are a low form of life, well be-
low that of (undergraduate) “scholar,” for example. As
a scholar, Mike had rooms in college for his three un-
dergraduate years, but graduate students had to find
their own “digs.” So a useful symbiosis grew up: Conway
shared Mike’s room until he finished his graduate stud-
ies, became a Fellow and regained the privilege of a col-

Figure 1. Piet Hein’s Soma Cube comprises the one non-con-
vex piece made from three cubelets and the six non-convex
pieces made from four cubelets. John Conway and Mike Guy,
in 1961, enumerated the 240 essentially different ways in
which these can be assembled to form a 3 x 3 x 3 cube.

Facing page: John “Horned” (Horton) Conway.
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lege room. By then Mike was a graduate student and
glad to avail himself of Conway’s room.

Tom O’Beirne, who then ran the “Puzzles and
Paradoxes” column [14] in the New Scientist had vis-
ited our family around this time and introduced us
to many intriguing things, including Piet Hein's Soma
Cube (Figure 1). We found several solutions, but it was
Conway and Mike Guy who first found all 240 solutions
[1, pp. 843-844]. They did not, as stated in the blurb ac-
companying some commercially produced cubes, use a
computer! Another early joint project, in which | believe
a computer may have featured, was the enumeration
of all four-dimensional Archimedean polytopes [3], in-
cluding a new discovery, the Grand Antiprism.

Thomas Alva Edison said that genius is one per-
centinspiration and ninety-nine percent perspiration. If
Conway'’s genius is more than one percent inspiration,
then it's because he adds up to more than one hundred
percent! He does thousands of calculations, looks at
thousands of special cases, until he exposes the hidden
pattern and divines the underlying structure. He has
drawn (or made out of strings of beads!) tens of thou-
sands of knots, leading to two new ways of looking at
their classification and enabling him to push this fur-
ther than anyone else.

His discovery of the Game of Life [1, chap. 25; 7]
was effected only after the rejection of many patterns,
triangular and hexagonal lattices as well as square ones,
and of many other laws of birth and death, including
the introduction of two and even three sexes. Acres of
squared paper were covered, and he and his admiring
entourage of graduate students shuffled poker chips,
foreign coins, cowrie shells, Go stones, or whatever
came to hand, until there was a viable balance between
life and death. In the final version (Figure 2), a live cell in
arectangular array survives if there are just two or three
live neighbors (a chess king move away) and a dead cell
comes to life if it has exactly three live neighbors. The
implications of this simple set of rules exceed your wild-
est guesses: Life can simulate a Minsky machine, so Life
is universal!

Charles Darwin advocated conducting an oc-
casional damned fool experiment, such as blowing a
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Figure 2.  Conway’s zero-person Game of Life. Live cells

contain circles. In (a) cells d and e are Dying of Exposure,
while p and o are Perishing from Overcrowding. Dots indicate
cells which are coming to Life. The next generation is shown

in (b).

trumpet at a bed of tulips. To his more conventional
colleagues, some of Conway'’s investigations of bizarre
and exotic structures seem just about as likely to lead
to significant results. By playing a myriad of often quite
trivial games he gradually developed their theory to
such an extent that it includes the most comprehensive
theory of number that we now have [4]. The theories of
Dedekind and Cantor are just special cases of the gen-
eral scheme, which includes infinitesimals as well.
Conway is incredibly untidy. The tables in his
room at the Department of Pure Mathematics and
Mathematical Statistics in Cambridge are heaped high
with papers, books, unanswered letters, notes, mod-
els, charts, tables, diagrams, dead cups of coffee, and
an amazing assortment of bric-a-brac, which has over-
flowed most of the floor and all of the chairs, so that it is
hard to take more than a pace or two into the room and
impossible to sit down. If you can reach the blackboard
there is a wide range of colored chalk, but no space to
write. His room in college is in a similar state. In spite
of his excellent memory he often fails to find the piece

of paper with the important result that he discovered
some days before, and which is recorded nowhere else.
Even Conway came to see that this was not a desirable
state of affairs, and he set to work designing and draw-
ing plans for a device which might induce some order
amongst the chaos. He was about to take his idea to
someone to get it implemented, when he realized that
just what he wanted was standing, empty, in the corner
of his room. Conway had invented the filing cabinet!

Claude Elwood Shannon said that he would rath-
er spend two or three days discovering a theorem than
two or three hours searching for it in a library. Conway
carries the Shannon philosophy to its extreme, often
forced by his lack of system to rediscover his own re-
sults. With each rebirth, however, the product becomes
more complete, more refined, more polished and more
translucent. He is never content just to know a topic
well. He constantly rearranges it, tries it in different set-
tings, until he gets it into a form in which he can explain
it, sometimes literally, to the person-in-the-street.

He has phenomenal powers of concentration.
When his four daughters were small, he would often be
doing intricate calculations with one or more of them
climbing over him. He could either ignore them, or,
more likely, integrate them into the process by explain-
ing the simpler parts to them, or by interesting them in
the patterns in which he arranged the work.

J.W.S. Cassels, speaking some years ago at a con-
ference in Reading, honoring Richard Rado, described a
difficulty he had when working on the Hasse principle
for cubic diophantine equations, with Mike Guy. Cassels
is diurnal in his habits, but Mike is nocturnal in his. The
problem was solved by using Conway, who is irregular
in his habits, as a go-between.

Atypical Conway uniqueness is exemplified by his
lingual calisthenics or tongue gymnastics, or whatever
it is called. | forget the details, but the story is roughly
this. He read somewhere that about one person in for-
ty (say) was able to make his tongue into a particular
shape; that one in forty of those was able to make a sec-
ond shape (trefoil, rose, or whatever—when you meet
him, get him to show you the shapes—he’s not unduly
shy); one in forty of those can make a third shape, and



so on, there being about six shapes altogether, so that
only about one person in the whole world can make
them all. Well, you've guessed it—after a bit of experi-
menting in front of a mirror, Conway discovered that he
was that person!

But most of his parlor tricks have been achieved
only by dint of hard practice. He must have made many
hundreds of frogs, peacocks and other objects by fold-
ing squares of paper. And how many times has he bent
a wire coat hanger into a square, balanced a dime or
threepenny bit on the end of the hook, whirled it round
many times and finally returned it to the status quo,
with the coin still balanced on the hook? He must have
twisted a Rubik Cube a million times before most of
us reached our first thousand. He was the inventor of
“three looks,” curing the cube by inspecting it carefully,
then holding it under the table while making several
moves, bringing it out and examining it a second time,
then holding it under the table again for more turns,
then taking a third look before finally twiddling it under
the table into a perfectly cured cube!

Another illustration of Conway’s aura of improb-
ability came when he was contending that when bet-
ting on an unlikely event, the exact odds didn't matter.
He offered ten shillings against a penny (120 to 1 in
those days) against seven coins all coming up the same
(seven heads or seven tails, 63 to 1 against). Someone
was willing to lose a penny, and | got the job of shaking
7 coins. They came out as some mixture, Conway col-
lected his penny and asked if the person wanted to play
again. Yes, he did. | threw the coins again; they were all
tails!

He has probably supplied Martin Gardner with
more material for his Scientific American column [8] than
anyone else, and Mathematical Carnival [9] is dedicated
“To John Horton Conway, whose continuing contribu-
tions to recreational mathematics are unique in their
combination of depth, elegance and humor.”

He has made models of dozens of polyhedra, de-
vised and manufactured a computer using ball bearings
rolling in grooves, produced lunar calendars, knitted
projective planes and twisted wire and string into exas-
perating topological puzzles. A more recent invention
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is a remarkable prime producing machine [5, 13] con-
sisting of a row of fourteen rational numbers (Figure 3).

Ln

17 78 19 23 29 77 95 77 1 11 13 15 15 5

91 85 51 38 33 29 23 19 17 13 11 14 2 1

Figure 3. Conway’s Prime Producing Machine. Input is
the whole number 2. A step is to multiply by the earliest of
the fourteen fractions which gives a whole number product.

Output is the exponent whenever a pure power of 2 occurs.

At one time he would be making constant ap-
peals to give him a year, and he would immediately re-
spond with the date of Easter, or to give him a date, so
that he could tell you the day of the week or the age of
the moon [1, pp. 903-909]. Here are some verses which
are essentially Conway’s, but true to the oral tradition
they've been transcribed by Alf van der Poorten and
modified by the present writer.

The Doomsday Algorithm

Months:

It's the last day of Jan. or of Feb. that will do (Except
that in Leap Years it's Jan. thirty-two).

Then in the even months use the month’s day

And for odd ones add four, or else take it away,

According to length, or simply remember:

You only subtract for Septem, or November.

Years:

Now to work out your Doomsdays the orthodox way,
Three things you must add to the century day:
Dozens, remainder, and fours in the latter

(If you alter by sevens, of course it won't matter).

Centuries:

In Julian times, lackaday, lackaday,

Zero was Sunday; each hundred went back a day.
But Gregorian four hundreds are always a Tues.
And centuries extra each take us back twos.

Not everything is Conway’s unaided work, of
course. Michael Stewart Paterson cooperated in the
creation of the game of Sprouts [1, pp. 598-602; 6; 16],
which continues to defy analysis. Start with some spots
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Figure 4. After two moves in a Game of Sprouts. Play started
with two spots, A and B. The first player joined spot A to itself
and added spot 1. The second player joined 1 to B and added
spot 2. Spot 1 has now lost its three lives and cannot be used

any more.
Figure 5.  After two moves in a Game of Brussels Sprouts.

Play started with two crosses, C and D. Player A joined the
west arm of C to the South arm of D and added a crossbar A.
Player B then joined the two available arms of A and added
a bar B. It’s safe to predict that the game will last for another
siX moves.

(Figure 4). A move is to join two spots, or a spot to itself,
by a curve which doesn't meet any previously drawn
curve or spot, and to place a new spot on the curve. No

T

Figure 6. The Penrose Pieces, called Kite and Dart by
Conway. Their angles are multiples of 36°. Their sides are 1
and T = (75~ — 1)/2. The Tail of the Kite and the Head of the
Dart are easily recognized. Other vertices are labeled H and T
alternately. When fitting pieces together, Head must go against
Head, Tail against Tail, side 1 against side 1, side T against
side T, black against black, white against white, with the arcs
of circles forming continuous curves. The radii of the arcs are
T, T>and T°.

spot may have more than three parts of curves ending
at it. If you can’t move you lose. But a typical Conway
twist is Brussels Sprouts, played the same way, but
starting with crosses instead of spots (Figure 5), so that
up to four curves may meet at a cross. After each curve
is drawn, a new crossbar is made somewhere along its
length.

Again, it was Roger Penrose who was responsible
for the Penrose Pieces [12, 15], the kite and the dart
(Conway'’s names, Figure 6), which were a breakthrough
in providing nonperiodic tilings of the plane (Figure 7),
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Figure 8.
1 & 3. Remove the (White) Players as they are jumped over.

but it was Conway who discovered many of their re-
markable properties and did much to bring them to the
attention of a wide audience [10]. Here the last word is
perhaps that of de Bruijn [2].

Conway has always been fascinated with lan-
guage and the motjuste. I've spent many hours with him
searching through Roget’s Thesaurus and dictionaries.
He's always eager to invent, adapt, and pervert in order
to achieve the double entendre or worse: his extensions
of “iff, for example: onnce (once and only once), onne

A 15 X 19 Phutball Pitch with the first five moves of a game. The (Black) Ball may now jump over 2 & 4, or over

(one and only one) twwo (or was it twoo?), whenn, and
so on [an amusing converse appeared from Germany
at the 1981 Banff Symposium on Ordered Sets: a T-shirt
with BANF AND ONLY BANF]; his cries against the com-
mon misuse of “unique”: biunique, triunique, . . ., cul-
minating in the almost meaningless “polyunique”; his
names for objects in Life, and his names of games (star,
up, tiny two, all small, ace, deuce, superstar, Col, Snort,
ono, oof, sunny, loony, loopy, under, dud, upon, hi, lo,
hot, sesqui-up, tis, tisn . . . ), words used in his game of



Philosopher’s Football (Phutball, shot, pot, tackle, poul-
try, poison) [1, pp. 752-755]. This is another of his excel-
lent games for two players which can be played on a Go
board, with a black Go stone (the ball) and a plentiful
supply of white ones (the players). The ball starts at the
centre intersection of the board (or nearer to one goal
to make a fairer game between unequal players), and a
move is either to place a new player at any unoccupied
intersection or to jump the ball over one or more play-
ers, immediately removing the players jumped over,
in any of the eight standard directions, onto the first
empty point in that direction (Figure 8). A single move
may comprise several consecutive jumps. The object of
the game is to jump the ball onto or over your oppo-
nent’s goal line (edge of the board). The ball may land
on a goal line during the course of a move without the
game’s ending, provided it jumps off the line by the end
of the move.

Another of Conway’s games is Sylver Coinage.
The two players alternately name different positive in-
tegers, but are not allowed to name any number that
is a sum of previously named ones, using repetitions
if necessary. The player who names 1 is the loser. This
seemingly simple game generates many unsolved
problems, some of which are probably quite deep [T,
Chap. 18; 11].

Has all this foolery anything to do with math-
ematics? Indeed it has! Indeed it is mathematics! With
Conway it's impossible to draw the line between the
trivial leg-pulls and the deep mathematical results. He's
made significant contributions tothe theory of numbers,
the theory of knots, the theory of quadratic forms, the
theory of groups, and the theory of games. Otherwise
he would not have been elected to a Fellowship of that
most prestigious scientific body, The Royal Society.
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Postscript

Conway left Cambridge University in 1986 to join the
faculty of Princeton University. He has been highly
awarded for his contributions to mathematics: in 1987,

the Polya Prize of the London Mathematical Society; in
1999, the Nemmers Prize; and in 2000, the Steele Prize of
the American Mathematical Society. He is a very popu-
lar lecturer, and he was selected as the Hedrick Lecturer
of the Mathematical Association of America in 1991.
In 1994 he published with Simon Kochen the Free Will
Theorem, a marvelous theorem of quantum mechanics,
which he playfully summarizes: “if experimenters have
free will, then so do elementary particles.”

Conway has published four books since coming
to Princeton and several papers.






H. S. M. Coxeter

Interviewed by Dave Logothetti



Ithough he has spent the last 44 years at Toronto,

Coxeter is a child of England. His name comes
from “cock setter"—one who sets cocks in the cock-
fights that have off and on entertained British rustics.
(This is particularly ironic, as Coxeter himself is a paci-
fist and vegetarian who quietly frowns upon violence
and killing.) His boyhood home was a country house in
Surrey dating back to the 17th Century. The reluctant
proprietor of Coxeter and Son Limited (the “Son” refer-
ring to H. S. M!s grandfather), manufacturers of surgical
instruments and compressed gases, his father retired
at 50 and sculpted until his death by drowning at 58.
One of his father’s works, a portrait in bronze of Coxeter
himself as a youth, now graces H. S. M’s piano. Coxeter’s
mother was also an artist, a professional specializing in
portraits and English landscapes.

Coxeter’s own creativity ultimately manifested
itself in geometry. He is the author orco-author of
about 140 articles in periodicals and eleven books:
Introduction to Geometry, Projective Geometry, The
Real Projective Plane, Non-Euclidean Geometry, Twelve
Geometric Essays, Regular Polytopes, The Fifty-Nine
Icosahedra, Geometry Revisited, Generators and Relations
for Discrete Groups, Mathematical Recreations and
Essays, and Regular Complex Polytopes. His books have
been translated into eight languages: French, German,
Hungarian, Japanese, Polish, Russian, Serbo-Croatian
and Spanish. His vision helped launch the Mathematical
Expositions series of the University of Toronto Press, as
well as the Canadian Journal of Mathematics, on which
he labored as Editor-in-Chief for the first nine years. He
also served as President of the International Congress
of Mathematicians at Vancouver in 1974, Just last May
on his 72nd birthday, he was honored with an interna-
tional geometry conference at Toronto. Several of the
participants at this Toronto conference were former
students. Among the names that distinguish Coxeter’s
students, undergraduate and graduate, are John
Coleman, Irving Kaplansky, Nathan Mendelsohn, and
William Moser. In addition to spreading the geometrical
light at Toronto, Coxeter has been a visiting professor
at Notre Dame, Columbia, Dartmouth, Florida Atlantic,
Amsterdam, Edinburgh, East Anglia, Sussex, Warwick,

H. S. M. Coxeter ° 47

Utrecht, Bologna and Australian National Universities.
He holds honorary doctorates from the Universities of
Alberta, Arcadia, Trent, Toronto and Waterloo.

All Those Initials

MP: Let's get down to brass tack: how come you have
so many initials, and what do they stand for?

Coxeter: Yes, that was a story. They stand for “Harold
Scott MacDonald!” Originally my birth certificate said
“MacDonald Scott Coxeter”; that's how | came to be
known as “Donald” by all my friends and relations. And
then some stupid godparent said, “Well, you should
have Harold as one of your names because your father’s
name was Harold.” So they stuck the Harold on at the
beginning; they made it “Harold MacDonald Scott”
However, somebody saw that this was going to be idi-
otic, because the H. M, S. stands for “His Majesty’s Ship”
or “Her Majesty's Ship.” So they just made a transposi-
tion to alter that, put the S before the M, and it became
H.S. M.

Early Interest in Mathematics

MP: How did you first become interested in mathemat-
ics in general and in geometry in particular?

Coxeter: Well now, let me think. | suppose from school |
found certain things rather fascinating. | enjoyed learn-
ing Euclid, and somebody must have given me a geom-
etry book that had pictures of the regular solids.

MP: How old were you when you first encountered the
regular solids?

Coxeter: | suppose about twelve or thirteen.

MP: How un-American! | mean that doesn’t happen in
the United States.

Coxeter: No. And somebody lent me an old book called
The Fourth Dimension, by Howard Hinton, which | sup-
pose one can still see in libraries.

MP: Which attracted you first, numerical or geometrical
mathematics?
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Coxeter: | was always interested in numbers. My moth-
er used to say that when | was very, very young | used to
look at the stock market reports in the papers because |
was interested in just looking at numbers.

MP: At what age would that be?
Coxeter: Oh, about two or three, | suppose.
MP: That young!—Just you and Gauss!

Coxeter: | was always fascinated with numbers. And
then | became interested in shapes as well—pyramids,
cones and spheres; all those things appealed to me at
an extremely early age.

MP: When did you decide that mathematics was go-
ing to be your career, rather than just a source of
fascination?

Coxeter: | suppose at about the age of fifteen or sixteen.
Before that | thought | might make a career of music. |
was interested in composing music.

MP: Was it hard for you to make a decision at the age of
fifteen or sixteen?

Coxeter: My mother took me to visit some musicians
(Gustav Holst and C. V. Stanford). They looked at my
stuff and were not too impressed. They said, “Educate
him first” They wanted me to concentrate on music.
Gradually the inner urge to do something creative
transferred itself from music to mathematics.

Adventures at Trinity College,
Cambridge

MP: Having decided on mathematics over music, you
had to learn the mathematics prerequisite to entering
Cambridge. How did you do it?

Coxeter: | had to leave school rather early in order
to learn enough mathematics to get a scholarship
to Cambridge. So | was a paying guest in a house
in the same town where there was a famous school
(Marlborough) where boys were trained to go to col-
lege. And it was while | was there that | had special
coaching in German, along with much more intense

special coaching in mathematics from teachers in the
school. | didn't attend the school properly because it
wasn't allowed. They have very strict rules about those
big schools in England; if you're over 16 you can't en-
ter. So | was living in the town and went on my bicycle
every day to the school for a private session with the
mathematics teacher, Alan Robson. Every day he would
give me homework to do, and | would bring it along the
next day and continue.

MP: This sounds like an extraordinary circumstance.

Coxeter: It was. It was quite unusual. But it was the only
thing to do because | hadn't learned enough routine
mathematics. | was already doing these things on poly-
topes which later became the climax of Chapter 11 of
my Regular Polytopes; but all the standard stuff in alge-
bra, geometry, analysis and even applied mathemat-
ics, which | would have to do, | knew scarcely anything
about.

MP: How did you convince the academic powers that
they should let you get this special tutoring?

Coxeter: | suppose it was through the influence of sev-
eral people. | was introduced to Bertrand Russell, and
then he introduced me to E. H. Neville, who wrote about
elliptic functions and Farey series. (It was he who per-
suaded Ramanujan to go to England.) These were suf-
ficiently important people that they just decreed that
| should leave the school where | had been, where I'd
learned all the mathematics they could teach me, and
get on to something better.

MP: When were you at Trinity College, and in what
roles?

Coxeter: | was there from 1926 to 1936, off and on, first
as a scholar and then as a winner of a Smith's prize,
which men who were undergraduates usually put in
for. I won a fellowship at Trinity College—a four-year
research fellowship. | was an undergraduate from 1926
to 1929, you see; next | got a Ph.D. under H. F. Baker,
the great algebraic geometer, and then | became a fel-
low. | just went on writing about polytopes. | had two
intervals going to Princeton from Cambridge and back
again.



What Is Geometry?

MP: Let’s turn to geometry: What is geometry? | sup-
pose if you had ten years you could answer that.

Coxeter: It's a very difficult question. You could say it’s
what geometers do, but then that’s only passing the
buck. I suppose it's the study of shapes and patterns.

MP: | know of a professor who interprets geometry pri-
marily as logic, as a study of axioms.

Coxeter (quickly): No, I've never really wanted that kind
of approach too much. | have been interested in de-
veloping axiom systems, but on the whole | prefer to
plunge right into the subject, rather than to spend too
much time on the foundations. | was interested to find
that some of the systems of axioms that have been of-
ten used could be improved. | mean, lots of people who
write about geometry still use the axioms of Hilbert,
regardless of the fact that they have been very much
improved by later writers.

MP: What's one of Hilbert's axioms that’s particularly
weak?

Coxeter: Well, | would say his treatment of “congruence.”’
He had axioms concerning the congruence of segments
and then some other axioms concerning the congru-
ence of angles; later writers such as Moore and Veblen
showed that it was quite unnecessary to have separate
congruence axioms for angles because they could be
deduced from the axioms for distances.

MP: Where did Henry Forder fitin?

Coxeter: Forder wrote a very excellent treatment of
axiom systems, The Foundations of Euclidean Geometry.
And then there’s another book, called The Calculus of
Extension, and also a little popular book simply called
Geometry which is very good.

MP: Did he work from Hilbert’s axioms?

Coxeter: No, he saw that they had been superseded,
and he mentioned the better ones.

MP: What is your opinion of Forder’s axioms?
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Coxeter: \lery good! He’s still alive, by the way. We're go-
ing to celebrate his 90th birthday next year.

The Top Geometers

MP: Here's another difficult question for you: If we re-
strict the mathematical world to geometry, who are the
top geometers of all time?

Coxeter: | suppose Archimedes, Apollonius, Gauss, and
Lobatchevsky.

MP: Not Euclid?

Coxeter: Euclid was only a compiler. | don't think he did
very much original work. He compiled things that were
known in his time. In more recent times | would name
Veblen.

MP: What would you say is Veblen’s chief contribution?

Coxeter: | suppose the connections between geom-
etry and topology. And the book he wrote with Young,
called Projective Geometry, is a great classic; it is remark-
able because it seems just as fresh today as when it was
written in 1918.

MP: Why was that such a valuable contribution to
mathematical literature?

Coxeter: Perhaps chiefly because it put everything so
much more clearly and made it much more easy to
understand.

MP: That is a nice virtue. | sometimes get the feeling
that many mathematicians would rather not make their
work seem too clear; then you won't know what they’re
doing—or pretending to do.

Coxeter: Well, that’s right. Another name | must add is
von Staudt; | think he was very good. He wrote his big
books in 1847 and 1857.

MP: Von Staudt and many of those other names that
you mention are connected with projective geometry.
Does that have a special place in your heart?

Coxeter: Oh, no; it doesn't really. | should also mention
Schlafli; he was the man who first discovered regular
polytopes.
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Coxeter in a geometry film studio in 1964, looking through the peephole in one edge of a big tetrahedral kaleidoscope.

MP: Of all those names would you be prompted to pick
out one that you thought was the very best geometer?

Coxeter: No, | don't think | would want to say that, just
as | wouldn't really say that any one musical composer
is the best.

MP: The set of geometers is not linearly ordered?

Coxeter: No.

Elegant Examples

MP: What are a couple of examples of pieces of geom-
etry which you personally find particularly elegant and
beautiful or ingenious?

Coxeter: Well, | think Klein's enumeration of the finite
groups of rotations is a very good example—exactly
which are the groups of rotations in three dimensions:



Permuted faces in tetrahedral group.

the cyclic, dihedral, tetrahedral, octahedral and icosa-
hedral groups.

MP: Do you have some little pieces of geometry that
you just like to show other people, over which your
mouth waters a little bit when you get an opportunity
to show them?

Coxeter: Well, | think so, yes. | think the Steiner-Lehmus
problem is a good one: Any triangle having two equal
internal angle bisectors (each measured from a vertex
to the opposite side) is isosceles. There have been an
enormous number of proofs of that, | should think over
a hundred, but | think the one that is due to Forder is
probably the best of all. You'll find it in my Introduction
to Geometry.
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Forder’s proof of the Steiner-Lehmus Theorem.

The Four Color Problem

MP: What is your opinion of the recent Haken-Appel
proof of the four color problem?—Is it really completely
okay? Do you believe it? What do you think in general of
proofs involving computers in this manner?

Coxeter: I'm certainly hapy to accept all of the com-
puter proofs concerned with the theory of numbers,
such as finding larger Mersenne primes, 2° - 1. I'm just
a little bit worried that that seems to be something that
could go on more and more; with just a little bit more
computer time one could go a little further and get the
next one, and so on. | think even more interesting is
the other system with Fermat numbers, 27" 4 1, and the
conjecture that the ones that are already known to be
prime are the only ones that are prime. Everything that’s
ever been looked at beyond n =4 seems to be compos-
ite, and | think that the use of computers to show that
those extremely large numbers are composite is really
very striking— 27y 1, for instance.

MP: Back to the four color problem....

Coxeter (quickly, again): | don't have the same feeling
about that. | have a feeling that that is an untidy kind
of use of the computers, and the more you correspond
with Haken and Appel, the more shaky you seem to
be. They even sometimes seem to mention the word
“probability” I've heard recent rumors that somebody
has found a flaw, which may be devastating or may not.
| don't feel quite happy about that.

MP: Do you have hopes for a straight-forward proof?
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Coxeter: No, | don't think so. | think it's too difficult for
that to be done. It has always seemed to me a different
kind of theorem from all other kinds of theorems. When
the computing proof has been checked by quite a num-
ber of people, and they're all satisfied with it, well then
we'll have to accept it. But | think it's very unlikely that
anyone can break that proof down into something that
one would regard as an ordinary proof. Soit's ratherin a
different category from all other theorems.

MP: |s it conceivable that some new point of view might
crack the problem open?

Coxeter: | suppose it is. Other problems have seemed
to be insolvable, and people have cracked them open,
so | wouldn't like to say it couldn’t be done. But | don't
see anything like that on the horizon.

MP: My own feeling is that if that's the best we can do
with the four color problem, then just aesthetically |
wouldn’t want to mess with it.

Coxeter: That's right. | have very much the same feel-
ing. | think the other bits of information that have come
from the people struggling with it have been useful—
the problems of coloring on other kinds of surfaces,
Ringel and Youngs' work, and so on. So | think the prob-
lem has stimulated a lot of good mathematics.

Significant Unsolved Problems

MP: Will you play Hilbert for me? What are some of the
most significant unsolved problems in geometry?

Coxeter: Well, | suppose the classification of three-man-
ifolds is one of the most interesting.

MP: What is a “three-manifold”?

Coxeter: If you think of a sphere in four-dimensional
space, X2 + y?+ z2 + w? = 1, for instance, and if you imag-
ine just the surface of that sphere, not inside or outside,
but on the sphere, then that’s an instance of a three-
dimensional manifold, just as the surface of an ordinary
sphere is a two-dimensional manifold.

MP: And what is the problem in classification?

Cubic and hexagonal closepacking.

Coxeter: To find invariants to establish that another
three-manifold is or is not homeomorphic to a three-
sphere.

MP: So this is a generalization of Pélya’s interest in clas-
sifying polyhedra?

Coxeter: Yes, | think one could say that.

MP: What is another significant problem in geometry
that you would put on your list?

Coxeter: There is the tiling problem: What are the pos-
sible ways in which you can take a convex polygon and
repeat it so as to get congruent replicas of it which when
fitted together fill and cover the plane? Even tiling with
pentagons, which was supposed to be solved, still isn't.
Nobody knows quite what are all the possible shapes
of pentagon that can be repeated by congruent trans-
formations to cover the plane. People seem to keep on



thinking of new ones. Mrs. Doris Schattschneider has
just written a very nice essay in praise of amateurs who
have contributed to this problem.

And then you can have the same thing in space:
Think of a convex polyhedron; can you repeat it to fill
and cover the whole three-dimensional space? Of
course, there are little things of which one has to be
careful. You insist in the planar case that where two tiles
meet they have either a vertex or a complete edge of
both as their only place of meeting, rather than being
staggered, like bricks on a wall. | think the interesting
cases are where an edge is just the edge between two
points, and it's an edge of both the tiles.

MP: No vertices of order three?

Coxeter: No, it's not just that; the tiling of regular hexa-
gons has valence 3 for each vertex. The corresponding
problem in three dimensions would be polyhedra—
congruent polyhedra—put together with a whole face
in common where two meet. Michael Goldberg has
done a lot of that and is still writing papers on those.
So one unsolved problem would be “Is there essen-
tially only one kind of sixteen-faced polyhedron that’s a
space filler?” For quite a long time one has been known,
and several people have rediscovered this sixteen-
faced space filler. Goldberg gave me a reference to the
original discovery which was quite a long way back—
70 years ago or something of that sort. | have, however,
heard rumors that you can have better than 16 faces.

MP: Any other problems?

Coxeter: Related to that is the old sphere packing prob-
lem, in which you have congruent balls and put them
together in space as economically as possible. Are the
cubic closepacking and the hexagonal closepacking
the best, or could you possibly get anything better?
That has been solved if you assume that the centers of
the spheres are arranged in straight rows—in a “lattice
packing.” But if you don't insist on having a lattice, the
question is, could you do better than 74% density?

MP: | have a pedagogical question related to these
problems: This is the kind of geometry that | learned
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only after | escaped from formal courses. Wouldn't it be
healthy to have that kind of geometry more accessible
to students as undergraduates?

Coxeter: Exactly. It would be quite good, yes.

MP: Where would you see that kind of geometry fitting
into an undergraduate’s program?

Coxeter: Well, | suppose it's something that’s gener-
ally known as convexity. | don’t see any reason why we
shouldn’t have undergraduate courses on convex sets.

MP: | don't either; | taught convex sets to high-school
students, and had no particular problem.What are some
especially good references—Yaglom and Boltyanskii?

Coxeter: Yaglom and Boltyanskii would be quite a good
one. There’s a very good one in German by L. Fejes-
Téth. | think there are quite a number of other books
in English, too. Fejes-Téth himself wrote another very
good book and translated it into English; it's called
Regular Figures. There's quite a lot about convexity in
that book.

Who Teaches Geometry Best?

MP: Which countries are doing the best job of teaching
geometry?

Coxeter: | suppose Russia would be, and then Germany
and Austria.

MP: What kinds of things are they doing that makes
their geometrical education superior?

Coxeter: | think just regarding it as a subject that contin-
ues to be worth studying. The English-speaking coun-
tries seem to be interested in other things. They give ge-
ometry a low priority, which I think is a pity. Two of the
Russian geometers whose books | have are Rosenfeld
and Yaglom. | think they have done a lot to make things
accessible. And then Alexander Alexandrov has written
some books on polyhedra and convexity.

MP: What about the United States and Canada?—What
trends do you see? Anything heartening?
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Coxeter: Nothing very heartening, I'm afraid.

MP: You don't think that maybe the pendulum is swing-
ing back in the right direction?

Coxeter: | don't see very much sign of it. | must admit
my Introduction to Geometry seems to have a steady
sale, which is rather encouraging to me.

MP: That's also heartening to me. It seems to me that
about twenty years ago | heard lots of people bragging
about how they did mathematics without any pictures;
the only good mathematics was that which was done
without pictures. | do not hear that so much now, and |
hear people admitting that in the privacy of their bou-
doirs they draw a sketch or look at a model. Maybe peo-
ple are getting a little more interested in geometry.

Coxeter (quietly): Yes.

MP: Why is it that English-speaking people have aban-
doned geometry?

Coxeter: | think because there was a tradition of dull
teaching; perhaps too much emphasis on axiomatics
went on for a long time. People thought that the only
thing to do in geometry was to build a system of axioms
and see how you would go from there. So children got
bogged down in this formal stuff and didn’t get a lively
feel for this subject. That did a lot of harm. And you see
if you have a subject badly taught, then the next gener-
ation will have the same thing, and so on in perpetuity.

MP: How about a man like Honberger, say? He seems to
be quite popular now. I'd think that his work would get
people interested in geometry.

Coxeter: Yes, | think that he may do a lot of good.
One of his problems appeals to me. It concerns lattice
points: Can you draw a circle that has exactly 17, say,
lattice points inside it? That, of course, is fairly easy, but
if you ask, “Can you draw a circle that has exactly 17
lattice points on its circumference?” it becomes a little
more tricky. And that’s dealt with by Honsberger in a
very nice way, in Mathematical Gems |, | think.

MP: Pélya has favorites along that line, too—finding
lattice points on ellipses. He comes with little drawings;

he doesn’t give me any writing, just a drawing and says,
“Think about that”

Coxeter: Yes, | remember he gave me a nice little prob-
lem of that sort: Suppose you are making a model of
a polyhedron, and you cut out from cardboard a con-
nected “net” consisting of a lot of polygons and fold the
thing up. When you want two edges to be brought to-
gether, you have to stick them, and so you have a little
tab put on one of the two edges which you then glue to
the other. The question is, for a given polyhedron how
many tabs do you need? There’s a very clever argument
due to Pdlya which says it should be just one less than
the number of vertices.

Nice Geometry for Colleges

MP: Okay, you say the prospects for geometrical educa-
tion are currently rather gloomy. If yours were the hand
that moved mathematical education, what geometry
would you say should be included in the first two years
of college? Right now the first two years for mathemat-
ics majors are preempted by calculus and maybe linear
algebra. Would you do this differently?

Coxeter: Certainly. | think that by being careful we
could probably do the same amount of calculus and
linear algebra in less time and have some time left over
for nice geometry.

MP: What topics would you include in nice geometry?

Circle with exactly 17 =2 x 8 + 1 lattice points on it.



Coxeter, King of Geometry.

Coxeter: | don't see why you couldn’t have a revival of
Euclid, really. If you don’t worry too much about the axi-
oms, | think many of the propositions of Euclid are very
interesting.

MP: What would be in that kind of course that wouldn’t
be in the standard ninth or tenth grade geometry
course?

Coxeter: Of course, if it’s taken in high school first, so
much the better. When the students come to college
they should have some projective geometry. | had to do
a lot of projective geometry before | got to Cambridge,
in order to get a scholarship. We had to know many
properties of conics. The scholarship candidates going
to Oxford and Cambridge also had to know quite a lot
about affine and homogeneous coordinates.

MP: What has happened to the conics in the amalga-
mation of calculus and analytic geometry?
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Coxeter: | think they have been lost because everyone
wants to approach them only by coordinates. An equa-
tion of the second degree is a conic; that is what they
normally think of. But | think if you can introduce conics
other ways, as geometric objects with interesting prop-
erties before even introducing coordinates, then stu-
dents get more feel for them. I'm in favor of the intro-
duction of geometric transformations at the freshman
stage, and much earlier too, of course. School children
can learn about rotations, reflections, translations and
glide reflections; there’s no reason why they shouldn’t
at a very early age. But then at a certain stage they
should learn about the transformation called inversion,
which is one of the topics | had in mind when | men-
tioned Euclidean geometry. The geometry of circles, co-
axial systems, the fact that inversion preserves angles
and transforms circles into circles is all rather fascinat-
ing stuff. And then reciprocation comes from inversion;
you could define a conic as the figure that you get by
reciprocating the circle with respect to a circle that's not
concentric with the first circle.

MP: Going beyond the first two years of college, for a
mathematics major now, what geometry is especially
desirable?

Coxeter: To be a realist, you have the kind of geometry
that has applications to other subjects. | suppose inver-
sive geometry is that kind, because the inversive plane
is the plane of complex numbers with the point at in-
finity adjoined, which gives you application to analysis
straight away.

MP: Should that geometry be taught as a course
unto itself, or should it be taught as part of complex
variables?

Coxeter: | don't see any reason why it shouldn’t be ge-
ometry as a course. Part of the course could be devoted
to inversive geometry and the application to complex
numbers. This could serve to illustrate the Erlangen
Program, if you like—the group generated by all inver-
sions is an interesting group, and the geometry of that
group is quite a rich subject.
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Coxeter exhuming geometry.

MP: What do you feel about differential geometry? Is
it really geometry, or is it really calculus merely using
geometrical terms?

Coxeter: | think it should be included alongside the
others. | think that perhaps one should devote more or
less equal time to differential geometry and pure ge-
ometry. You will see in my Introduction to Geometry that
| devote one of the four parts to differential geometry.
The trouble is that in many places nowadays differential
geometry is the only kind the students ever have.

MP: Do you think that it's really worth vigorously fight-
ing for a separate lower division course, say in inversive
geometry?

Coxeter: | would like to see it, yes. It doesn’t have to be
called “Inversive Geometry”; it could be called simply
“Geometry” and introduce inversive part of the time,
projective another part of the time, and a little bit of
non-Euclidean. | think that somehow you should fit in
at least two courses in geometry, in say the second and
third years.

MP: What are some favorite examples wherein geome-
try provided crucial insights without which advances in

other branches of mathematics would not have taken
place?

Coxeter: Well, | suppose the most famous case is the
fundamental theorem of algebra. To prove that every
equation has a root would be almost impossible with-
out a geometrical background in the complex plane.
Or there’s the problem, “For which values of p, g and r
will the relations A? = B?= C" = ABC = 1 give us a finite
group?”

MP: And what kind of geometry comes to the
rescue?

Coxeter: The geometry of rotations of a sphere into itself.

Is Geometry Dead?

MP: If | or my colleague Jean Pedersen start rhapsodiz-
ing about geometry, the reaction that we frequently get

is, “Oh well, that's a dead subject; everything is known!
What is your reaction to that reaction?

Coxeter: Oh, | think geometry is developing as fast as
any other kind of mathematics. It’s just that people are
not looking at it.
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Postscript

Though Coxeter retired a few years before this inter-
view, he continued work as a geometer and in July of
2002 presented a new proof of a geometrical theorem
at a conference to honor Janos Bolyai in Budapest. He
was 95 at the time, thus defying G. H. Hardy’s theory that
“young men should prove theorems, old men should
write books.” In March of 2003 he died in Toronto. A few
years later a Canadian journalist, Siobhan Roberts, pub-
lished an excellent full-length biography, King of Infinite
Space: Donald Coxeter, the Man Who Saved Geometry
(Walker, 2006).



Persi Diaconis

Interviewed by Donald J. Albers



Persi Diaconis is only thirty-eight and yet in the midst
of a second career at Stanford University, where he
is a professor of statistics. His work in statistics is so good
that he recently was named a recipient of a MacArthur
Foundation Fellowship. As a MacArthur Fellow, Diaconis
will receive $192,000 over the five-year period 1982-
1987, tax-free and no strings attached. The purpose of
the awards, for which applications are neither solicited
nor accepted, is to free creative people from economic
pressures so they can do work that interests them.

In spite of his mathematical achievements,
Diaconis insists that he is better at magic, his first ca-
reer, than he is at statistics. At fourteen he left his home
in New York City to wander the world as a professional
magician. After ten years on the road, he decided to try
college. At twenty-four, he enrolled as a freshman. Five
years later he had earned his Ph.D. from Harvard.

Diaconis applies mathematics to a wide range
of real-world problems, claiming that “I can't relate to
mathematics abstractly. | need to have a real problem
in order to think about it”

His background in magic and statistics has also
proven useful in exposing several psychics, including
Uri Geller.

Professor Diaconis was interviewed in his Stanford
office in April of 1983. Diaconis’ love of magic is under-
scored by one of his closing remarks: “If | could have had
a professorship in magic, and if the world recognized
magic the way it does mathematics, | probably would
be doing magic full-time and never would have done
mathematics or statistics.”

A Magical Beginning

MP: After graduating from high school at the age of 14,
you left home and spent the next ten years on the road
practicing magic. What made you do that?

Diaconis: That's simple. The greatest magician in the
United States is a man named Dai Vernon. He called
me up one day and said, “How would you like to go on
the road with me?”| said, “Great,” and he said, “Meet me
at the West Side Highway two days from now at two
o'clock!” So with what money | could pick up and one
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suitcase, | went on the road. It was simply a question of
a magnetic, brilliant expert in the field calling on me,
just as a guru calls on a disciple. | was quite honored
and excited to do it.

MP: What did your parents say to your leaving home to
practice magic?

Diaconis: | didn't ask them. | just left home. My parents
were upset at my leaving, but somehow they found out
that | was okay. For a long time | was the black sheep
of the family. Only when | started graduate school at
Harvard did my family begin to think that | wasn't ter-
rible.

MP: So they felt very bad about your going off to prac-
tice magic.

Diaconis: Sure they did. | was being groomed to be a
virtuoso musician. | went to Julliard from the ages of 5
to 14. After school and on weekends | played the vio-
lin. All of my family members [mother, father, sister, and
brother] are professional musicians. They thought | was
going to become a violinist and having me desert mu-
sic for magic was not very appealing to them. | think
they have come to accept it all now. They never came
to accept the magic, even though | was good at it. | was
better at magic than | am at what | do now [statistics].

MP: When and how did you get into magic?

Diaconis: When | was five years old | found the book
400 Tricks You Can Do by Howard Thurston. | picked it up
and figured out that | could do a few tricks. | soon did
a little magic show at my mother’s day camp. | clearly
remember that show. | was the center of attention. |
wasn't horrible apparently, and magic became a hobby.
I sentin my dimes for mail-order catalogs on magic, and
for my birthday | would ask for tricks as presents. When
| got to public school | met other kids who were magi-
cians and | joined the Magic Club. | threw myself into it
with a real fury. All the energy that | didn't put into do-
ing homework or anything else connected with school
| put into magic. On many days | would cut school and
hang out at the magic store until closing time.

MP: Who would assemble at the magic store?
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Diaconis: Older magicians and other kids who were
interested in magic. In New York City, there was a big,
lively magic community. When | was 12, | met Martin
Gardner at the cafeteria where magicians used to hang
out. He was the kindest, nicest man, and he took time
out to show me some lovely, little tricks that | could do.
(Gardner, in addition to being a great writer, also is an
accomplished magician.) He saw that | was a troubled
kid and took a liking to me. He told me to call him if |
had any questions. So | used to call him and talk about
magic, and he got me interested in working on math-
ematical tricks because he would warm to that. He was
a famous guy, and the things he would warm to were
the things | got interested in.

MP: Did you know that Martin Gardner was a big
name?

Diaconis: Sure. | knew whom the other magicians re-
spected, who was famous and who was not so famous.
He was obviously a very special guy, the kind of guy
who could go on and on about things and remain in-
teresting and never be pompous, just kind and instruc-
tive. He also was genuinely delighted if | showed him a
new twist on a trick that he might know. He didn't try
to put someone down because it was a trivial twist on
something. When | showed him a new little idea, he
would make a note of it. Every once in a while he would
put something of mine into his “Mathematical Games”
column and that was a great thing for me. | found it
very inspiring to be recognized and have my name in
Scientific American.

On the Road

MP: You went on the road at age 14. What were those
years like?

Diaconis: During the first few years | was in very good
company. | was being shepherded around by Dai
Vernon, a brilliant man, who is the magician’s magician
and the best inventor of subtle sleight of hand magic of
the century. He was roughly four times my age and he
would take me around to hold the curtain. He taught
me magic: we talked magic morning, noon, and night.

Since he was sort of old, and since | could do the sleight
of hand very well, when he would give magic lessons, he
would have me demonstrate tricks, and then he would
explain them. So my experience was vaguely structured
and very colorful—a lot more colorful than | choose
to put into any interview. | met all kinds of interesting
street people, was often broke, hitchhiked, and so forth.
| left Vernon when | was about 16 and was on my own.
He went on to Hollywood to found what is now known
as the Magic Castle, which is a fabulous magic club, a
private, wonderful magic place where movie stars hang
out. | decided I didn't want to do that and would stay on
my own. So | stayed in Chicago, lived in a theatrical ho-
tel, and played club dates, usually for $50 a night. | did
pretty well that way. | eventually drifted back to New
York, doing magic and pursuing it as an academic disci-
pline, inventing tricks, giving lessons, and collecting old
books on magic, which I still do. It was just my life. | did
it with all my energy.

MP: Magic very often has card tricks associated with it
and perhaps card playing. Were you playing cards at the
same time?

Diaconis: No, not at the beginning. Much later some-
how | got a copy of Feller’s book on probability, and |
got interested in probability that way.

MP: How did that happen?

Diaconis: 1t was due to another friend of mine, Charles
Radin, who is a mathematical physicist at the University
of Texas. He was in college on the straight and narrow
while | was still doing magic. We had been kids to-
gether in school. One day he went to Barnes and Noble
Bookstore to buy a book and | went along for the ride.
He said Feller was the best, most interesting book on
probability, and | started to look at it. It looked as if it
was filled with real-world problems and interesting in-
sights, and so | said, “I'm going to buy it” He said, “You
won't be able to read it," | said, “Oh, | can do anything
like that” Well, in fact, | couldnt; | tried pretty hard to
read Volume 1 of Feller, and it's one of the big reasons |
went to college, for | realized that | needed some tools
in order to read it.



The business card of the professional magician Persi Warren
(Diaconis), who left home at age fourteen and performed
professionally for the next ten years.

MP: Was this at City College?

Diaconis: Yes, | started at City College at night. They
wouldn’t take me during the day because | was some-
thing of a strange person, so | went for a couple of years
at night taking one or two courses. | discovered that |
liked college, and | decided to try for a degree. | finished
up in two and a half years. It was a short time after |
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started college that | dropped magic as a vocation. |
went from City College to Harvard.

Martin Gardner and
Graduate School
MP: How did you end up at Harvard?

Diaconis: Itis a humorous story. | graduated in January,
and decided to start graduate school in mid-year. It
turned out that some places, including Harvard, did
accept mid-year applications. Harvard’s Mathematics
Department hadn’t taken anyone from City College in
20 years. All of my teachers said Harvard didn’t accept
any students from City College, even the really good
ones. So, | decided not to apply in mathematics. Instead
| applied in statistics; it was the only statistics depart-
ment | applied to. At the time, | didn't very much care
about statistics, but | thought it would be fun to go to
Harvard. | thought | would try it for six months and see
if | liked it. | did like it, they liked me, and | stayed on to
finish a Ph.D.

Because of my strange background | probably
wouldn’t have gotten into Harvard had it not been for
the intervention of Martin Gardner. | was talking to
Martin a lot during that time, asking his advice as to
where to go, and he was, of course, professing to know
nothing about mathematics. | said | was thinking of ap-
plying to the Harvard statistics department, and he said
that he had a friend there named Fred Mosteller. Now,
Fred Mosteller is a great statistician, who in his youth
had invented some very good tricks. There is, for exam-
ple, a trick called the Mosteller Spelling Trick, which is
still being used today. Martin wrote a letter in which he
said something like, “Dear Fred. | am not a mathemati-
cian, but of the ten best card tricks that have been in-
vented in the last five years, this guy Diaconis invented
two of them, and he is interested in doing statistics. He
really could change the world. Why don’t you give him
a try?”Fred later told me that | would not have been ad-
mitted if it had not been for that letter. Years afterward
he wrote to Martin and said: “Dear Martin. You always
are being asked to do things. You might want to know
if any of it makes any difference. Well, six years ago you
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wrote me a letter, and on the basis of that letter | let this
kid Diaconis in, and he’s a real hot shot now.” That's the
story of how | got into Harvard.

“Statistics Is the Physics of Numbers”

MP: You now spend most of your time doing statistics.
What is statistics to you?

Diaconis: Statistics, somehow, is the physics of num-
bers. Numbers seem to arise in the world in an orderly
fashion. When we examine the world, the same regu-
larities seem to appear again and again. In more formal
terms, statistics is making inferences from data. It is the
mathematics associated with the application of prob-
ability theory to real-world problems, and deciding
which probability measure is actually governing.

MP: Do you think of statistics as part of mathematics?

Diaconis: Yes. It is part of applied mathematics. There is
something about making inferences that goes beyond
mathematics. In mathematics you must have some-
thing that is correct and beautiful, and that is enough
to qualify as mathematics. In statistics, however, there
is the question of trying to decide what is true in the
world, and that is somehow going beyond any formal
system. | try to link nearly all of my work with some real-
world problem.

The Computer and
New-Wave Statistics

MP: Are computers making much of an impact on sta-
tistics and on the way it is being taught?

Diaconis: | think that the computer is changing math-
ematics, perhaps slowly, but in statistics it's right at the
cutting edge of a real revolution. The usual sharp and
tractable mathematical assumptions and approxima-
tions grew up in statistics because computing was hard
and expensive. Nowadays, computing is fast and cheap,
and one can actually use realistic assumptions, go to
the computer and obtain the needed numbers. Much
of recent statistical work is aimed at making intelligent
use of the computer and, of course, this is producing a

struggle between the old guard and new-wave statisti-
cians. The old guard grew up with parametric assump-
tions and the use of things like the normal curve. They
tend to say, “Why does anybody need this new-fangled
stuff, and what does it all mean anyway?” There is a
whole generation of young statisticians that see the
power and excitement of the computer in statistics. If
you walk around the halls here, you will hear students
talking about new, fast algorithms for computing the
median of a bunch of numbers, or new hardware for do-
ing computer graphics, whereas ten years ago it would
have been sigma algebra and the bread and butter of
mathematical statistics.

When | teach a course that has anything compu-
tational and real-world about it, | will easily fill the hall.
If | teach a course in any sort of esoteric mathematics
as applied to statistics or probability, | will be lucky if
| get six or eight students. | feel it on a day-to-day ba-
sis at the graduate level. Our students at Stanford and
the students at Berkeley seem greatly interested in
new-wave statistics, which really has to do with mas-
sive amounts of computing and using graph-theory
constructions and all kinds of computer graphics that
weren't thought of 20 years ago. It’s right at the center
of a real revolution, and 20 years from now an old-style
statistician from today won't recognize the field. It's re-
ally clear—it’s not that | am a space-age visionary—that
our students are focusing on the computer.

The computer leads you to do a different kind
of mathematics—the mathematics of algorithms,
the mathematics of numerical approximations, the
mathematics of simulation, and all of that can be as
subtle and difficult as any of the older mathematics.
Indeed, a lot of it is more challenging than the old
mathematics.

“I’ve Got to Have Applications”

MP: You are now teaching an esoteric course on group
theory in statistics. That doesn't sound very real-world
to me.

Diaconis: The course I'm teaching is called “Applications
of Group Representations to Statistics.” The first day of



class I listed 20 applied problems that are easily stated
in English. For example, how many times do you have
to shuffle a deck of cards until it is close to random? |
explained how group theory was the only known way
to solve them. Motivating from real problems, | am now
going through the theory of group representations in
a systematic way, and I'll tackle the problems one at a
time.

I'm teaching it the way | think applied math
should go. There is a real-world problem, you cast
about and find the tool to work with, and very often
some mathematician will have created the perfect tool
just because it is beautiful. Nothing pleases me more
than being able to take something and apply it to solve
a problem. But the bottom line for me has to be that |
actually get an answer to the problem. In the case of
the card shuffling, how many times do | have to shuffle
a deck of cards? The answer is seven for real shuffles of a
deck with fifty-two cards. Without the number seven at
the end, all the group representations wouldn’t mean
as much to me.

MP: The group theory is more beautiful for you as a
result.

Diaconis: Absolutely! It comes to life in a way for me.
That's a funny feature about me. | can't relate to math-
ematics abstractly. | need a real problem in order to
think about it, but given a real problem I'll learn any-
thing it takes to get a solution. | have taken at least 30
formal courses in very fancy theoretical math, and | got
A's and wrote good final papers, and it just never meant
anything. It didnt stick at all; that’s something about
me. | think there are people who can’t understand
mathematics at the level of applications and problems
and can see it functorially. | really do believe there are
people like that. For them, the diagram and morphism
is everything. It's not that way for me: I've got to have
the application.

| am currently working on a beautiful problem
that requires precise knowledge of the representations
of the two-by-two matrices with entries in the p-adics.
It is a problem that comes from salmon-fishing. That's a
great way to learn about the p-adics.
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The Art of Finding Real Problems

MP: How do you find real problems?

Diaconis: That's probably what I'm best at. What makes
somebody a good applied mathematician is a balance
between finding an interesting real-world problem and
finding an interesting real-world problem which relates
to beautiful mathematics. In my case, | browse an awful
lot, sit in on courses, and read a lot of mathematics. As
a result, | have a rather superficial knowledge of very
wide areas of mathematics. Also, | am reasonably good
at taking to people and finding out what ails them
problemwise. | have a stream of people from all walks of
life—psychologists, biologists, mathematicians—com-
ing in saying: “Hey, do you know about this problem,
did you ever hear about that?”

MP: Why would a biologist come to see you about a
problem?

Diaconis: | work at that. | speak to people in English. |
am genuinely interested in applied problems, and it re-
ally does give me joy to see an applied problem solved
by a beautiful mathematical tool. Even if | can’t solve
a problem | will work at feeding the problem to some
other mathematician or statistician who can solve it. If
you do it often enough, people get to know that you're
a useful resource.

It takes real dedication. | am willing to talk to very
strange people, and put up with all kinds of stuff be-
cause every once in a while, | hear about some beautiful
problem, and in order to solve it, | need to learn some
new area of mathematics.

I've actually started to think in a more structured
way about how you find problems because | obviously
am good at finding them. I'm trying to think of what |
do, trying to systematize it so | can explain it to other
people. It’s still in a very vague state, but it does have
to do with not being afraid to dip into an area and not
to learn it in real depth. It's important to know even
vaguely that there are mathematical tools which might
enable you to say: “Aha, this problem might yield to
this kind of tool,” and then if you have enough math-
ematical background you can read more carefully and
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“Pve got to have applications,” says Diaconis. The basketball is used by Diaconis to help illustrate a problem of computer

graphics.

then try it out. It involves reading surveys and talking to
people. | am always saying to mathematicians, “Tell me
what you do in English in 20 minutes.” Also, | am good at
browsing and, in fact, I'm working on the mathematics
of browsing.

MP: What do you mean that you're good at browsing?

Diaconis: Whenever | look in a volume of a journal | look
at the table of contents, and | just scan titles, and if it
looks interesting, I'll open it up and spend a minute. Part
of browsing has to do with being able to decide whether
something is interesting. It also involves the decision to

spare the minute to look. I've had marvelous luck find-
ing things that you ordinarily would never find.

I was working with a mathematician on a problem
that required formulas for the characters of a certain
representation, and they weren't in any of the standard
literature. Then | went to the Reviews in Group Theory—
and browsed in it for about an hour. | couldn’t just look
up what we wanted—I had to browse, free associate,
read, and turn a page here and pick up phrases, and lo-
cally try to build some structure, and | managed to do
that and was led to papers of Frobenius that | hadn't
seen before. Sure enough, Frobenius had written out



explicit formulas for the characters that we wanted, and
they weren’t in any modern literature. Knowing how to
use the literature is a kind of art.

There really are two different kinds of research-
ers—those who look things up and those who derive
things. | have coauthors, marvelous mathematicians
and statisticians, who never read the literature and do
everything from first principles. We might need a par-
ticular asymptotic expansion and I'll say, “Let’s go look it
up,”and they’ll say, “Let’s derive it, and then we'll under-
stand it better."It's also worth thinking about how much
time you should spend browsing. We all know dilet-
tantes who spend all of their time browsing and never
get any work done. There is some trade-off in these two
approaches that has to be fine-tuned. Anyway, I'm try-
ing to build a theory of browsing that ties search theory
into the problem of browsing, because browsing is
looking for something.

What Is Teaching?

MP: You seem to enjoy very much explaining ideas to
others, which suggests that you like teaching.

Diaconis: 'm not sure about that. | love to explain and
understand at a personal level. People can explain
things to you in a few sentences at the board or over
lunch in a way that is impossible to get from a more
formal lecture or a paper, and | love those kinds of in-
sights. That gives me enormous pleasure and in fact
drives much of what | do. On the other hand, teaching
is different from that in some ways. You have to be more
careful—you're not only trying to give the essence but
actually to teach the skills. | have never been able to
figure out what | am supposed to be doing when | am
teaching. | mostly teach graduate students. The stu-
dents | teach are actually here because they want to be
here, but what am | supposed to teach them? Am | sup-
posed to give them a good set of notes? Am | supposed
to teach them the basics really clearly and deeply? Am |
supposed to teach them how to do research? Am | sup-
posed to give them an overview of the subject? | don't
think you can do all of those things in one course. They
are all different tasks, and | don’t think you can do all of
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them. As a result, | have never been able to figure out
teaching.

MP: What is your teaching strategy then?

Diaconis: Chaos! | am not a bad teacher, but I'm prob-
ably not a very good teacher. | like instilling in people
the richness of mathematics and statistics, and so | very
often will do lots of special cases of a general theorem.
| try to instill a feeling for the many different cases that
the theory will encounter.

MP: You had previously said that you had been driven
by your interest in applications—you wanted to see
the mathematics that you worked with applied to the
real world. Yet, you have a powerful interest in number
theory. You wrote your thesis in number theory. How
do you reconcile your interest in number theory, which
to most people is regarded as a very non-applied area,
with your previous statement about being driven by
applications?

Diaconis: (Laughing) The integers are very real. There
are all kinds of number theory, and there really is a
difference between very fancy, modern Galois theory
and modular forms theory and Erdés-style problems
that you can explain to your grandmother. Number
theory is just beautiful. It's all mathematics. But, at the
heart of my thesis, which was about analytic number
theory, was a very concrete problem, namely the crazy
first digit phenomenon. If you look on the front page
of The New York Times, and observe all of the numbers
which appear there, how many of them do you think
will begin with 17 Some people think about a ninth. It
turns out empirically that more numbers begin with 1,
and in fact it is a very exact proportion of numbers that
seem to begin with one; it is 0.301. (The more you look
atit, it's the logarithm of 2 to the base 10.) Now that’s an
empirical fact, and it's sort of surprising. It comes up in
all kinds of real data. If you open a book of tables, and
look at all of the numbers on the page, about 30% of
them begin with 1. Why should that be? | had a funny
explanation for it, and the explanation involved doing
some computations with the zeta function. So then |
started reading about the zeta function. Then | pushed
my little explanation through, and it was sort of an okay



66 o Mathematical People

explanation, and in the course of doing that | had to
learn certain things. That always seems to happen in
my research. Bott once said to me that research is just
understanding part of mathematics in your own lan-
guage. In the course of understanding these tools in my
own language, some theorems came out and | learned
the machine of classical and analytic number theory
and the theory of complex variables, but | learned it to
solve a problem. It's always been that way for me. There
is some question and some set of tools, and often the
question has been asked several times, and eventually
the question drives you on to understand the set of
tools, and then for me the game isn't finished until the
set of tools yields the answer. This can take years. There
are questions | have worked on for 30 years. Until | get
the right answer, | don't stop.

As an undergraduate, | had a very good teacher
named Onishi, who loved analytic number theory. |
took a course from him, and he was nice and seemed
to think | was smart, and that probably made some dif-
ference to me, too. We wrote a funny paper together
in my first year in graduate school. When | interviewed
at Harvard, Fred Mosteller said, “It says on your City
College transcript, you're interested in number theory.
Well, here is a problem I've always wondered about.”He
asked me a problem about the distribution of prime di-
visors of an integer chosen at random, how many differ-
ent primes divide it. It was a beautiful question, and he
had done a lot of numerical computing in searching for
hints to a solution. | went back to New York, and | start-
ed to think about his problem. | got started on it, and
then | got Onishi interested. He taught me some stuff,
and the two of us hacked out a solution. Then we went
back to Fred, who had more questions, and eventually
it wound up as a triple paper. It was my first paper, and
it appeared in the Journal of Number Theory. That hap-
pened when | was more or less an undergraduate. It
was due to a bright, friendly teacher and an older guy
who asked a really good question and had done a lot of
work leading up to the question.

MP: Who, in addition to Onishi and Mosteller, have
been important influences on you?

Diaconis: DaiVernon was a very important influence on
me as was Martin Gardner. | had a marvelous statistics
teacher at City College named Leonard Cohen. When |
said to my math teachers at City College that | was go-
ing into statistics, they all thought | was crazy and said,
“Why are you going into statistics when you can actu-
ally do math?” Cohen was the only one who said that it
was okay to be interested in statistics. He was a superb,
clear teacher who also took the trouble to give me a
reading course and just talk to me for a couple of hours
between classes and give me a feeling for what the sub-
ject was about.

Other prominent influences on me have been my
coauthors. My main coauthor is David Freedman, who
is chairman of the Statistics Department at Berkeley.
We've written 25 papers together, and it has been a
very fruitful, on-going relationship. David is a first-
rate probabilist, and he has taught me a tremendous
amount of modern probability. Ron Graham and | have
coauthored half a dozen papers. They all start with ap-
plied problems. At present, we're working hard on finite
Radon transforms.

MP: Do you think your instincts are such that you are
more inclined to collaborate than to work alone?

Diaconis: | have done a lot of joint work. | have been
thinking about that recently because when you get
into a pattern with somebody you have a certain set of
problems that you enjoy talking about, and so when-
ever a new question comes up there is a tendency to
put it into that mold, and it has bothered me enough
that recently | have written a year or two's papers alone.
| wanted to shape the direction more independently
than | would in a joint project. There is a great advan-
tage in working with a great coauthor. There is excite-
ment and fun, and it's something | notice happening
more and more in mathematics. Mathematical people
enjoy talking to each other. Teaching someone else
your tricks is as much fun as doing the new math. It's
a great way to learn stuff and solve problems and also
to have somebody to compete with in a friendly style.
Collaboration forces you to work beyond your normal
level. Ron Graham has a nice way to put it. He says when



you've done a joint paper, both coauthors do 75% of
the work, and that’s about right; if it's not done that
way, it's not much fun to collaborate.

MP: What do you offer as the main reason for increased
collaboration among mathematicians?

Diaconis: | think it's due to the huge volume of tools
and techniques that are available. In the case of work-
ing with Ron Graham, | know the probability machine,
and he knows the combinatorics machine, and | don't
think anybody knows both of them. In the case of David
Freedman, it was my having questions that arose from
applied statistics and his being a superb problem solv-
er. Collaboration for me means enjoying talking and
explaining, false starts, and the interaction of personali-
ties. It's a great, great joy to me.

Psychics and ESP

MP: How did you become involved with psychics like
Uri Geller and ESP research?

Diaconis: ESP is a nice example of an area where my
background as a magician and my interest in statistics
come together. It's a marvelous, clear example of a nice
applied math problem. Any respectable proof of para-
psychology by the standards of today is statistical in
nature, and therefore in order to be a good investigator
you have to know about statistics. One of the big prob-
lems for parapsychology investigators is that some-
times they work with people who cheat, deliberately or
subconsciously, or both.

My involvement began when Scientific American
reviewed a book that contained a report of a psychic in
Denver who purported to make psychic photographs
with his mind. Investigators would bring their Polaroid
cameras and film and snap a picture of this guy’s head,
and usually they would get a picture of his head; butonce
in a while the photographs would look something like a
fork, or a biplane, or Cromagnon Man or something like
that. Martin Gardner arranged for me to go to Denver
from New York—paid for by Scientific American and later
by Popular Photography—to investigate him; and while |
was there | caught him cheating unquestionably.
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During the course of preparing for it, | began to
read some of the literature on psychic phenomena.
| always have been a complete skeptic about psychic
phenomena, but | also think you can’t dismiss some-
thing without thinking about it a little bit. So | read a
fair amount. My reading on psychic phenomena sug-
gested many nice mathematics problems. Years later
when | was a graduate student at Harvard somebody
asked me to give a talk about psychic phenomena. In
preparing for the talk, | was going to tell some stories
about psychics, and | was also going to solve some re-
lated, little math problems. | turned out that the little
math problems weren't so little. They're right on the
boundaries of what one can do.

Suppose you and | are doing a card-guessing ex-
periment. We are in the same room, and I'm shuffling
the cards and looking at them and concentrating at
them. You are trying to guess what the cards are. We
can see each other as we proceed. Well, to somebody
with a little training in deception, it's obvious that there
could be a good deal of cueing going on; it could very
well be subconscious. That is, when | look at a card, and
you get it right, | smile, and I'm happy, and when you
getit wrong, I'm unhappy and | frown. You can pick it up
and get an idea of what the cards are that have gone by
and can improve your guesses and do better that way.
That'’s a typical example of a problem that | heard about
when | was doing investigations of psychics as a magi-
cian. Ron Graham and | wrote three or four papers on
solving some cases of those problems.

For example, suppose we are in a card-guessing
experiment with a deck of 52 cards. The simplest ex-
periment goes like this: | shuffle the cards, | look at the
top card, you try to guess it, and | don't tell you any-
thing. | just put it to the side. Then | look at the next
card and put it to the side. We keep going through the
deck that way. If you have no ESP, and | tell you nothing,
your chance of getting the top card right is one in 52.
Your chance of getting the second card right is one in
52, no matter what you guess. So, you have one chance
in 52, 52 times, and so you get one card right on the
average. (The distribution is a Poisson distribution, ap-
proximately, with parameter 1/52.)
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Well, then you could ask, suppose you get feed-
back. That is, suppose | shuffle the cards, and look at
the top card. You start by guessing the ace of spades;
and | say, “No, it was the six of hearts.” Then you look at
the second card, and you guess again. If you are trying
to get the cards right, you probably will not guess the
six of hearts again. As long as you don't, it doesn’t mat-
ter what you guess. Well, that changes your odds. The
chance of being correct is one in 52 on the first guess,
one in 51 on the second, one in 50 on the third, and so
forth. The expected number correct is the sum of the
reciprocals of the integers from 1 to 52, and that’s about
4.5, which is about log 52. So, instead of one in 52 on
the average, with that kind of feedback, you get about
4j right on the average. (You can work out the associ-
ated distribution of correct guesses; it is approximately
normal.)

A third version of the problem is actually a lot
harder. Suppose instead of my showing you the card, |
just tell you if your guess—Ilet’s say, the ace of spades—
is right or wrong. If you're right, I'll tell you, but if you are
wrong, | just say, “No, you're wrong!” First of all, what is
the optimal strategy. Suppose you want to get as many
cards right as possible and that you don’t have ESP; you
just want to get a high score. You guess the top card as
the ace of spades, and | say you're wrong and put the
card down on the table. Well, all you know is that the
ace of spades is still in the deck. The best thing to do is
to guess the ace of spades again and to keep guessing
ace of spades until you're told you're right, then guess
something else. That is the optimal strategy. Strangely,
that is quite hard to prove. It sounds as if the optimality
should be easy to prove. It turns out that the expected
number of correct guesses is aboute-1=1.7.

That kind of problem is clearly a bread-and-butter
problem if you try to investigate an experiment where
feedback was given to the subject. You want to know
what’s high score in this experiment. It turned out to
be a hard math problem. As usual, when you do some
honest mathematics, the results are useful to people in
a variety of disciplines. This work interests people who
do taste testing. They do essentially the same kind of
experiment to see if somebody can taste the difference

between one kind of scotch and another. Our results
are also used in medical trials.

After doing this research, | was in a situation
where | had accumulated some good stories about psy-
chics and I had done some mathematics related to psy-
chic phenomena. As a result, | could give talks that were
popular but had some science in them. That got me a
fair amount of publicity, and as a result, | was asked to
help investigate many other ESP projects. Somebody
would hear about a great psychic and call up and say,
“Do you want to investigate somebody like Uri Geller,
who can bend keys or move a scale with his mind and
so forth?” | have done such investigations on and off
as a kind of hobby and also as a source of interesting
problems. | guess it’s also a service to the scientific com-
munity. It’s hard for ordinary scientists to do a good job
at debunking psychics. We may all feel that it is baloney,
but it's very hard to determine why. I'm tired of it now.

Debunking
MP: Why is it hard for scientists to debunk psychics?

Diaconis: It's because most people (a) don't know the
tricks, and (b) don’t have the statistical background. It
is very easy for the tricks to be concealed in poor sta-
tistics. A combination of (a) and (b) can be devastating.
You can be a terrific physicist or mathematician, but if
you don't have experience in running experiments with
human subjects and with cueing, etc., you may have a
very tough time. Having the experience often makes
it very obvious what’s wrong, and when you point out
the trick or statistical fallacy to somebody else, they say
aha. It's hard for people to spot it on their own.

MP: The public’s interest in ESP, astrology, and numerol-
ogy remains very high. How do you explain the public’s
fondness for it?

Diaconis: 1t is a basic human reaction to wonder at
something surprising such as an unusual coincidence.
That seems to be a hard-wired reaction in people.
Perhaps it is wired in there for protection. Say you ob-
serve some pattern in the background. You say: “Ahal!
Something is different from what it usually is!” | think



it is unquestionable that we have a pattern-detecting
mechanism that works and is alerted and delighted by
surprising coincidences.

| don't think that there has been a reasonable ex-
planation of the psychology of the appeal of psychics.
When | was a performer, | learned that it is much easier
to entertain people by pretending that your tricks are
real magic, than to do wonderful tricks and just pres-
ent them as tricks. People, if you let them, are quite
willing to believe the most outlandish things, and the
fact that you can do a little sleight of hand and actually
make something happen in addition to creating a spell
of wonder makes it all the more believable. It seems to
be true that there is a growing interest in parapsychol-
ogy and a growing disenchantment with ordinary sci-
ence. Large proportions of our undergraduates believe
that parapsychology is a demonstrated fact. | have read
very thoroughly for ten years all of the refereed, serious
parapsychology literature. There is not a single, repeat-
able experiment in that literature. Most people don't
seem to know that. | guess it is useful to go on record
and to say that loud and clear.

MP: You've done a service to the scientific commu-
nity working to expose some of these individuals.
Frustration must set in after you've exposed a charlatan
or two and see that the general public does not wel-
come your work.

Diaconis: | do see things changing. The changes have
implications far from ESP. | think that math and the sci-
ences are going to capture a larger share of the audi-
ence than they have in past years because of a new
seriousness in students that | haven't seen for the past
ten years. They seem more interested in beginning at
earlier stages to become serious about careers and not
to take five years off and discover the earth.

MP: Sometimes | wonder how mathematicians are go-
ing to live through all the changes brought on by com-
puters. I've heard a few serious applied mathematicians
make the following accusation about those who teach
mathematics: “A lot of them have simply run away from
reality. They're doing mathematics because reality is
not always that pleasant”
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Diaconis: 1 don't accept that. Historically there is a cer-
tain sense in which mathematicians have followed their
noses and have said: “Here is an interesting mathemati-
cal object. My interest is to bring that structure into a
clear, definite perspective so that someone else can
understand what is going on in an applications sense.”
They do it because of the inner beauty of things. Time
and time again something was done with absolutely
no applications motivation, even to other areas of pure
mathematics, and then later it turns out that it is won-
derfully useful in an applied problem.

Take group representations, for example. Much of
the mathematics that is going on today is concerned
with representations of infinite groups and figuring
out what they are, what the structure is. It's being done
for its inner beauty and not in any sense because it's
good for anything. But physicists, chemists, and now
statisticians have found lots of applications for group
representations.

| have friends with whom | work who absolutely
can't focus on the real part of problems. When | start
explaining why this or that is the right choice or this or
that must be true from an applications point of view,
they draw some diagram. That's the way they think. For
them, there is some functorial reason why it should be
true, but there is nothing that makes me right and them
wrong. Often they can prove things that intuition only
suggests. I'd hate to have pure mathematicians stop do-
ing whatever they please.

The MacArthur Prize

MP: You recently received a big award, namely the
MacArthur Prize. What does the MacArthur Prize mean
to you?

Diaconis: | have actually figured that out. The money
doesn't make a huge difference. Stanford University
and the academic community have taken reasonably
good care of those of us who work hard and are lucky.
However, the recognition and the associated prestige
mean a great deal. It means that I'm really encouraged
to take ideas of mine that are a little bit fringy and pur-
sue them. | really say to myself, “The world is giving you
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a pat on the back, and in fact, they want you to do it, so
do it. Forget about pleasing the old-timers and dotting
anotherVin some theorem.”

The key difference about the MacArthur Prize is
that without the money the recognition isn't believ-
able. That s, if somebody gives you a prize and says that
you're terrific, well, that’s nice. But if someone gives you
a prize and says here is $200,000 to show you that we
mean it, maybe they really mean it. For me, it’s a really
wonderful thing to have, but the impact of the money
is to make me and the community around me take it
somewhat more seriously as an indication of good
work. It doesn’t seem to change my life very much.

MP: But you do feel more free. You said you can play a
little bit more with ideas that you previously referred to
as fringe ideas.

Diaconis: | do feel more free intellectually. For example,
| haven't figured out any way to use it to go on a cruise.
| go on a sabbatical leave or take a year off every three
years anyway. I'm at the center of mathematical sta-
tistics in the world, namely the Berkeley-Stanford axis.
If | want to give any crazy course at all—like Choquet

theory in statistics, or group theory in statistics—I put
up asign and | get twenty smart graduate students, and
five visiting faculty to attend, and | get to talk about my
research. It couldn’t be more idyllic, and so there is no
motivation for me to go elsewhere.

“Teaching Is Terrific”

MP: Your last comment suggests that teaching is very
important to you.

Diaconis: Teaching is terrific. It's the thing | missed
most when | was in industry. It is tremendously excit-
ing to structure your ideas and explain them to a bunch
of bright, eager graduate students, who want to catch
you when you're wrong and do problems when you're
right. | remember the first day | came back after a year
away and there are my students. They listen to every
word you say, and your views and values become their
views and values. That's a very good feeling. It drives
me to do work that | wouldn’t normally do. I'm always
running seminars and that gets me to read papers that
| ordinarily wouldn't read. You know there is a big dif-
ference between reading a paper and understanding it

Professor Diaconis being interviewed by the media after being awarded a MacArthur Fellowship in 1982.



for yourself and reading a paper and digesting it and
explaining it to somebody. You actually have to figure
it out if you're going to explain it to someone else. | use
teaching to trick myself into understanding.

MP: What do you want to do with the rest of your life?

Diaconis: | have already had two careers. | was really
good at magic; | still love it, and | love and enjoy do-
ing full-time statistics. My friend, Brad Efron, another
MacArthur winner at Stanford’s statistics department,
said to me last year that he had a premonition that |
was going to have yet another career. It's puzzled me; |
can'timagine what it would be. At the moment anyway,
| like the academic life—thinking about problems and
talking to people about them. | could see that | could
get tired of it or slow down—enough to make it painful.
It's possible to reach a point where you know so many
things and have so many directions to go in that you
stop being able to do any one of them very well. There
is tremendous pressure in society to make that happen.
| get lots of offers to be editor of something or head of
some committee. All of that cuts into what | am really
good at doing and want to do, which is doing research
and explaining my ideas to other people. | hope | can
fight off the pressures for another ten or twenty years.

MP: Earlier you said, “If you're talented, the world takes
care of you. It took care of me!”

Diaconis: | think I'm good at asking questions that lead
to interesting mathematics and useful statistics. That's
a talent. Here | am really able to exercise it in the most
idyllic circumstances. The academic community has fig-
ured out that I'm good at what | do, and they’ve man-
aged to get me a good job and get me some money
and let me do it full time, and I'm very happy for that.
| think about it almost every day. | work from seven to
midnight each day. I'm just always going, and I'm always
doing mathematics.

MP: |s there life outside of mathematics?

Diaconis: Well, it's all one world.

MP: How about music?
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Diaconis: |1 don't do music anymore, but I still do magic.
The way | do magic is very similar to mathematics. | do
it seriously as an academic discipline. | study its history,
I invent tricks, and | write material for other magicians.
| meet with them, do tricks occasionally and practice.
That's an activity that is not very different from math-
ematics for me. | subscribe to 20 magic journals. You
might say | do magic as a hobby, but for me it's quite
close to math.

That’s a nice point. Inventing a magic trick and
inventing a theorem are very, very similar activities
in the following sense. In both subjects you have a
problem that you're trying to solve with constraints.
In mathematics, it's the limitations of a reasoned argu-
ment with the tools you have available, and with mag-
ic it's to use your tools and sleight of hand to bring
about a certain effect without the audience knowing
what you're doing. The intellectual process of solving
problems in the two areas is almost the same. When
you're inventing a trick, it's always possible to have an
elephant walk on stage, and while the elephant is in
front of you, sneak something under your coat, but
that’s not a good trick. Similarly with mathematical
proof, it is always possible to bring out the big guns,
but then you lose elegance, or your conclusions aren’t
very different from your hypotheses, and it's not a very
interesting theorem.

One difference between magic and mathematics
is the competition. Somehow the competition in math-
ematics is a lot stiffer than in magic. When | was doing
magic, all those bright, young kids were learning calcu-
lus. Now, here they are all competing for the same pot
of theorems.

A Professorship in Magic

MP: Why did you leave magic as an occupation?

Diaconis: | left the performing part of it. Show business
is very different from being a creative magician. In fact,
the reason | left it is because you can't be too creative.
There is tremendous pressure to do the same 17-min-
ute act: it works and it gets laughs. | can remember very
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clearly changing the closing trick of my act, a trick with
butterflies. | took the butterfly trick out to do some-
thing else. After my performance, my agent rushed up
to me backstage, and said | couldn't take the butterfly
trick out of my act. He said, “That’s what | book you on”
At that point, | wondered if | was going to end up doing
the same 17 minutes for the next 20 years.

If I could have had a professorship in magic, and if
the world recognized magic the way it does mathemat-
ics, | probably would be doing magic full-time and nev-
er would have done mathematics or statistics. Magic
can be done as a very academic and creative discipline;
it's very similar to doing mathematics, except for the
fact that the world treats you more seriously if you're
a mathematician. If you say that you're a professor at
Stanford, people treat you respectfully. If you say that
you invent magic tricks, they don't want to introduce
you to their daughter.

MP: When you were doing magic, you said that you were
following the wind. Are you still following the wind?

Diaconis: When | was young and doing magic, if | heard
that an Eskimo had a new way of dealing a second card
using snowshoes, I'd be off to Alaska. | spent ten years
doing that, traveling around the world, chasing down
the exclusive, interesting secrets of magic. An analog
of that in my second career is not just doing any one
thing. For example, my thesis was in number theory,
and some might think that | do that kind of mathemat-
ics. I've done a fair amount of classical mathematical
statistics, so you might think | do that. | have worked in
philosophy of statistics, psychology of vision and pure
group theory. What happens now is that if | hear about
a beautiful problem, and if that means learning some

beautiful math machine, then, boy, I'm off in a second
to learn the secrets of the new machine. I'm just follow-
ing the mathematical wind.

Postscript

After spending ten years as Professor of Mathematics
at Harvard University, Diaconis returned to Stanford in
1998 as Mary V. Sunseri Professor of Mathematics and
Statistics. Since thetime of the interview, he has received
many honors including election to membership in the
National Academy of Sciences (1995) and the American
Philosophical Society (2005). He also was elected a
Fellow of the Academy of Arts and Sciences (1989), and
was President of The Institute of Mathematical Statistics
(1997-1998). He has been awarded honorary doctoral
degrees from the University of Chicago, Université
Paul Sabatier, Queen Mary University, and Uppsala
University.

He is a popular teacher and lecturer as the fol-
lowing list shows: Gibbs Lecturer of the American
Mathematical Society (1997), Wald Lecturer of the
Institute of Mathematical Statistics (1997), Hedrick
Lecturer of the Mathematical Association of America
(1998), Plenary Speaker at the International Congress
of Mathematicians (1998), and von Neumann Lecturer
of the Society for Industrial and Applied Mathematics
(2000).

Over the course of his 32-year career, he has su-
pervised more than 30 doctoral students. He has pub-
lished more than 70 papers in the last ten years, and he
continues to be active as a consultant to Bell Telephone
Laboratories and the Stanford Linear Accelerator
Center.
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aul Erdés, of the Mathematical Institute of the

Hungarian Academy of Science, is one of the best
known, most prolific and widely traveled of mathema-
ticians. The following conversation was held in Santa
Clara in December, 1979, where he had just arrived af-
ter visits to Montreal, Winnipeg, and Mexico City on his
way to the Number Theory Conference in Asilomar, and
then to Texas, Florida, Memphis, Ziirich, Budapest, and
India.

The Peripatetic Mathematician

MP: You are certainly among the most renowned and
prolific of mathematicians, but you are also, undoubt-
edly, the most widely traveled.

Erdés: Yes, but Marshall Stone traveled a great deal, not
perhaps now, he's too old, but he used to. He also went
to some places like Indonesia and the Fireland (Tierra
del Fuego) where there is not much mathematics. | rare-
ly go any place where there is no mathematics.

MP: It has been pointed out that one can travel like this
in mathematics, but one couldn’t do it so easily in one
of the laboratory sciences.

Erdés: | am also accustomed to working while travel-
ing. | can work in an airplane very easily. | can adjust
very fast to surroundings. Also, | can jump from prob-
lem to problem easily. It has been commented that
sometimes, without changing my voice, | change the
topic completely, something that causes confusion
sometimes.

MP: | personally find travel very annoying—passports,
customs, visas, and so on.

Erdés: 1t is worse with me than with you because | need
a visa everywhere.

MP: Doesn't that mean a lot of standing in line and
waiting?

Erdés: Yes, it is a bit of a nuisance, but it has gotten
easier now. But | cannot travel at a moment’s notice.

MP: Does jet lag bother you?
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Erdés: That doesn’t seem to bother me. You see my re-
cord is this: There was a Saturday meeting in Winnipeg
on number theory and computing. On Saturday eve-
ning we had a dinner in a Hungarian restaurant, a fare-
well dinner for the speaker; then on Sunday morning |
flew to Toronto. | was met at the airport, and we went
to Waterloo to a picnic. In the evening | was taken back
to Toronto, and | flew to London where | lectured at
11 o'clock at Imperial College. It didn‘t bother me that
much.

MP: How many continents have you visited this year?

Erdés: This year, | crossed the Atlantic five times. | was
in Israel too, so that makes only three continents this
year. | have never been in Africa.

MP: Not even in Cairo?

Erdés: No, but | will go now, if | live. It was difficult, since
my passport says that | am a resident in Israel. | was
never in Africa or in South America. The most impor-
tant mathematical country | have missed is undoubt-
edly Japan. Once | was asked: “Do you have a prejudice
against Japan?” So | said, as a joke: “Yes! They are too in-
terested in algebraic geometry and algebraic topology.”
(I don‘t know much about those.) It is really an accident.
Before | leave | hope to visit Japan. Mathematically it is
very interesting.

MP: When did you start traveling so extensively?

Erdés: |liked to travel already as a child. When | went to
England first in 1934, | went three times back and forth
between England and Hungary in a year. And then
when | got to America my travels increased. | traveled
more and more. On a world scale | have traveled since
1954 when | left the U.S. They didn't want to give me a
re-entry permit. | remember as a joke, when | decided
to leave without a re-entry permit, | drew a picture: here
is S (Sam) and hereis J (Joe).!

® O

'S=USA.
J=USSR.
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And | said | will be in the middle. Someone said,“Yes, but
your picture is unrealistic. Let me draw it realistically.”

SIJ
That seemed more realistic.

In Europe the Franco-German frontier is much
better than the American-Canadian frontier—no con-
trol, or practically no control. They couldn’t stamp my
passport, because they had no stamp. In a car they
don't even stop you.

A Mathematical Prodigy

MP: This brings me to another question about your
childhood, aside from travel. Now, both of your parents
were mathematicians. They both taught!

Erdés: Yes, in high schools. So | learned a great deal
from them.

MP: On being asked, “At what age did you realize you
were a genius?” Noel Coward said, “At two.” At what age
did you or your parents realize you were a genius?

Erdés: 1t was fairly obvious that | could calculate very
well when | was four. At that age | told my mother that
if you take away 250 from 100 you have 150 below 0.
But you see my first paper was not published as phe-
nomenally early as some by other, later Hungarian child
prodigies. At eighteen | gave a new proof that there is
always a prime number between n and 2n.

Issai Schur was one of the first foreigners with
whom | corresponded. | proved that there is a prime of
the form 4k + 1 and 4k + 3 between n and 2n. Schur
was very impressed and he wrote me a nice letter in
German. It pleased my parents. Another such story is
this: You know that Brouwer, the great Dutch mathema-
tician, was also a businessman, as was an uncle of mine.
Brouwer asked him, when he (my uncle) introduced
himself, “Are you a relative of Paul Erdés, the young
Hungarian mathematician?” This was later, though,
when | was a little over 20.

MP: Where was Schur then?

Erdés: In Berlin. This was before the Nazis, in 1932. Later
| visited Schur. | saw him in 1936 and | saw him in 1938

for the last time. My mother and | visited Mrs. Schur in
Israel just before her death. | visited her every year; but
my mother first came to Israel in 1964-1965, and when
we were in Tel Aviv we visited her.

MP: One thing | have observed in you is your intense cu-
riosity. Is that common to all first-rate mathematicians?

Erdés: No, | don't think so. | was always interested in
many things. My father taught me, when | was a small
child, all kinds of things—physics, chemistry. | was al-
ways interested in history. This is also because | have a
good memory for facts. Not for faces.

MP: | remember one of the questions that you asked
on your first visit to Santa Clara. You asked me the tem-
perature of this valley during the Ice Age. | have never
been asked that before or since.

Erdés: | was always interested in geology. Actively | was
not interested, not as a research subject, but | read a
great deal. | read the Scientific American regularly, as
much as | can. It is getting harder, even in mathemat-
ics, to follow everything. Fejér used to say in the 1930s,
“Everybody writes and nobody reads.!” This was true
even then. Reviewing has improved, but even so it is
very hard.

MP: You mentioned Fejér. Your parents were contem-
poraries of Fejér and von Karman, weren't they?

Erdés: They went to the university at the same time.
MP: You studied later with Fejér.

Erdés: Yes, in a way. | mean, | took his courses. Fejér was
formally the advisor for the thesis, but he was not in
number theory so he didn’t have very much to do with
it. My work on interpolation with Turdn was certainly
influenced by Fejér.

MP: Fejér was renowned as an inspiring teacher, |
believe.

Erdés: Yes, he explained very clearly. He had many in-
spiring ideas, but he didn’t give very good lectures in
the following sense: he didn't carry through. He once
told Turan: “You know, | feel | was burned out by thirty.”
He still did very good things, but he felt that he didn't
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Paul Erdds, peripatetic mathematician, lecturing at the California Institute of Technology in 1983.

have any significant new ideas, though he did very, very
beautiful things afterward. When he was sixty, he had a
prostate operation and after that he didn‘t do very much
work. Then he was on an even keel for fifteen or sixteen
years, and then he became senile. There was some dis-
turbance of the circulation. It was very sad because he
knew that he was senile and he said things like “Since |
became a complete idiot .. "and such things. He always
recognized me and my mother. He was happy when he
didn’t think of it. He was very well kept in the hospital
but died in 1959 of a stroke.

MP: Did you have other teachers who were particularly
influential?

Erdés: Kéalmar. He rewrote my first paper. | learned a
great deal from him in conversation. We made excur-
sions nearly every Sunday and we talked mathematics
while walking. | got accustomed to working without

paper.
MP: The great flowering of Hungarian mathematics—
to what do you attribute this?

Erdés: There must be many factors. There was a mathe-
matical paper for high schools already and the contests
that started already before Fejér. And once it started it
was self-perpetuating to some extent. Hungary was
a poor country—the natural sciences were harder to
pursue because of cost, so the clever people went into
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mathematics. But probably such things have more than
one reason. It would be very hard to pin it down.

Changes in the Teaching
of Mathematics

MP: Have you in your travels observed any trends in the
teaching of mathematics? | know that you have been
interested in geometry, and yet, at least in the United
States, geometry seems to be de-emphasized.

Erdés: They don't teach it much now. They do differ-
ent things from what was done fifty years ago. That's
true in all countries. Even in Hungary, they don‘t teach
geometry that much now. Turdn felt that perhaps
combinatorial analysis could replace geometry for en-
couraging young people in problem solving. The great
advantage of geometry is that a young person can see
very nice problems. Now in Euclidean geometry, not
much new has been done, but these combinatorial
geometry problems are different. There are many un-
solved problems in combinatorics. So this move away
from geometry is to some extent worthwhile, but they
may overdo it a bit here. Also perhaps number theory is
not so much taught now. Combinatorics is, on the other
hand, taught much more.

MP: All these subjects are accessible without lots and
lots of definitions.

Erdés: That makes it easier. That is why many of the
prodigies do number theory and combinatorics, be-
cause they are more easily accessible. There is some
danger in that, as Sabidussi, who is a graph theorist, told
me. He doesn't like it if his graduate students start with
these subjects, because he wants them to know also
other types of mathematics and that is a good idea.

MP: Now your dissertation was in number theory and
many of your most famous results, your proof with
Selberg of the prime number theorem and your asymp-
totic expression for p(n),?for example, were in number

2The function p(n) gives the number of partitions of n, a posi-
tive integer, that is, the number of ways it can be written as a
sum of positive integers, disregarding order.

theory. But these days | seem to be aware of more com-
binatorial results than number theoretic results. Have
your interests shifted at all over the years?

Erdés: No, not really. | think that, as Shelah, a very clever
young Israeli mathematician, once said, “l am an oppor-
tunist, | dowhat | can do!” If there is anything in number
theory | can do, | certainly do it. But you see some of
the problems in number theory are enormously diffi-
cult and many of these classic problems are very, very
hard to make any progress in. Combinatorics is a much
newer field, and there are many more problems that are
still accessible.

Erd@s’s Mathematical
Contributions and “The Book”

MP: s there any piece of mathematics or theorem of
which you are especially proud?

Erdés: 1t's hard to tell. Certainly the proof with Selberg
of the prime number theorem is good, and I like the
Erd6s-Kac and the Erdés-Wintner theorems in additive
functions.? | like my work on applications of probability
to combinatorics and number theory, also some things
in set theory, you know, the partition calculus. And
some things in elementary geometry | like. A theorem
of Anning and myself that, if you have an infinite set of
points in the plane and all distances are integers, this is
only possible if the points all lie on a straight line.* The
first proof with Anning was a bit messy, and Kaplansky
said | should look for a simple proof. And | found a proof
of a few lines that is rather pretty. It is straight from the
book. You know my joke about the book.

3 These are two probabilistic theorems on additive func-
tions. For an elementary statement of the Erdés—Kac theo-
rem, see M. Kac, Statistical Independence in Probability, Analysis and
Number Theory, Carus Monograph 12, Mathematical Association
of America, 1959. For a more technical treatment of both
theorems, see J. Kubilius, Probabilistic Methods in the Theory
of Numbers, Translation of Mathematical Monographs 11,
American Mathematical Society, 1964.

4 See R. Honsberger, “Stories in Combinatorial Geometry: A
Theorem of Erdés,” Two-Year College Mathematics Journal 10
(1979), 344-347.



MP: Yes, | wanted to ask you about that. Would you
explain?

Erdés: Once | wrote | will go to Poland if my cold gets
better, which the S.F. (God) saw fit to send me. | didn‘t re-
alize it would be published. | got a letter from my moth-
er and a Communist friend of mine saying that it was
improper of me to say such things. It may offend many
people. And | said, “Yes, they are right, but it wasn't my
fault” Gordon Walker said he just didn’t want to alter the
letter. But anyway, the S.F. has a transfinite book of theo-
rems in which the best proofs are written. And if he is
well intentioned, he gives us the book for a moment.

MP: The best proof being defined as?
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Erdés: The simplest. In some cases it's not really clearly
defined, and in some cases it is obvious. It is the sim-
plest and the most elegant. Sometimes there is no
unique best proof.

Erdés Numbers and Erd8s Lore

MP: How many people have an Erdés number of one?*

Erdés: You know, | don't keep an exact count of them.
My mother kept records. | think it is over 200. There

5 A person has an Erdés number of one if he has written a paper
with Erdés, an Erdés number of two if he has written a paper
with someone who has, in turn, written a paper with Erdés, and
so on. See C. Goffman, “And What Is Your Erdés Number?” Amer.
Math. Monthly 76 (1969), 791.

Professor Vladimir Drobot (right) discusses his Erdés Number with Paul Erdds.
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will be a more complete record out. Ron Graham has
a collection of my reprints and there is one in Hungary
where someone is preparing a list which should be as
complete as possible.

MP: How many papers are there?

Erdés: On the order of magnitude of 900, but it could
be off by 30 or 40. The record so far is Cayley with 927.
There is an old Hungarian saying—Non numerantur,
sed ponderantur (they are not counted but weighed).
In the old parliament of noblemen, they didn‘t count
the votes: they weighed them. And this is true of pa-
pers. You know, Riemann had a very short list of papers,
Godel had a short list. Gauss was very prolific, as was
Euler, of course.

MP: Also Cauchy, | believe.

Erdés: Yes, he was very prolific. Riemann and Godel are
typical of those with very short lists. And Godel lived
fairly long, too, but he didn‘t publish much.

MP: Now | know that you offer monetary rewards for
solutions of problems.

Erdés: | have to restrict myself to my own problems,
with one or two exceptions. In Turdn’s memory | offered
$1000 for the solution of a problem of his in graph theo-
ry. The reason | have to restrict myself to my problems is
that otherwise | would be completely broke very soon.

MP: What is the range of these rewards?

Erdés: There is a maximum of $10,000, but it is a hope-
less problem in number theory. A problem of $3000
is: If you have an infinite sequence of integers, the
sum of whose reciprocals diverges, then the sequence
contains arbitrarily long arithmetic progressions. This
would imply that the primes contain arbitrarily long
arithmetic progressions. This would be really very nice.
And | don't expect to have to pay this money but |
should leave some money for it in case | leave. (There
I mean leave on the trip for which one doesn’t need a
passport.) The next amount | had to pay was $1000 to
Szemerédi. Turan and | had a conjecture that goes back
to the early thirties, which is a generalization of van der

Waerden’s theorem: If you have a sequence of positive
density, then it contains arbitrarily long arithmetic pro-
gressions. It was actually very surprising that this was so
difficult. We didn't realize it when we proposed it. It was
enormously difficult. You can’t always recognize the
difficulties.

MP: What's an example of a problem at the low end of
the scale?

Erdés: | made a fool of myself. | offered $25 for a prob-
lem during a lecture. | thought it wouldn’t be very diffi-
cult, but it was disappointingly easy. You know, Herzog
and Stewart had studied the following situation: You
call a lattice point visible if the coordinates are relative-
ly prime. Now you join two visible lattice points if they
are neighbors: one coordinate coincides and the other
differs by one. Pdlya studied these points too. Herzog
and Stewart proved that there is only one infinite com-
ponent of this graph. Strangely enough the density of
these is not yet known. | don’t think it has been firmly
established. Anyway, | asked this question during my
lecture at Michigan State. Stewart and Herzog were
there. There is an infinite path going to infinity in this
infinite component. But what Herzog asserted: you go
on theline / parallel to the x-axis. But | asked for another
infinite path that doesn’t touch the line /. Stewart found
a very simple way: you take the point with coordinates
(P,P,.,) which you can connect to (PP, ,)and then
you go off to infinity. | should have thought of that. So
| said that if | continue this | should be put under tu-
telage. It was customary. Hungary used to be sort of a
semi-feudal country and if a rich aristocrat became old
and spent all his money on poison, noise, and bosses
(wine, women, and song) his family put him under
tutelage. He was given a large sum of money, but he
couldn’t touch his main capital.

| didnt realize it was so simple. There are still in-
teresting questions: for example, can you find an infi-
nite path that doesn’t touch any point where both co-
ordinates are primes? That is still unsolved. I still offer
another $25 for that. Maybe it is also trivial. Or is there
a monotone path where each vertical and horizontal
strip is a bounded line and which goes through these



lattice points? Maybe there isn't any. And maybe this
could be also simple. It is not always easy to tell. It was
a clever idea of Stewart, but it was disappointingly
simple.

MP: Now you have established prizes for young math-
ematicians in Hungary and Israel.

Erdés: | have two such prizes. | left in memory of my
parents a prize in Hungary which was 15,000 florins and
I have a similar prize in Israel. The first man who won it
in Israel was Shelah. And now probably a young group
theorist will get the second one. In Hungary it has been
going for five or six years. And Mrs. Turdn and | estab-
lished the Turdn Memorial Lectureship. The first Turan
lecturer was Baker, and K. F. Roth will be the second.

Nobel Prizes: Appropriate
for Mathematics?

MP: You mentioned the other day reasons why a Nobel
prize might not be appropriate for mathematics.

Erdés: Yes, there would be some difficulty for many
different fields. Bers told me this story about twenty
years ago: When money was very available, someone
told him we should have 10, 15, or 20 Fields Medals.
Someone said, “l don't think we could get the money.”
Bers said, “Yes, we could. But I'm not quite happy about
it, because then it might cause real fights” As long as
there are two or at most four Fields Medals (every four
years), nobody will be offended seriously if he doesn’t
get it, as long as good people get it. Sometimes the
committee just doesn't like a field. For example, in
combinatorics, Szemerédi should have gotten a Fields
Medal. The people who decide are not that interested
in combinatorics.

Shelah should certainly get it. But whether he will
get it is doubtful. Cohen got it but that was such a sen-
sational result, it couldnt be ignored. They slightly lean
too much toward algebraic geometry. But there’s no
doubt that all the people who got it are good. Nobody
claims that you can judge who is best. If there were 20
Fields Medals, you might say you could give awards for
all the important results.
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MP: Then not to get it would look bad.

Erdés: Yes, it might cause more antagonism. For a Nobel
prize, the same could apply. How can they decide? In
some cases it is clear, but overall it must be very hard
to decide.

Von Neumann and Godel

MP: Who have been the most impressive mathemati-
cians you have known?

Erdés: Von Neumann was very impressive to talk with.
He was very quick, but I don’t know his work that much.
Among the younger people with whom | have had
more contact, | would have to mention Szemerédi and
Shelah. There are some very good ones | don’t know so
well, like Fefferman, but | never had much contact with
him so | can’'t compare him to others in any way.

In speed and understanding Von Neumann was
certainly phenomenal. He could understand a proof
even far from his own subject very fast. | remember
once in Cambridge | told him a proof of interpolation
that was not quite correct. By the time we met again |
had a correct proof.Von Neumann told me, “Something
seems to be wrong in that proof” And it was really not
his subject. He wasn't that interested in it, but he was
quite right. Godel | talked with a great deal. He was cer-
tainly aremarkableintellect. He understood everything,
even what he didn‘t work with. Itis strange how little he
published. He could have certainly done more things.

I always argued with him. We studied Leibniz a
great deal and | told him, “You became a mathemati-
cian so that people should study you, not that you
should study Leibniz”

MP: How did he happen not to publish more? Was it
intentional? Rossini stopped writing operas at 36 and
lived on another 39 years, apparently quite happy.

Erdés: No, he continued to work. He had a proof that
the axiom of choice is independent. And there was a
rumor that he had a proof of the independence of the
continuum hypothesis before Cohen. | asked him and
he said, “No, it is not true.” He had a proof for the inde-
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pendence of the axiom of choice, but he didn‘t like the
proof.

Child Prodigies

MP: There is a stereotyped view of prodigies, that they
are not socially well-adjusted.

Erdés: Well, | don't think this is true. My experience with
Hungarian child prodigies doesn’t point to this. You
see, all of them seem to be reasonably well-adjusted.
Fefferman seems to have been a perfectly well-adjust-
ed youth. One would at least have to have some statisti-
cal evidence.

MP: Now Wiener was a child prodigy.

Erdés: Yes, he wasn't very well-adjusted but he was
certainly pushed very, very strongly. And he had an un-
happy childhood. He wrote about it.®

MP: He apparently, even in later years, suffered some
doubts about his talent.

Erdés: Yes. He wanted to be praised in a childish way.
So he [Wiener] remained a child prodigy all his life. He
had some emotional difficulties.

MP: Now, | won't go into the cases of the prodigies you
have worked with. That's fairly well documented, for ex-
ample, in the chapter on Pésa in Hornberger’s book.”

Erdés: Yes, it appeared in the proceedings of a meet-
ing in Carbondale. It appeared also in a paper from the
number theory conference in 1971 in Missoula.

MP: |s there something special about Hungarians?

Erdés: | doubt it. Now that child prodigies are more
encouraged and recognized in this country, you have
quite a lot of them. Fefferman, Friedman.... .. In the past
they would have had a difficult time when they were
told they had to stay with their peers. You know, all

¢ Norbert Wiener, | Am a Mathematician (1977) and Ex-Prodigy
(1973), MIT Press.

7 R. Honsberger, Mathematical Gems from Elementary
Combinatorics, Number Theory, and Geometry, Dolciani
Exposition Series 1, Mathematical Association of America, 1973.

of these rules that may be completely correct for nor-
mal people, make no sense for prodigies. To say that
Bach should pay any attention to how he was social-
ly adjusted is just a bad joke. It is obvious that this is
secondary.

MP: Your mention of Bach brings up another question.
The Bachs were a remarkable family and to some extent
their mathematical analogue is the family of . ..

Erdéds: Bernoullis.

MP: What happens in a situation of that sort, where
one family carries on an intellectual tradition for
generations?

Erdés: It's hard to tell because human beings are so
complicated. It's hard to decide how much is hered-
ity and how much is environment. Clearly with the
Bachs, there was inherited genius. But the fact that they
were encouraged and that they grew up in a musical
atmosphere, if they had any ability at the start it was
increased by these influences.

It seems that it is not demonstrated that math-
ematicians are better musicians. There was a Hungarian
psychologist, Revesz (uncle of Rényi), who made a study
of this. He compared mathematicians with other aca-
demics, doctors and physicists, and he didn't find any
significant difference, but it is hard to prove a negative
statement. He wrote a little paper saying that he did not
find any evidence that mathematicians are more musi-
cal than others.

MP: It is certainly a very common view that they are.

Erdés: But mathematicians have more time, to some
extent, and they can often work at leisure. | can cer-
tainly work while listening to the radio. Perhaps if | were
really musical | couldn’t do it, because | would be too
much occupied with the music.

Erdés’s First Two and a Half
Billion Years in Mathematics

MP: Let's move on now, a little, to Erdés lore. | once
heard you speak in Albuquerque with the title, |



believe, “My First Two and a Half Billion Years in
Mathematics.”

Erdés: That was a joke. | complain often about my old
age. Now | have stopped complaining because | can’t
get old anymore, the process is finished. | said I'm two
and a half billion years old because when | was young
the earth was two billion years old and now it is four
and a half billion years old so | must be two and a half
billion years old. Once at a party a lady asked me:“How
were the dinosaurs?” If | would have been clever | would
have answered:“l don‘t remember, because an old man
remembers only events of his youth and for me the
dinosaurs were only yesterday.” But | didn’t think of it.
Another such question is this: You know | have this lan-
guage of my own and | call children “e’s” Women are
bosses and men slaves but children are bosses per se.
So | was asked once: “When does a slave child become
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aslave?”If he is a boss originally, when does he become
a slave? And here | answered immediately: “When he
starts running after bosses.”

MP: How extensive is this special language: poison (al-
cohol) and such?

Erdés: Just a few words, not very extensive. Another
was a joke, something they called Erdese. | pronounced
English words as if they were Hungarian. When | started
to learn English with my father | knew German already,
so | thought English also could be read phonetically.
Hungarian is pronounced phonetically. Once you have
this in mind, the only problem is to learn to speak it fast.
It's like this funny language called pig Latin. Once you
know the principle, with only a little practice, you can
understand it. When | was away in ‘54 it was practically
forgotten.

Professors Alexanderson and de Bouvere discuss a problem with Erd6s following his lecture at the University of Santa Clara In 1980.
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MP: 1 know that there is at least one limerick that refers
to you.

Erdés: Yes, Moser has one:

A conjecture both deep and profound
Is whether a circle is round.

In a paper of Erd6s

Written in Kurdish

A counterexample is found.

| tried to publish a paper in Kurdish; there is no journal.
MP: What is the largest known Erdés number?

Erdés: | dont know. Ron Graham wrote a joke paper
and said it filled a much-needed gap. He investigated
some of these questions. It is difficult to know; you
would have to have very good records. He tried to fig-
ure out whether Gauss has an Erdés number. It is not
yet known. Einstein had an Erdés number of two be-
cause | have papers with Straus and Straus had papers
with Einstein. Now Gauss wrote almost no joint papers
because in those days people didn’t do it as much. But
there was a physicist, Weber, with whom Gauss collabo-
rated. There is even a Gauss—-Weber statue. It seems
they came close to inventing the telegraph. Weber can
be joined to Helmholtz, but Helmholtz could not be
connected to Einstein.

Note: For additional Erdés lore, see Gina Bari Kolata,
“Mathematician Paul Erdés: Total Devotion to the
Subject,” Science, April 8, 1977, and S. Ulam, Adventures ofa
Mathematician, Scribner’s, 1976.

Postscript

As mentioned in the interview, Erdés was known for
having developed, for some ideas, his own special vo-
cabulary that over time became known as Erdese. For
example, he used “to leave” as a substitute for “to die!”
Accordingly Erdds “left” on September 20, 1996, while
attending a conference on combinatorics in Warsaw,
after having already given two talks at the meetings.
Typically he had just arrived there after visits to the
United States, Israel, and Hungary. The cause of death
was a heart attack.

After this interview two full-length biogra-
phies of Erd6és appeared: The Man Who Loved Only
Numbers, by Paul Hoffman (Hyperion, 1998) and My
Brain Is Open: The Mathematical Journeys of Paul Erdés,
by Bruce Schechter (Simon and Schuster, 1998). (This
was something of a record for twentieth-century
mathematicians.) His life is also featured in George
Csicsery’s 1993 film, N Is a Number (available from
A K Peters and the Mathematical Association of America).






Martin Gardner: Defending the Honor of the Human Mind

By Peter Renz



e expect Martin Gardner to amuse and delight us,

but he does more. He teaches us to be critical. We
must be at our best with him if we are to enjoy him and
not be fooled. He raises questions without pat answers
for the casual reader and for the expert.

Surprises

Martin is a conjurer. In his hands common objects take
on magical properties. He works this magic with ideas—
writing something about“Nothing” (February 1975) and
covering “Everything”in a single column (May 1976). He
has the magician’s eye for the hidden and transforms
base metal into gold, not with a philosopher’s stone,
but with a philosopher’s mind.

The questions Martin asks are unusual and reveal-
ing. When the subject of extraterrestrial life came up in
conversation, he asked what | knew of the physicist
John A. Wheeler’s views on this. Martin had read that
Wheeler believed life exists only on Earth. To Martin, a

Martin, age ten and a half.
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flat statement on what seems a problematical subject
suggests hidden reasons, perhaps linked to Wheeler’s
religious beliefs.

This is a Gardner twist. While | can’t prove or dis-
prove the existence of extraterrestrial life, | can learn
what others think about extraterrestrial life and why.

Martin gives interesting and useful questions to
think about, questions that sharpen our wits and our
critical abilities, ones that develop our problem-solving
abilities. Like Wittgenstein, Martin shows the trapped
fly the way out of the fly bottle.

There is a question not covered in Martin's col-
umns: Who is Martin Gardner, and how did he come
to write the “Mathematical Games” column in Scientific
American? Here are the answers to these questions in
brief.

Who Is Gardner?

Martin Gardner was born in 1914, the first of three chil-
dren of Dr. James Henry Gardner and Willie Wilkerson
Spiers Gardner. His father was a geologist, first with var-
ious state geological surveys, and later as a consultant
and as president of his own oil company. The Gardners
were of Methodist stock. Dr. Gardner was a director of
the Tulsa Chamber of Commerce, active in the Audubon
Society, a Mason, and a Democrat.

Martin’s background combined fundamental-
ist faith with a strong commitment to science. His in-
terest in magic began early, when his father showed
him his first trick, the papers-on-knife trick. By his
high school years he was contributing regularly to The
Sphinx, a magazine devoted to magic. His high-school
mathematics teacher, Pauline Baker Perry, first stirred
what later became a lifelong interest in mathematics.
He decided he wanted to study physics at Caltech. In
1932 Caltech did not have a program for the freshman
and sophomore years, so Martin set off for two years
at the University of Chicago, intending to transfer to
Caltech later. This was a fateful choice. Robert Maynard
Hutchins had recently become president of the uni-
versity and a general education in humanities was re-
quired for the student’s first two years. Thus, Martin did
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not take a single college mathematics course in his first
years at Chicago. By the time he was an upperclassman,
he was caught up in the excitement of the philosophy
department at Chicago, with teachers such as Charles
W. Morris and Charles Hartshorne.

During his undergraduate years at Chicago he
struggled to reconcile the Methodist fundamentalism
he was raised in with the rational scientific philosophy
he found at the university. He made lasting friends at
the university and among Chicago’s magicians. His long
spiritual and philosophical struggle is fictionalized in
his 1973 novel, The Flight of Peter Fromm, a book that
Martin roughed out in 1946 and 1947. The skeptical ra-
tionality he developed in this struggle has served him
throughout his life.

In 1936 he graduated a Phi Beta Kappa in philos-
ophy and, after a brief stint as a reporter for the Tulsa
Tribune, he went to work in public relations for the
University of Chicago. From 1936 to 1939, Martin also
pursued graduate work in the philosophy of science at
Chicago. In 1941 he enlisted in the United States Navy
and served as a yeoman on a destroyer escort in the
North Atlantic until the end of the war.

After World War 1, Martin returned to Chicago
and, aided by the G.I. Bill of Rights, resumed his stud-
ies. He attended a graduate course of Rudolf Carnap’s
on the philosophy of science, and began his career as a
freelance writer. Writing and the philosophy of science
are woven into the fabric of Martin Gardner’s life. Years
later he edited Carnap’s Philosophical Foundations of
Physics (Basic Books, 1966), republished as Philosophy
of Science (Dover Publications, 1995), Carnap’s book for
general readers. This book is based on transcriptions of
tapes of the course Martin took from Carnap.

As for writing, Martin Gardner began publishing
in magazines devoted to magic in high school; he had
worked as a reporter; in his work for the University of
Chicago he wrote publicity material. He published his
first book (on magic) in 1935. He began to write fic-
tion for a number of magazines. Mathematicians will
recall the story of the “No-Sided Professor.” It appeared
in Esquire and has been reprinted in Clifton Fadiman'’s
Fantasia Mathematica, along with Martin’s “Island of

Five Colors!” Few of Martin’s stories from these years had
mathematical themes.

About 1947 he moved to New York and made
connections with magicians and writers there. Among
these friends were the magicians Persi Diaconis and
Bill Simon and the writer Gershon Legman, editor of
The Limerick. It was Simon who introduced Martin to
Charlotte Greenwald and was best man when Martin
and Charlotte were married in 1952, by a judge who
was also a magic buff. Persi Diaconis is a friend who, like
Raymond Smullyan, shared Martin’s interest in magic
and mathematics over the years.

New York offers a writer the advantage of a su-
perb research collection in its main public library. It
was there that Martin did much of the research for his
In the Name of Science (Putnam, 1952, revised as Fads
and Fallacies: In the Name of Science, Dover, 1957). In
New York, Martin was a staff writer for Humpty Dumpty’s
Magazine for eight years. He resigned only after he es-
tablished his“Mathematical Games” column in Scientific
American in 1957.

Mathematical Games

The stage was set for the appearance of the column.
Martin’s tough and amusing Fads and Fallacies showed
him to be an armed and dangerous skeptic. His novel,
The Flight of Peter Fromm, let him set his own ghosts to
rest and go forth to dispatch those of others. His short
stories showed his talents as an author. His years on
staff at Humpty Dumpty’s taught him how to deliver cre-
ative material on a tight schedule.

Important elements are yet to come. Although
the“Mathematical Games” column in Scientific American
is about to be launched, the main elements—Scien-
tific American and mathematics—have not appeared.
Martin’s last formal class in mathematics was in high
school. His training was in philosophy of science. He
was a professional writer, not a mathematician or even
a specialist in mathematical games. Martin had done
an article titled “Logic Machines” for Scientific American
in 1952, but that was ancient history. The turning
point was his December 1956 Scientific American ar-
ticle “Flexagons.” There may be links from his work



in philosophy to his article “Logic Machines” and be-
tween the cut-and-fold features he did for Humpty
Dumpty’s and the article “Flexagons,” but the new ele-
ment that would drive Martin’s column was to be his
interactions with the people in the field. The flexagon
article brought Martin into contact with mathemati-
cians John Tukey, Bryant Tuckerman, and A. H. Stone
and with physicist Richard Feynman. These names are
the sorts of people whose work he would be drawing
on once he began his column. Whatever the continu-
ities, 1957 and his “Flexagons” article marked a shift.
Gerard Piel of Scientific American was impressed by
Martin’s article and by the interest it drew. Gerry was
also impressed by the popularity of the four-volume
World of Mathematics (Simon & Schuster, 1956), edited
by the magazine's book reviewer, the lawyer James R.
Newman.

Piel asked Gardner if there was enough mate-
rial on recreational mathematics to sustain a column.
Martin said “Yes," and took on the job. The rest is history.
Piel initiated Scientific American’s most successful fea-
ture, and Martin embarked on a new phase of his career.
Martin assembled a library of recreational mathematics
classics, including Ball's Mathematical Recreations and
Essays and Kraitchik's Mathematical Recreations, and
subscribed to a dozen journals related to mathemat-
ics. These resources would have been useless without
Martin’s passionate interest in understanding things
and his ability to write clearly and amusingly about al-
most anything.

Over the years, Martin’s library and files have be-
come a legendary resource. Most of these files are in
an archive at Stanford University, thanks to the efforts
of professor Donald E. Knuth. However, neither a li-
brary nor files, nor even a network of informants can
write an interesting column by themselves. Each month
Martin faced the daunting task he did at the start, but
with more material to choose from. Gathering material
was less of a problem, but the choices became harder.
Martin always handled the work himself, with help from
his wife in checking and proofing.

To explain arcane science or mathematics one
must understand it. Because Martin is neither a math-
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ematician nor a physicist, he had to learn the material
before he wrote about it. You benefit from Martin’s ef-
forts to understand the subject, whether mathemat-
ics, physics, or the philosophy of science. You can be
sure that Martin, the author of Fads and Fallacies, will
have sifted out the nonsense—nonsense and care-
less thinking do creep into legitimate science. Finally,
Martin made things clear, logical, and understandable,
because these are the qualities distinguishing scientific
knowledge from pseudoscience.

The Greater Gardner

So much for “Mathematical Games”; what of Martin's
other interests? In 1979 he had about thirty books in
print. His Annotated Alice sold 400,000 copies in the fif-

Martin with the Butcher from The Hunting of the Snark.
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teenth year after its publication. Forty years on, his Alice
appeared in its “Definitive Edition.” His writings range
from articles in mathematics journals to books on sci-
ence, philosophy, mathematics, literary criticism, and
magic. He has written children’s books, not to mention
his many books on mathematical games. He helped es-
tablish the Committee for the Scientific Investigation of
Claims of the Paranormal, which publishes the Skeptical
Inquirer, a voice fighting the rise of pseudoscience.
These concerns are seen in Martin’s October 1975 ar-
ticle in Scientific American on extrasensory percep-
tion, in his interests in magic, in his Fads and Fallacies,
and in his books such as Science: Good, Bad, and Bogus
(Prometheus Books, 1981) and The New Age: Notes of a
Fringe Watcher (Prometheus Books, 1988), whose titles
suggest a skeptic at work.

For many years Martin and his wife lived on
Euclid Avenue (yes, Euclid!) in Hastings-on-Hudson
near New York City. In January of 1981 they moved
to Hendersonville, North Carolina, moving within
that area twice before Charlotte’s death in December
of 2000. Martin remained in their house, busy with
many projects, until he moved to Norman, Oklahoma,
late in 2003 to be closer to his son James, who teach-
es at the University of Oklahoma. His other son,
Thomas, is an artist living in Asheville, North Carolina,
in 2004.

Now you know how the “Mathematical Games”
column came to be, and how Martin Gardner was
able to carry it off with no special training in the
subject.

Into the Future

The search for clarity, understanding, and pattern drives
mathematics, and Martin is committed to this search.
His wit, humor, and a relentless devotion to the truth
expressed in his many writings have set countless oth-
ers on this same path.

Recreational mathematics is old stuff, dating back
at least to the Rhind papyrus, 1600 B.C. Martin’s column
linked recreational puzzles and cutting-edge develop-
ments in mathematics, computer science, art, and cul-
ture. He broke the stories of public-key cryptography,
Benoit Mandelbrot's fractals, and John Horton Conway'’s
Game of Life, and gave Douglas Hofstadter’s book Gédel,
Escher, Bach a great sendoff. Today, recreational math-
ematics is broader in range and appeal and it is a more
lively subject thanks to Martin’s work.

I am just back from the March 25 through 28, 2004,
Gathering for Gardner (G4G6) in Atlanta, Georgia. Some
180 attendees brought wonders to share: geometric and
kinetic sculptures, illusions, puzzles, magical effects, as-
tonishing juggling, puzzling objects, logicand mathemat-
ics to explain paradoxes or demystify pseudoscience, wit,
fellowship, and word play. The gift exchange yielded bags
bulging with wonders: puzzles, illusions, descriptions of
new ideas or games, fascinating things. Martin was there
in spirit, and he is now working his way through his G4G6
gift bag. Now you can begin to work your way through
The Digital Gardner, Martin’s gift bag for us. You may get
the itch. You may find yourself wrestling with these puz-
zles, building things, inventing new puzzles, or finding
new solutions to old ones. This is only the beginning.






Martin Gardner: Master of Recreational Mathematics and Much More

Interviewed by Donald J. Albers



On October 21, 2004 Martin Gardner celebrated his
ninetieth birthday. For 25 of his 90 years, he wrote
“Mathematical Games and Recreations,”a monthly col-
umn for Scientific American magazine. His columns have
inspired thousands of readers to delve more deeply into
the large world of mathematics that he loved to explore
and explain. His readers included amateur and profes-
sional mathematicians and a host of others from many
other fields. Among his column correspondents were
several distinguished mathematicians and scientists,
including John Horton Conway, Persi Diaconis, Ron
Graham, Douglas Hofstadter, Richard Guy, Don Knuth,
Sol Golomb, Roger Penrose, and many more.

If he had done nothing beyond writing his
“Mathematical Games” columns, he would have earned
aplace of honorin the mathematical world. Gardner has
been honored by the mathematical community on sev-
eral occasions, but he has always declined invitations to
accept awards in person on the grounds that he really is
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not a mathematician. He in fact insists that “I'm strictly a
journalist. | just write about what other people are do-
ing in the field.” Although his modesty is admirable, we
insist that he is far more than a journalist.

In addition to his massive contributions to mathe-
matics, he has made significant contributions to magic,
philosophy, debunking pseudoscience, and children’s
literature. Over his first ninety years, he has produced
more than 60 books. Most of his books are still in print,
and many have been bestsellers. His Annotated Alice has
sold over a million copies, and his“Mathematical Games
and Recreations” columns, which have been published
in book form in 15 volumes, have gone through several
printings. All 15 volumes have been digitized and ap-
pear on a CD as Martin Gardner’s Mathematical Games.
He continues writing a regular column for The Skeptical
Inquirer magazine and revising several of his books.

In his ninetieth year, he has returned to Oklahoma,
where he was born. He is in good health and full of en-
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Martin (right) with his parents, brother Jim, and sister Judith.
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ergy. We look forward to more from him as he begins
his second 90 years.

The interview that follows was done at Gardner’s
home in Hendersonville, NC, in the fall of 1990 and
spring of 1991. Itis abridged from the full interview that
is on the CD Martin Gardner’s Mathematical Games.

Magic

MP: In 1914 you were born in Oklahoma. What did your
father do?

Gardner: My father was a geologist and owned his own
oil company. He was what they called a “wildcatter.” It
was a very small company consisting of himself, a sec-
retary, and an accountant. He would go out and look for
oil domes. This was before the seismograph. If he found
a place that had a prospect of oil, he would hire a drill-
ing company. Most of them were dry holes, but every
once in a while he would hit oil.

MP: As a high school student you were already writing
articles for The Sphinx, a magazine devoted to magic.
Does your interest in magic go back to your father?

Gardner: Magic wasn't a special hobby of his, but he
did show me some magic tricks when | was a little boy. |
learned my first tricks from him, in particular one with a
knife and little pieces of paper on it. | then got acquaint-
ed with a few local magicians in Tulsa, Logan Waite and
Wabash Hughes, who worked for the Wabash Railroad.

MP: At what age did this occur?

Gardner: | was a high school student at the time. I've
never performed magic; it's just been a hobby. The only
time | got paid for doing magic was when | was a stu-
dent at the University of Chicago; | used to work at the
Marshall Field's department store during the Christmas
season demonstrating Gilbert magic sets. | learned a
lot from the experience. That was the first time | real-
ized that you're really not doing a magic trick well until
you've done it in front of an audience about a hundred
times. Then it becomes second nature, and you know
what to say.

MP: What are the elements of a successful magic trick?

Gardner: The most important thing is to startle people,
and have them wonder how it's done. Close-up magic
that you do on a table right in front of people is very dif-
ferent from the stage illusions that David Copperfield
does. It's close-up magic that most intrigues me, espe-
cially those that have a mathematical flavor. | did a book
for Dover Publications on mathematical tricks that has
a chapter on topological tricks. | did two massive books
for the magic profession: The Encyclopedia of Impromptu
Magic, and Martin Gardner Presents.

MP: (Looking at the books.) Massive is right.

Gardner: The first book covers tricks that don't require
any special equipment. A lot of them are just jokes and
gags of the type ‘bet you can't do this!

MP: Your book Mathematics, Magic, and Mystery has
been a bestseller for many years.

Gardner: | waste a lot of time on magic. Dai Vernon was
one of the great inventors of magic. He was a great in-
fluence on Persi Diaconis. Persi traveled with Dai for a
long time. | knew Vernon very well. | knew Persi when
he was a student at CCNY. You probably heard the story
how he got into Harvard.

MP: As | recall, he gave you some credit for writing a let-
ter of recommendation to Fred Mosteller, the Harvard
statistician.

Gardner: Mosteller is a magic buff. When Persi said he
wanted to getinto Harvard, | wrote to Fred and said that
Persi can do the best bottom deal and second deal of
anybody | know, and that got him into Harvard. | talked
to Fred on the phone about it and he said, “Is he willing
to major in statistics?” And Persi said sure he'd major in
statistics if that would get him into Harvard. So he went
up to Harvard, and they had a session together, maybe
doing card tricks. Mosteller got him into Harvard.

Tulsa Roots
MP: What did your mother do?

Gardner: She was a kindergarten teacher before mar-
riage, but then became a housewife, caring for three
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children. Her hobby was painting, and | have a number
of her paintings hanging in the house. Both of my par-
ents lived into their nineties. | had a brother and sister,
both younger, who are deceased.

[ learned to read before | went to school. My moth-
er read the Wizard of Oz to me when | was a little boy,
and | looked over her shoulder as she read it. | learned
how to read that way. It was very embarrassing when |
was in first grade, because the teacher would hold up
cards that said ‘cat’and‘dog’and | was always the first to
call out the word. She had to tell me to shut up, to give
the other children a chance to learn how to read.

MP: But don't you think your mother was doing some-
thing to teach you to read?

Gardner: No, no, she didn’t even know | was learning
how to read.

MP: As a kid, do you remember other strong interests
in addition to magic?

Gardner: | was very good at math in high school. In
fact, it and physics were the only subjects in which | got
good grades. | was bored to death by the other classes.
| flunked a class in Latin and had to take it over. | just
don't have a good ear for languages.
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Tennis anyone? Jim and Martin in 1923.

MP: How about sports?

Gardner: | played a lot of tennis. My father was fairly
wealthy, and we had our own tennis court. | also was
on the high school tumbling team. | particularly liked
the high bar.

MP: Ron Graham is a good tumbler, too.

Gardner: Oh yes! Once | was meeting him for lunch at
Bell Labs. His office was up a long flight of stairs. Ron
greeted me by walking down the stairs on his hands!

MP: You said that you did well in physics, too.

Gardner: Yes. My goal was to go to Caltech. A lot of
exciting physicists were there—Millikan for one. But
Caltech at that time required two years of liberal arts at
a college before transferring. So | went to the University
of Chicago intending to transfer to Caltech after two
years, but | got hooked on philosophy, mainly to find
out what | believed.

MP: You got your B.A. in 1936, then worked briefly for
the Tulsa Tribune as a reporter, and then came back to
the University of Chicago to the PR office writing news
releases (primarily science releases), and took a gradu-
ate course from Carnap. What else did you do until the
outbreak of World War 11?
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Gardner: | had various jobs. | worked as a caseworker
for the Chicago Relief Administration, | had to visit 140
families regularly in what was called the Black Belt. | also
had several odd jobs: waiter, soda jerk, etc. Remember,
this was at the height of the Great Depression.

Navy Service

MP: In December of 1941, the U.S. entered World War Il
and you enlisted in the Navy.

Gardner: | ended up serving on DE 134, a destroyer es-
cort, in the Atlantic. | was miserably seasick for about
three days, and then | was never seasick again. | couldn’t
wait for the war to end, but later | looked back at it as
a rather pleasurable time of my life. You're on a ship,
you make friends with your shipmates, you got liber-
ties now and then, and you didn't have to worry about
anything.

Martin the sailor in 1942.

I've had migraine headaches all my life that were
fairly severe when | was in high school. When | enlisted
in the Navy, | did not list my migraines because | was
afraid they wouldn't take me. | feared that | might de-
velop migraine headaches during battle situations. We
were part of a so-called “killer group” of six destroyers
looking for German submarines. During my four years
in the Navy, | never had a migraine headache. I'm con-
vinced that they're associated with periods of anxiety.
When you're in the Navy, you don’t worry about what
you're going to do tomorrow, what tie to put on, etc.
You just follow orders. In a way, you have a big sense of
freedom. Otherwise, | have no other explanation.

The Horse on the Escalator

MP: At the end of the war, you promptly went back to
Chicago.

Gardner: Yes, | went back, and | could have had my old
job back in the public relations office at the University
of Chicago because there was an understanding that if
you enlisted in the service you could get your old job
back. But the one reason | didn't go back to the PR of-
fice was that | sold a story, my first sale, and it was to
Esquire Magazine. It was a short story, called “The Horse
on the Escalator”” It was a humorous story, a crazy story.
It was about a man who collected shaggy dog jokes
about horses, sort of nonsense jokes about horses. The
title of the story, “The Horse on the Escalator,” came
from a joke going around at the time about a man who
entered Marshall Field’s department store on a horse,
and the elevator operator told him he couldn’t take the
horse on the elevator. And he said, “But lady, he gets sick
on the escalator!” That was the shaggy dog joke about
a horse. And that was the title of my story. It's a story
about a man who collected horse jokes, and his wife
didn’t think any of them were funny, but she laughed
heartily every time he told one to conceal the fact that
she didn’t think they were funny. So that was my first
story, and that was the first time | had gotten paid. |
had articles published before in little magazines, but
they didn’t pay anything. | decided that maybe I could
make a living as a freelance writer, and | very quickly
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sold Esquire a second story, and that was the “No-Sided
Professor,” about topology.

| have written two other books of fiction: The
Flight of Peter Fromm, which is partly autobiographical,
and Visitors from Oz, an imitation of The Wizard of Oz.

Origin of Writing Interests

MP: When do you think your writing interests first ap-
peared? Originally you said you were going to do phys-
ics, but then you ended up going to Chicago, where
you discovered philosophy. Your first job was with the
Tulsa Tribune as a reporter. When did the writing bug
really hit you?

Gardner: Oh, | think not until | got out of the Navy, and
that is when | started selling stories to Esquire.

MP: But you were writing before then.
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Gardner: Yes, news releases and other minor stuff, but
nothing of any great importance. | had some fiction
published with “little magazines.”

MP: This was the Depression, and that had something
to do with it. But why would you take a job as a reporter,
because that’s deadline writing?

Gardner: |t just happened to be available at the time;
it was an opening. As a low-level job, | think | made $15
a week.

MP: So you had your own particular passion for
writing.

Gardner: No, not especially.

MP: But then you went on to write news releases at the
University of Chicago.

Gardner: Yeah, the jobs I've had have been more or less
accidental. You know somebody says there’s an open-
ing, and | knew someone in the public relations office
who said there was an opening there, and | needed a
job, so | started work there.

MP: After the Esquire piece, you sold more stories to
Esquire. That had to give you a lot of confidence, help-
ing to convince you that you could earn a living as a
writer.

Humpty Dumpty

Gardner: That's right, it's not until | started selling sto-
ries to Esquire that | thought | could make a decent liv-
ing as a freelance writer, but Esquire changed editors
after I had sold them several stories. The new editor had
a different policy, and he didn't care for the kind of sto-
ries | was writing. So | moved to New York City because
that's where all the action is for writers. And that's when
| got a job at Humpty Dumpty’s Magazine.

MP: Now that'’s a curious move.

Gardner: | had afriend who worked for Parents’Institute,
and who was in charge of their periodicals for children.

They were starting a new magazine called Humpty
Dumpty’s, and were looking for activity features, where
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you fold the page or stick something through the page,
or cut; where you destroy the page. So he hired me to
do the activity features for Humpty Dumpty’s.

Mathematical Games

MP: Your work with children’s magazines went up
to about 1955-1956. By 1957 you were at Scientific
American. So there was not much of a hiatus between
Humpty Dumpty’s and Scientific American.

Gardner: No, | stopped working for Humpty Dumpty’s
to start the column, “Mathematical Games,” at Scientific
American. | couldn't do both. It started with the sale in
December 1956 of an article on Hexaflexagons. That
was not a column, but that led to the column. When
Gerry Piel, the publisher of Scientific American, called
me and suggested the column, that was when | re-
signed from Parents.

MP: How long did it take you to accept Piel’s offer?

Gardner: | accepted it instantly, with surprise and de-
light. Indeed, my first column appeared in the January
1957 issue.

Martin taking a break in his study.

MP: You must have had a lot of confidence to take on
a monthly column on mathematics in a sophisticated
magazine like Scientific American, especially in view of
the fact that the last math course you had was in high
school.

Gardner: | had always been interested in recreational
math ever since as a boy my father gave me a copy
of Sam Loyd’s famous Cyclopedia of Puzzles. In later
years | would edit for Dover two paperbacks of Loyd's
mathematical puzzles. After Piel proposed that | do a
monthly column | rushed to the used bookstores area
of Manhattan to buy all the books | could find on rec-
reational math. That was when | obtained my first copy
of W. Rouse Ball’s classic Mathematical Recreations
and Essays. It was a great source of ideas for my early
columns.

MP: A lot of people are astonished that anybody
could turn out one of those columns on mathematical
games and recreations every single month for Scientific
American.

Martin and Charlotte with their sons, Jim (left) and Tom.



Gardner: Perhaps they don't realize | had no other job.
I'm not a professional mathematician who has to teach
a course in mathematics, and then write. To me, it’s hard
to imagine how a professional mathematician would
have time to even write a book. | had nothing else to do,
except research for those columns, and write them up.

MP: Well, having the time certainly helps. Most people
that I've talked to about your Scientific American col-
umns know that that was your job, but they're still awed
by the fact that you turned out something really spar-
kling every month. It's one thing to write something ev-
ery month, but that doesn't mean that it's going to be
inspirational or great fun to read each time.

Gardner: | miss doing those columns, they were a lot
of fun, and | met many fascinating people while do-
ing them. Once the column got started | began hear-
ing from people like Sol Golomb and John Conway,

A

Martin demonstrating a magic trick.
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who were really doing creative work that had a recre-
ational flavor. That kept the column going. It became
much more interesting after | began getting feedback
from people like Conway, Ron Graham, Don Knuth, and
many others.

MP: What is it about mathematics that you find so
attractive?

Gardner: | suppose it's the fact that in mathematics,
unlike in science, which is fallible, you can prove aston-
ishing results with absolute certainty. Of course a proof
must always be within aformal system.The Pythagorean
theorem, for example, is certain only within the formal
system of Euclidean geometry. It doesn’'t become false
when it fails in non-Euclidean geometries because such
geometries are different formal systems. Mathematical
theorems are timeless truths, analytic in nature like the
great truth that three feet are in a yard.
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MP: Complete the following: “I enjoy mathematics so
much...”

Gardner: Because it has a strange kind of unearthly
beauty. There is a strong feeling of pleasure, hard to
describe, in thinking through an elegant proof, and
even greater pleasure in discovering a proof not previ-
ously known. On a low level | have experienced such a
pleasure four times. (1) | discovered the minimal num-
ber of acute triangles into which a square can be dis-
sected. (Coxeter includes the dissection in his classic
Introduction to Geometry.) (2) | found a minimal network
of Steiner trees that join all the corners of a chessboard.
(3) I constructed a bicolor proof that every serial isogon

of 90 degrees—a polygon with all right angles, and
sidesin 1, 2, 3, ... sequence—must have a number of
sides that is a multiple of 8. (4) | devised a novel way to
diagram the prepositional calculus.

The Game of Life

Gardner: Probably my mostfamous column was the one
in which I introduced Conway's Game of Life. Conway
had no idea when he showed it to me that it was going
to take off the way it did. He came out on a visit, and
he asked me if | had a Go board. | did have one, and
we played Life on the Go board. He had about 50 other
things to talk about besides that. | thought that Life was

Martin receiving the Mobius Award for “Quantum Weirdness.”



wonderful—a fascinating computer game. When | did
the first column on Life, it really took off. There was even
an article in Time magazine about it.

MP: Wasn't there a Life journal of sorts for a while?

Gardner: Yes, Bob Wainright did a periodical called
Lifeline. Lots of famous mathematicians contributed to
it.

“I Just Write as Clearly as I Can”

MP: Can you tell me a little bit more about how you ac-
tually approach writing? You previously said something
about how you did your monthly columns over a long
period of time. You write about many other things as
well. Do you have a different style or a different mode
when you write about pseudoscience?

Gardner: | don't think so. I've never worried about
style. | just write as clearly as | can, and | suppose it’s
improved over the years. | get interested in a topic, and
| do as much research as | can on it. | have my library of
working tools, so | can do a lot of research right here. |
usually rough out the topic first, just list all the things
that | have to say, and then | sit down and try to put it
together on the typewriter. It's all kind of a sequence.
That is hard to explain. It comes easy for me, | enjoy
writing and | don't suffer from writer’s block, where [ sit
and wonder for an hour how I'm going to phrase the
opening sentence.

Philosophical Theism

MP: Which of your more than sixty books is in some
sense a favorite?

Gardner: | think my Whys of a Philosophical Scrivener is
my favorite because it is a detailed account of every-
thing | believe.

MP: When you tell people what you believe, unless it's
Pablum-like, there’s likely to be some strong reaction.

Gardner: | have a chapter in there where | say that if
you can imagine someone who can admire both Wells,
an atheist, and Chesterton, a devout Catholic, then you
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get a glimpse of my own philosophical views. | am a
philosophical theist. | believe in a personal god, and |
believe in an afterlife, and | believe in prayer, but | don't
believe in any established religion. This is called philo-
sophical theism. It was defended by a lot of famous
philosophers, starting with Kant. It includes Charles
Pierce and William James and my favorite philosopher,
Miguel de Unamuno, a Spanish philosopher who's not
very well known, Ralph Barton Perry, Edgar Brightman,
and | could name a lot of other thinkers who were phil-
osophical theists without identifying themselves with
any particular religion.

MP: What does your hereafter look like?

Gardner: You can't say anything about it at all. It’s like
talking about attributes of God. It’s in a transcendental
realm, and you just believe by hope and a leap of faith
that there’s that possibility, but you can't say anything
about it in any detail because obviously nobody knows
anything about it. | don't buy the mediums who com-
municate with the dead. There’s no empirical evidence
for it, and no logical proof, but the possibility is open. If
there is a personal god, an after existence follows auto-
matically if you think that God is just—because nature
obviously doesn't care anything about human life. A
thousand people can be snuffed out of existence by an
earthquake. So to me, the belief in a personal god and
belief in some kind of immortality is part of the same
leap of faith. It's hard to have one without the other.
But | certainly don't know that there is an afterlife, in
the sense of having any kind of knowledge. It's a pecu-
liar thing in my brain. It may even have a genetic basis.
Philosophical theism is entirely emotional. As Kant said,
he destroyed pure reason to make room for faith.

MP: Do you think that there may in fact be a larger body
of people out there who, whether they know it or not,
are philosophical theists?

Gardner: | think so, yes.

MP: But for whatever reasons, they don't find it wise or
comfortable to say things like that.

Gardner: That's right, absolutely. There are a lot of
closet philosophical theists. | just wrote a long review
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of Gary Wills' new book, Papal Sin, a vigorous attack on
the Catholic Church, on the hierarchy. He is a devout
Catholic, but he doesn’t believe in any of the unique
Catholicdoctrines.He doesn't believe in the Immaculate
Conception, he doesn’t believe in the Virgin birth, he
doesn't believe in the Assumption of Mary, and he
doesn't believe in Papal infallibility.

Norman Vincent Peale and Harry Emerson Fosdick,
prominent Protestant preachers, also are examples.

Dinner with Godel

MP: Let's move back to math for a minute. You've lived
long enough now to see a lot of really interesting math-
ematical ideas hit the scene, and there are also some
really beautiful ideas that were here long before you
were on the scene. First, during your own lifetime, what
ideas, what discoveries just kind of knocked your socks
off?

Gardner: Well, | think the most interesting develop-
ments are mainly in mathematical physics, and that’s
the development of superstring theory. That came as a
complete surprise to me. It's a beautiful theory of par-
ticles, and it may or may not be true, but it’s the hottest
thing in town now in particle physics. It opens up the

Martin and Charlotte Gardner.

possibility that higher dimensions are not just artifacts
but actually real.

MP: You've read a lot of contemporary material, and
you've read a lot by those who have been gone a long
time. Are there any of those departed people that you'd
like to sit down with over dinner, or sit down here in
your library and chat with them?

Gardner: 1'd love to chat with Godel for example. He
had some strange cosmological views, and I'd like to
talk to him about that, about time travel into the past.
| never could quite understand that. And of course he
was a dedicated Platonist. He thought all of mathemat-
ics was out there, including the transfinite numbers. I'd
enjoy talking to him about that. Of course I'd love to talk
with Einstein and Neils Bohr. Among puzzle makers, I'd
most want to talk with Henry Dudeney and Sam Loyd.

MP: They really rang your bell.

Gardner: | also would enjoy talking to Bertrand Russell.
He's one of my heroes. | guess you could call him a
mathematician.

MP: Absolutely. Look at his work on Principia
Mathematica with Whitehead, and his Introduction to
Mathematical Philosophy. He was a very big influence
on me when | was young.

Gardner: He was a realist in mathematics. He believed
that mathematical objects and theorems have a pe-
culiar kind of existence, not the same as that of stars
and stones, but a reality independent of human minds
and cultures. A prime number of, say, a trillion digits, is
prime even if no one knows it is prime. Andromeda was
a spiral nebula long before any humans observed it. |
remember a statement he made once that“2 plus 2 is 4
even in the interior of the sun.”

“I’m Strictly a Journalist”

MP: Here's an easy question for you. Once you've de-
parted this life, let's suppose you had an opportunity to
come back in a hundred years. What questions would
you most want to know the answers to that might have
been developed during that time?



Gardner: | guess I'd be interested to know if various
famous unsolved problems had been solved, such as
the Goldbach Conjecture. But | don't have any great de-
sire to come back and learn what modern mathemat-
ics is up to. You're giving me credit for being more of a
mathematician than | really am. I'm strictly a journalist.
| just write about what other people are doing in the
field.
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Postscript

At age 92, Gardner has returned to his native
Oklahoma. He remains active, writing on a variety of
topics. He currently is revising all 15 of his books on
mathematical games and recreations from Scientific
American.



Ronald L. Graham

By Donald ]. Albers



As a boy, Ron Graham, was small for his age and was
never chosen to play on school teams. He never
attended the same school for more than one year and
did not graduate from high school. He did not take any
mathematics courses during his first three years of col-
lege at the University of Chicago and eventually got
a bachelor’s degree in physics from the University of
Alaska.

Today at age 61 Dr. Graham stands six feet, two
inches and looks very much the athlete. He is regarded
as one of the top mathematicians in the world. Graham
is famous for his work in combinatorics, which won
him election to the National Academy of Sciences.
He is past-president of the American Mathematical
Society, and he has just been named Chief Scientist of
AT&T Laboratories, successor to the much venerated
Bell Labs. In spite of his heavy responsibilities at AT&T,
he manages to find time to pursue other interests, es-
pecially juggling and gymnastics. In college he was a
California state trampoline champion. He also is highly

Ron Graham, Chief Scientist of AT&T Labs, in unicycling
gear—suit, tie, and unicycle.
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skilled in ping-pong, tennis, bowling, and boomerang.
Bungee trampolining is his latest interest.

Harvard mathematician Persi Diaconis, who has
collaborated with Graham many times, describes him
as “a remarkably accomplished mathematician. Ron
is always willing to help a struggling student or a col-
league. He never leaves you hanging. He's a genius, but
a nice genius.”

Diaconis remembers giving a talk about joint re-
search that he and Graham had done. He ended his talk
by saying “This problem is still unsolved.” At that point,
Graham, who was in the audience, stood up and gave
a solution on the spot. The audience, thoroughly im-
pressed, burst into applause, an unusual outpouring of
emotion for a group of mathematicians.

Calculus at Age 11

Ron Graham remembers liking mathematics a lot as
a little boy. In fifth grade, Miss Smith showed him an
algorithm for calculating square roots. He soon devel-
oped his own algorithm for calculating cube roots. His
natural ability for the subject resulted in a high level of
confidence. “By the time | got to seventh grade,” he re-
calls, “I knew algebra and trigonometry and thought |
could solve any problem given to me. But one day, Mr.
Schwab gave me one | couldn’t do. The problem was
to find the size of a population of mice if it was known
that the death rate was proportional to the size of the
population. It took a knowledge of differential equa-
tions to solve it. He then gave me a book and told me
that | would be able to solve the problem by the time |
finished it. That book was Calculus by Granville, Smith,
and Longley. He was right. By the end of the semester,
| finished the book and had a solution. He also chose
me to be on the school chess team. | owe a lot to Mr.
Schwab”

Ron was only 11 years old at the time. He had
skipped a few grades as his family moved around the
country, primarily in California and back and forth to
Georgia. Until he entered the University of Chicago
when he was 15, he never attended any school for more
than one year. Family stability was diminished in 1941
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Dr. Graham at work on a graph theory problem.

when Ron’s father, an oilfield worker, enlisted in the
Merchant Marine, and essentially left his wife and three
children to fend for themselves. Young Ron had learned
that superior academic achievement went a long way
with teachers and peers. In his words, “I was a good kid
and | learned to adapt.”

Ron saw his father again one day six years later
when he was delivering the Berkeley Gazette. He deliv-
ered papers both in the morning and in the evening.
He remembers living in the housing projects and being
poor.

Graham's tenacious pursuit of solutions has con-
tinued to this day. More often than not, he triumphs
over problems, but after expending lots of time on one
without significant progress, he will occasionally post a
$100 reward for a solution.”Some problems are capable
of driving me crazy,” says Graham, “and | will pay just to
be put out of my misery.”

Much of Graham’s work has been in graph the-
ory in support of AT&T's communications network.
Telephone networks are examples of mathematical
graphs. Telephone networks are replete with graph



theory problems. The shortest network problem is one of
the easiest of those problems to state but it is far from
being easy to solve. The problem asks for the shortest
network of line segments interconnecting an arbitrary
set of, say, 100 points. The solution to this problem
has frustrated the best mathematical minds and over-
whelmed computers.

Adding Points

Sometimes adding points yields a shorter network. Take
for example three points arranged at the vertices of an
equilateral triangle. Any two sides of the triangle then
give a solution. If, however, a point is added to the cen-
ter of the triangle, then a shorter network results from
joining that point to the vertices of the triangle.

AN

Adding a point (right) yields a shorter network.

Complete Disorder Is Impossible

It is his contribution to Ramsey theory, however, that
mathematicians regard as his finest work. “Ramsey the-
ory,"according to Graham, “says that complete disorder
is impossible. There is always structure somewhere”
Ramsey theory shows that in any group of six or more
people, three will either know one another or will all
be strangers. It is somewhat harder to prove that in a
group of 18 people there must be four who all know
each other or are all strangers. The minimum size of the
group needed to ensure that there are always five mu-
tual friends or five mutual strangers is unknown.

In his junior year of high school, Graham’s mother
encouraged him to apply for a new scholarship pro-
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gram set up by the Ford Foundation that enabled tal-
ented students to enter certain universities before they
finished high school in order to provide them more of
a collegiate education before they might be drafted
into military service. He scored high on the scholarship
exams and was admitted to the University of Chicago.
Since he had done especially well on the mathematics
portion of the exam, he was exempted from further
mathematics courses at Chicago. As a result, during his
three years there, he took no mathematics, but he did
discover the world of gymnastics and juggling. When
he arrived at Chicago, he was still small for his age, but
the right size for gymnastics.

Acrotheater

One of the classes that Graham enrolled in at Chicago
was Acrotheater. It was a combination of dance, circus
arts, and gymnastics. The teacher was E. F. (Bud) Beyer,
a national gymnastics champion in 1935. Ron remem-
bers the class with great fondness: “The class met twice
a week. We would do shows in the Chicago area high
schools and elsewhere; it was a recruiting device of
sorts. At the end of the year we'd do a big show with
music, make up—the whole nine yards. Acrotheater
hooked me on gymnastics.”

During his three years at Chicago, the undersized
kiddevelopedintoasix-foot-two-incheighteen-yearold.
Juggling and the trampoline also developed into life-
long interests for him during that period. The year after
he left Chicago for the University of California, Berkeley,
he won the California Intercollegiate Trampoline cham-
pionship. Some years later he was elected president of
the International Jugglers Association.

After three years at Chicago, Graham transferred
to Berkeley in 1951 as an electrical engineering major.
“The problem was,” he recalls, “that by then | was be-
hind in math requirements and would not complete a
degree in four years. At that time you could be drafted
if you had not completed a degree in four years. So |
enlisted in the Air Force and was stationed in Alaska.”
He arranged his schedule so that he attended classes
by day at the University of Alaska and did his Air Force
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Twelve balls at once! How about thirteen, Ron?

job in communications at night. He took more mathe-
matics classes at Alaska, but ended up with a degree in
physics in 1958 because Alaska was not yet accredited
in mathematics.

The Berkeley System

In 1959, nine years after starting college, Graham re-
turned to Berkeley to begin his doctoral studies—in
mathematics! He remembers that his first semester at
Berkeley was very challenging. “l didnt catch on to the
‘system’for a while. In my first year, | walked into Chern's

class on differential manifolds and on the first day things
were moving pretty fast. And the next day, people in
the front rows were saying, ‘Come on, let’s get on to the
good stuffl’ Chern thought he was moving too slowly
for the class, so he really started ripping. It turned out
that graduate students typically audited a course once
or twice before taking it for credit. That was the system
and it stimulated me to work hard”’

By 1962, Graham had thoroughly mastered the
system and was the proud possessor of a Ph.D. His the-
sis on Egyptian fractions was supervised by the legend-
ary number theorist D. H. Lehmer. An Egyptian fraction
is a fraction having numerator 1, a so-called unit frac-
tion. Thus 1/2, 1/7, 1/15 are Egyptian fractions. Notice
that 3/5=1/2+ 1/10. Now 2/7 is a bit harder to write
as a sum of Egyptian fractions: 2/7=1/5+1/13 +1/115
+ 1/10465. It's known that every fraction can be writ-
ten as a finite sum of unit fractions. What if you restrict
yourself to using fractions with odd denominators? The
answer turns out to be yes, provided that fraction has an
odd denominator. How about using distinct unit frac-
tions, using only those that are only perfect squares?
Graham showed that, again, the answer is yes, where
it's reasonable.

Graham’s gymnastics interests continued unabat-
ed during his graduate student years. He and two other
students formed a professional trampoline group, the
Bouncing Bears, and earned money by performing at
schools, supermarket openings, and the circus! Bungee
trampolining is Graham'’s latest sport. In bungee tram-
polining, a pair of bungee cords are mounted over a
trampoline and connected to a harness that is usually
attached to a twisting belt, so that you can twist and
somersault freely while being suspended by the two
cords. “You go up about 30 feet above the surface, and
if you miss, well, you get only bruised ribs. Eventually,
you take off the harness and do the trick, unassist-
ed. It's important, | think, to keep doing new things
when you get into a rut, and start operating solely on
reflexes.”

' The fraction needs to be in the union of the intervals
[0, %/6 - 1) and [1, T%/6).



Erdss

In 1963, Graham met the famous Hungarian mathema-
tician Paul Erdés at a mathematics meeting in Colorado.
Erdés was one of the most prolific mathematicians in
history with more than 1500 published papers to his
credit. For more than fifty years, Erd6s traveled from
university to university with one small suitcase, gath-
ering and sharing mathematical ideas with hundreds
of mathematicians. Number theory and graph theory,
Graham'’s specialties, were also the specialties of Erdés.
In short order, they collaborated on a number of pa-
pers. As Erdés aged, Graham helped him tend to some
of the basics of life—paying taxes, buying clothes, etc.
Graham even set up an Erd6s room in his home. Up
until the time of his death in September of this year,
Erd6s frequently stayed with Graham and his wife, Fan
Chung.

Graham has vivid memories of his first meeting
with Erdés. “l saw this rather senior guy of 50, already
quite famous, playing Ping-Pong during one of the
breaks. He asked me if | wanted to play, and | agreed.
He absolutely killed me! I had played casual Ping-Pong,
but | couldn’t believe that this old guy had beaten me.
So | went back to New Jersey and | got a machine that
shoots out Ping-Pong balls at you. | bought a table,
joined a club, started playing at Bell Labs, and in the
state league. | eventually became the Bell Labs cham-
pion at Ping-Pong, and won one of the New Jersey ti-
tles. Finally, | reached the point where | thought | could
play Erdds. Erdés, of course, was getting older, and | was
playing more. When | could play him, I'd do it sitting
down. | would sit in a tall chair, and let him start at 20.
Sitting down in a chair is really not that big a disadvan-
tage. You'd think that’s going to handicap you. You can't
get up from the chair. If you get up, you lose. It turns out
that isn't that big of a disadvantage against somebody
who's not such a serious competitor.”

“As you work at Ping-Pong, you begin to under-
stand the subtleties of the spin and the sound of Ping-
Pong, so to speak. | always liked that aspect of it. The
trouble is, it takes a certain investment to do that, and
you can't do that for everything. And there’s a certain
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He flies through the air with the greatest of ease, the man on the
bungee trampoline.

carryover, but sometimes it's negative. What you do at
Ping-Pong isn’t necessarily good for what you do at ten-
nis. It’s like learning Chinese. If you learn Mandarin, that
may or may not be helpful in learning Cantonese.”

True Mark of Teaching

Graham's passion for learning is quite remarkable. He
loved school because “I could learn something new,
and | enjoyed especially teaching to someone else what
| had learned and taking them one level beyond. Its
very satisfying teaching someone a particular skill like
juggling, the trampoline, or mathematics. But it's even
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better to take them to the next level where you teach
them how to teach!”

Graham claims that in the juggling world, there is
a tradition that you teach people what you know, and
they will in turn teach someone what they have been
taught and what they’ve learned in addition. “I taught
Tom Brown who in turn taught Joe Buhler how to jug-
gle and he now is a better juggler than | am. That's a
true mark of your teaching ability if you produce better
students than you are!”

After completing his doctorate at Berkeley in
1962, Graham joined the research staff of Bell Labs. He
had been warned by academic mathematicians that he
would be dead mathematically in three years if he went
into industry. His elections as President of the American
Mathematical Society and as a member of the National

Academy of Sciences argue against the prediction. He
found the “open door” policy of Bell Labs especially
stimulating and very conducive to cross fertilization
with physicists, chemists, engineers, economists, and
other mathematicians.

“Thatresultsin a different mind set to some extent,”
according to Graham, “and that'’s important for students
to know if they hope to take jobs in industry. That’s not
easy to teach because most people in university settings
aren't accustomed to working that way.” He notes that
doors at many universities aren't open so much.

One of Graham’s goals as Chief Scientist of AT&T
Labs is to mould programs that establish better ex-
changeswith peoplein universities and the Labs. During
his 34 years with AT&T, Graham has taught courses sev-
en times in universities such as UCLA, CalTech, Stanford,
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Graham at home with his spouse, mathematician Fan Chung of the University of Pennsylvania.



Princeton, and Rutgers. He finds contact with students
very helpful.“It's good for someone like me to stand up
in front of good students who ask questions that you
take for granted. They may say: ‘Well, why do you do it
this way?' The answer might be: ‘We always do it this
way! That forces you to think about what you've been
doing and to question authority. | keep a saying on my
refrigerator to remind me of staying open to new ideas.
It says:

The Main Obstacle to Progress is Not Ignorance,
But the Illlusion of Knowledge.

“When you think you know, that can blind you to
the fact that you don’t know. Once you know you don't
know, then you might be more receptive to looking at
other approaches.”

Research and Arrows

Graham took over as Chief Scientist of AT&T Labs
in October at a transition point in the history of the
company, which recently split into AT&T and Lucent
Technologies. The quickening pace of technology has
placed pressure on researchers to direct more of their
efforts toward the business side. Graham'’s job, in part, is
to foster the scientific excellence of the cultural careers
of the researchers. He says that “I will make sure that
they feel comfortable and are encouraged to pursue
very fundamental ideas such as quantum computing
that may not have any business impact for 20 years or
more." He also notes that “pioneers are the people who
have arrows in their chests, so you may not want to be
out there too far ahead. At the same time, it’s crucial to
have the places and people who believe in fundamen-
tal research from the long-term viewpoint.”

Graham is very much aware that in most busi-
nesses you often don't have years: the next model
has to be out the door in a few months or the com-
petition will blow you away. At the same time, some-
one somewhere has to be doing the basic research.
Graham believes that most of that research will be
done in universities, with some cooperation with in-
dustry. He also thinks that some large organizations
such as AT&T are sufficiently forward-looking, have the
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resources, and understand the necessity of doing basic
research.

As our interview came to a close in Graham's of-
fice at the National Academy of Sciences, one of three
offices that he maintains, | remarked that he probably
would be glad to get home to New Jersey and relax
after flying back from Washington. He said that he
planned to relax by working on a new juggling trick of
the site-swap type, and perhaps listen to some classical
music. He explained that a site-swap is a way of taking
a numerical pattern such as 3-4-5 and converting it to a
juggling trick. The 3, 4, and 5 tell you how high the balls
go, and the sequence tells you which hands you're to
do it with. So the right hand throws the 3, the left hand
4, the 3 crosses, and the 4 doesn't. But the next hand,
which is the right, throws a 5. Then this is repeated, and
you've got to do all of this in real time.

He says that it's not simply a control issue, but
that you have to know where to look.“If you're juggling,
say, five balls, you don’t watch every ball all the way be-
cause there are too many balls and not enough eyes.
You have to look at a given ball only briefly. Typically,
you look at each ball at the top of the arc and get some
information there. You mentally compute where it's go-
ing and put your hand there. Every throw is a little bit
off, some off more than others, and juggling in large
part is maintaining that radius of allowable mistakes, so
to speak, in the ‘region’ of stability.”

When juggling five balls, the typical pattern for
each of the balls is essentially the same. You see a very
symmetrical and beautiful pattern. They're all crossing.
In a typical pattern they cross at the top, so you watch
right there. The other patterns, such as a site-swap,
where different hands are throwing different balls to
different heights can be hard to follow: There’s no sin-
gle place to look. Different hands are throwing balls to
different heights, and there’s no good place to look. You
kind of back off and look globally. It's better to focus
on each ball, even though briefly. Graham says, “Well,
that may not be the best way to juggle, but it kind of
helps your normal juggling, because it teaches you
something that you did when you were first learning,
and you watch, you want to keep your eye on the ball,
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Cheryl Graham, Ron’s daughter, is an accomplished photogra-
pher who likes juggling too.

so to speak—on the balls—and you get lazy." For Dr.
Graham, it's always been the case that if he goes more
deeply into a subject, he appreciates it more. He says,
“To understand how juggling evolves, if it's not so hard
for four balls, try five, or try it underwater, or while tram-
polining, or with your arms crossed.”

Music, Understanding, and Magic

Graham also likes music very much. Naturally, the same
question comes up—would he appreciate it more
by going more deeply into it? If he really tried to un-
derstand the structures of what Beethoven, Bach, or
Mozart had been doing, would he appreciate it more?
He worries that it might somehow lose the magic: “It's
as though you like to be impressed by a magic trick,
but once you know how it’s performed, the magic is
gone’

“For example, | can flip a coin and be very ‘lucky! |
can be extremely‘lucky!l can, in fact, be perfectly ‘lucky’

if necessary. But once you understand how it happens,
the mystery and the magic is gone. Would that happen
with music? | don’t know, but | have deliberately stayed
away from seeking a deep understanding of music”
Musicians tell me, “No, you'll appreciate it even more
when you really understand how great these compos-
ers were.”

One of the complaints about mathematics is
that you couldn’t really understand the beauty and
elegance, the power unless you're another mathemati-
cian. How do you convey that to someone else? There’s
a certain truth in that although you can certainly show
people to some extent the power or the elegance and
the surprise of some parts of mathematics.

In a few weeks, Graham will travel to the Disney
Institute to participate in special mathematical pro-
grams for the general public. Dr. Graham, the math-
ematician, teacher, and athlete, continues to work at
displaying a friendly side of mathematics to the public.
He is, indeed, a nice genius.

Postscript

Graham left AT&T in 1999 and is now Chief Scientist
at the California Institute for Telecommunication and
Information Technology and Irwin and Joan Jacobs
Professor of Computer Science at the University of
California, San Diego. In 1999, he was elected a Fellow
of the Association for Computing Machinery. He served
as President of the Mathematical Association of America
from 2003-2004 and is one of a small handful of math-
ematicians who have been president of both the
American Mathematical Society and the Mathematical
Association of America.

He received the Steele Prize for Lifetime
Achievementin 2003 and continues a vigorous research
program. He has published more than 70 papers since
1996, and more than 300 since 1963. He is a popular
lecturer and maintains a frenetic speaking schedule.
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aul R. Halmos is Distinguished Professor of

Mathematics at Indiana University and Editor of the
American Mathematical Monthly. He received his Ph.D.
from the University of lllinois and has held positions at
[llinois, Syracuse, Chicago, Michigan, Hawaii, and Santa
Barbara. He has authored ten books and 100 articles. He
is a member of the Royal Society of Edinburgh and of
the Hungarian Academy of Science.

The writings of Halmos have had a large impact
on both research in mathematics and the teaching of
mathematics. He has won several awards for his math-
ematical exposition, including the Chauvenet Prize, and
has twice won the Lester R. Ford Award.

In August of 1981, | interviewed Paul Halmos in
Pittsburgh at the combined annual summer meetings
of the Mathematical Association of America and the
American Mathematical Society. During the course of
the interview, Halmos confessed to being a maverick
mathologist. A mathologist is a pure mathematician
and is to be distinguished from a mathophysicist, who
is an applied mathematician. (Both terms were coined
by Halmos.) A few of his statements from the interview
help to underscore his maverick nature:

“ don't think mathematics needs to
be supported.”

“If the NSF had never existed, if the
government had never funded
American mathematics, we would
have half as many mathematicians
as we now have, and | don't see
anything wrong with that”"

“The computer is important, but not
to mathematics”

In Part I, Halmos in his inimitable style talks about
teaching mathematics, writing mathematics, and
doing mathematics. After a short time with him, | was
convinced that he is a maverick and a mathologist.

Ten years later in 1991, | interviewed him again.
The result of that second interview is Part II: In Touch
with God. In Part I, Halmos talks about the best and
worst parts of being a mathematician, cats, the law, do-
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ing mathematics, the root of all deep mathematics, and
smelling mathematicians.

Part I: Maverick Mathologist

A Downward-Bound Philosopher

MP: You have described yourself as a downward-bound
philosopher. What does that mean?

Halmos: Most mathematicians think of a hierarchy in
which mathematics is above physics, and physics is
higher than engineering. If they do that, then they are
honor-bound to admit that philosophy is higher than
mathematics. | started graduate school with the idea
of studying philosophy. | had studied enough math-
ematics and philosophy for a major in either one. My
first choice was philosophy, but | kept a parallel course
with mathematics until | flunked my master’s exams in
philosophy. | couldn’t answer all the questions on the
history of philosophy that they asked, so | said the hell
with it—I'm going into mathematics. | made philoso-
phy my minor, but even that didn’t help; | flunked the
minor exams too.

MP: So mathematics was not your original calling, if
you like?

Halmos: As a philosophy student, | played around with
symbolic logic and was fascinated with all the symbols
in Principia Mathematica. Even as a philosopher, | tend-
ed toward math.

MP: You are the third Hungarian we have interviewed.
Halmos: | reject the appellation.

MP: We know that you were born in Hungary and that
you lived there until the age of 13, but you still reject
the appellation.

Halmos: | don't feel Hungarian. | speak Hungarian, but
by culture, education, world view, and everything else
| can think of—I feel American. When | go to Hungary, |
feel like an American tourist, a stranger. | speak English
with an accent, but | speak it infinitely better than |
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speak Hungarian. | can control it, and | cannot do that
in Hungarian. In every respect, except accent, | am an
American.

MP: You may not claim Hungary, but | wouldn't be sur-
prised if Hungary claims you. In fact, you are a member
of the Hungarian Academy of Science.

Halmos: | was elected a member of the Hungarian
Academy of Science only a couple of years ago, in rec-
ognition of my work, | hope, but | am sure that my hav-
ing been born in Hungary helped. In theory, it needn’t
help, as there are a certain number of foreign members
elected each year. But if they are in some sense ex-
Hungarians or have Hungarian roots, that doesn’t hurt.
I am not ashamed of my Hungarian connection, but just
as a matter of fact | try to straighten out my friends and
tell them that they shouldn't attribute to my country of
origin whatever properties they ascribe to me.

MP: How did you come to leave Hungary?

Halmos: | give full credit to my father. In 1924, when he
was in his early forties, he left Hungary, where he had
been a practicing physician with a flourishing practice.
The country was at peace and in good shape, but he
thought it was a sinking ship. He arranged for his prac-
tice to be taken over by another physician, who was
also foster father to his three boys, of whom | am the
youngest. (My mother died when | was six months old,
and | never knew her.) He came to this country with
the feeble English that he had learned. After working
as an intern at an Omaha hospital for a year in order to
prepare for and pass the state and national boards, he
started a practice in Chicago. Five years later he became
a citizen and imported his sons. Coming to America
wasn't a decision on my part; it was a decision on his
part. It turned out to be a very smart move.

MP: Did you have any glimmerings of strong mathe-
matical interests as a child? We know the Hungarians
do a remarkably good job of producing superior math-
ematics students.

Halmos: Yes and no. | cannot give credit to the
Hungarian system, which | admire and about which |

am somewhat puzzled (as are most Americans), as to
how they produce Erdés’s, Pdlya’s, and Szegd's, and
dozens more that most of us can rattle off. | know the
rumor that they look for them in high school and en-
courage them and conduct special examinations to
find them. Nothing like that had a chance to happen to
me. By the age of thirteen | was exposed to a lot more
mathematics than American students are exposed to
nowadays, but not more than American students were
exposed to in those days. | was exposed to parentheses
and quadratic equations, two linear equations in two
unknowns, a few applied ideas, and the basic things in
physics. | remember that | enjoyed drawing the design
of a water pump and other things like that. | was good
at it, the way good students in calculus are good at cal-
culus in our classrooms, but not a genius. | just enjoyed
it and fooled around with it. In mathematics classes, |
usually was above average. | was bored when class was
going on, and | did things like take logarithms of very
large numbers for fun.

The American system in those days was eight
years of elementary school and four years of high
school. In Europe it was the other way around—four
years of elementary school followed by eight years of
secondary school, adding up to the same thing. | left
Hungary when | was in the third year of secondary
school, which would have been the equivalent of the
seventh grade in this country.

MP: So the 13-year-old Halmos came to the U.S. and
entered a high school in the Chicago area. You spoke
Hungarian and German and knew a little Latin, and yet
instruction was in English. That must have posed a few
problems.

Halmos: For the first six months it was a hell of a
problem. On my first day, somebody showed me to a
classroom in which, | still remember, a very nice man
was talking about physics. | listened dutifully for the
first hour and didn’t understand a single word of what
was being said. At the end of the hour, everyone got
up and went to some other room, but | didn't know
where to go, so | just sat there. The instructor, Mr. Payne,
came over to my seat and asked me something and |



shrugged my shoulders helplessly. We tried various
languages. | didn’t know much English, and he didn’t
know German. We both knew a few Latin words and a
few French words, and he finally succeeded in telling
me that | had to go to Room 252. | went to Room 252,
and that was my first day in an American high school.
Six months later | spoke rapid, incorrect, ungrammati-
cal, colloquial English.

MP: Were there any special events in high school that
stand out in your memory?

Halmos: Well, there was a little chicanery surrounding
my admission. | explained this business of eight years
followed by four in this country, and four years followed
by eight in Europe. There was some confusion about
that. | hinted to the school authorities that | had com-
pleted three years of secondary school, and | was be-
lieved. There was, to be sure, a perfunctory examination
of my record, and, after being translated by an official
in the Hungarian consulate, it said three years of sec-
ondary school. That means in effect that | skipped four
grades at once, and | went from what was the equiva-
lent of the seventh grade to the eleventh grade; and a
year and a half later, at the age of fifteen, | graduated
from high school.

A College Freshman at Age Fifteen
MP: So you were a very young high-school graduate.

Halmos: Yes. | entered the University of lllinois at the
age of fifteen.

MP: That's very young to be entering college. Did that
produce any difficulty?

Halmos: There were no problems. | was tall for my age
and cocky. | pretended to be older and got along fine.

MP: When did you become interested in mathematics
and philosophy?

Halmos: | started out in chemical engineering, and at
the end of one year decided that it was for the birds;
| got my hands too dirty. That's how mathematics and
philosophy came into the act.
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MP: Can you remember what attracted you to math-
ematics and philosophy? Can you separate them?

Halmos: It is difficult. | remember calculus was not easy
for me. | was a routine calculus student—I think | got
B’s. | didn't understand about limits. | doubt that they
taught it. At that time, they probably wouldn’t have
dared. But | was good at integrating and differentiating
things in a mechanical sense. Somehow | liked it. | kept
fooling around with it. In philosophy, it was symbolic
logic that interested me. What attracted me is hard to
say, just as it is hard for any of us to say what attracts us
to a subject. There was something about abstraction.
| liked the cleanness, the security of the ideas. When |
learned something about history, | was at the least very
suspicious; and strange as it may sound, when | learned
something about physics and chemistry, | was most
suspicious: | was practically doubtful, and | thought
it might not even be true. In mathematics and in that
kind of philosophy (logic), | knew exactly what was go-
ing on.

“Suddenly I Understood Epsilons!”

MP: Was there some point when you decided that you
were going to be a mathematician?

Halmos: There was no point when | decided that | was
going to be an academic. That somehow was just tak-
en for granted, not by anybody else, but by me. | just
wanted to take courses and see what happened. | was
studying for a master’s and flunking the master’s exam
in philosophy, but nothing would stop me. | continued
taking courses. | finished my bachelor’s quickly, in three
years instead of four. As a first-year graduate student, |
took a course from Pierce Ketchum in complex function
theory. | had absolutely no idea of what was going on. |
didn’t know what epsilons were, and when he said take
the unit circle, and some other guy in class said “open
or closed,” | thought that silly guy was hair-splitting,
and what was he fussing about. What difference did it
make? | really didn’t understand it.

Then one afternoon something happened. | re-
member standing at the blackboard in Room 213 of the
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According to Halmos, “Mathematics is Security! Certainty! Truth! Beauty! Insight! Structure! Architecture! I see mathematics as

one great, glorious thing.”

mathematics building talking with Warren Ambrose
and suddenly [ understood epsilons. | understood what
limits were, and all of the stuff that people had been
drilling into me became clear. | sat down that afternoon
with the calculus textbook by Granville, Smith, and
Longley. All of that stuff that previously had not made
any sense became obvious; | could prove the theorems.
That afternoon | became a mathematician.

MP: So there was a critical point. You even remember
the room number.

Halmos: | think | remember the room number.

MP: After earning your Ph.D., you became a fellow at
the Institute for Advanced Study, where you served
as an assistant to Johnny von Neumann. How did you

come to be his assistant? What was it like being an as-
sistant to someone with that kind of power?

Halmos: Let me back up a little. | got my Ph.D. in 1938,
and preparatory to graduation, | applied for jobs. Xerox
was not known in those days, and secretarial service
was not available to starving graduate students. | typed
120 letters of application, mailed them out, and got two
answers, both no. | got no job. The University of Illinois
took pity on me and kept me on for one year as an in-
structor. So in '38-'39 | had a job, but | kept applying. |
did get a job around February or March at a state uni-
versity. | accepted it without an interview. It was accom-
plished with correspondence and some letters of rec-
ommendation. Two months later my very good friend
Warren Ambrose, who was one year behind me, got



his degree. He had been an alternate for a fellowship
at the Institute for Advanced Study; and when the first
choice declined, he got the scholarship, and that made
me mad. | wanted to go, too! | resigned my job, making
the department head, whom | had never met, very un-
happy, of course. In April, | resigned my job, and went
to my father and asked to borrow a thousand dollars,
which in those days was a lot of money. The average
annual salary of a young Ph.D. was then $1,800. | wrote
Veblen and asked if | could be a member of the Institute
for Advanced Study even though | had no fellowship. It
took him three months to answer. He answered during
summer vacation, and said, “Dear Halmos, | just found
your letter, and | guess you mean for me to answer. Yes,
of course, you are welcome.” That’s all it took; | moved
to Princeton.

But, of course, Veblen wasn't giving me anything
except a seat in the library. Six months after | got there,
the Institute took pity on me and gave me a fellowship.
During the first year, | attended Johnny von Neumann’s
lectures, and in my second year | became his assistant.
| followed his lectures and took careful notes. The sys-
tem of the Institute was that each professor had an as-
sistant assigned to him. The duties of the assistant de-
pended upon the professor. Einstein’s assistant’s duties
were to walk him home every day and talk German to
him. Morse’s assistant’s duties were to do research with
him—eight hours a day sitting with Morse and listen-
ing to him talk and talk. Von Neumann’s assistant had
very little to do—just go to the lectures and take notes;
and sometimes those notes were typed up and dupli-
cated. Von Neumann’s assistant that year was Hugh
Dowker, who is a mathematician par excellence, but not
in the least interested in matrices and operator theory
and all those things that von Neumann lectured on. On
the other hand, | was fascinated by them; that was my
subject. So, | took careful notes and Dowker used them
and took them to Johnny. There was no duplicity about
it. He told Johnny what he was doing. When his job was
up, | became Johnny’s assistant.

How was it? Scary. The most spectacular thing
about Johnny was not his power as a mathematician,
which was great, or his insight and his clarity, but his
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rapidity; he was very, very fast. And like the modern
computer, which no longer bothers to retrieve the log-
arithm of 11 from its memory (but, instead, computes
the logarithm of 11 each time it is needed), Johnny
didn’t bother to remember things. He computed them.
You asked him a question, and if he didn't know the an-
swer, he thought for three seconds and would produce
the answer.

Inspirations

MP: You have described an inspirational day with
Warren Ambrose when you decided to become a math-
ematician. Are there other individuals who have been
inspirations for you?

Halmos: I'm not prepared for this question. Therefore,
my answer is bound to be more honest than for any
other question. The first two names that occur to me
are two obvious ones. The first is my supervisor, Joe
Doob, who is only six years older than I. | was 22 when |
finished my Ph.D., and he was 28, both young boys from
my present point of view. He arrived at the University
of Illinois when he himself was about 25. | was already
at the stage where | was signed up to do a Ph.D. thesis
with another professor. | remember having lunch with
Joe one day at a drugstore and hearing him talk about
mathematics. My eyes were opened. | was inspired.
He showed me a kind of mathematics, a way to talk
mathematics, a way to think about mathematics that
wasn't visible to me before. With great trepidation, | ap-
proached my Ph.D. supervisor and asked to switch to
Joe Doob, and | was off and running.

The other was Johnny von Neumann. The first day
that I met him he asked if it would be more comfortable
for me to speak Hungarian, which was his best language,
and | said it would not. So we spoke English all the time.
And as | said before, his speed, plus depth, plus insight,
plus inspiration turned me on. They—Doob and von
Neumann—were my two greatest inspirations.

MP: In 1942, you produced a monograph called Finite-
Dimensional Vector Spaces. Was it a result in part of
notes that you had taken?
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Halmos: Yes. Von Neumann planned a sequence of
courses that was going to take him four years. He began
at the beginning with the theory of linear algebra—fi-
nite-dimensional vector spaces from the advanced
point of view. And just as van der Waerden’s book was
based on Artin’s lectures, my book was based on von
Neumann'’s lectures and inspired completely by him.
That's what got me started writing books.

MP: Most people who read that book remark that it is
written in an unusual way; the Halmos style is quite dis-
tinctive. | studied from your book, and | still remember
that it gave me fits because your problems were not of
the classical type. You didn't set prove or show exercis-
es; more often than not you gave statements that the
student was to prove if true or disprove if false. | am sure
that it was deliberate, and it seems to underscore a phi-
losophy of teaching that you have spoken about in a re-
cent article in the Monthly, “The Heart of Mathematics.”
In that article, you said that it is better to do substan-
tial problems on a lesser number of topics than to do
oodles of lesser exercises on a larger number of topics.
Had you thought a great deal about that before writing
problems for Finite-Dimensional Vector Spaces?

Halmos: No.That wasn't a result of thought; it was just
instinctive somehow. | felt it was the right way to go,
and thirty years later | summarized in expository arti-
cles what | have been doing all along. You said it very
well. | strongly believe that the way to learn things is
to do things—the easiest way to learn to swim is to
swim—you can't learn it from lectures about swim-
ming. | also strongly believe that the secret of math-
ematical exposition, be it just a single lecture, be it a
whole course, be it a book, or be it a paper, is not the
beautifully written sentence, or even the well-thought-
out paragraph, but the architecture of the whole thing.
You must have in mind what the lecture or the whole
course is going to be. You should get across one thing.
Determine that thing and then design the whole ap-
proach to get at it. Instinctively in that book, and | must
repeat it was inspired by von Neumann, | was driving at
one thing—that matrix theory is operator theory in the
most important and the most translucent special case.

Every single step, and in particular every exercise (they
were not different from any other step), was designed
to shed light on that end.

MP: In the article, “The Heart of Mathematics,” you dis-
cussed courses that went down as low as calculus. What
do you think about that approach for pre-calculus or for
high-school algebra? Would you also advocate that ap-
proach for such courses?

Halmos: Yes and no. | think, and | repeat, the only way
to learn anything is do that thing. The only way to learn
to bicycle is ride a bicycle. The only way to teach bicy-
cling is to put challenges in front of the prospective bi-
cyclist and make him conquer them. So, yes, | believe in
it. | have tried it, not only in calculus, but in as low-level
college courses as pre-calculus and high-school trigo-
nometry with a great deal of joy and enthusiasm many
times. To the extent possible, | have tried to follow that
kind of system. But let’s be honest. The so-called Moore
method, which is a way to describe the Socratic ques-
tion-asking, problem-challenging approach to teach-
ing, doesn’t work well when you have forty people in
the class, let alone when you have one hundred and
forty. It is beautiful if you have two people sitting at
two ends of a log, or ten or eleven sitting in a classroom
facing you. Obviously, there are practical problems that
you have to solve, but they can be solved. Moore, for in-
stance, did teach first-year calculus that way. So a one-
word answer to your question is, yes, | do advocate it in
all teaching; but no, one has to be careful. One has to be
wise. One has to face realities and adapt to economic
circumstances.

Mathophysics

MP: A few have said that you have been a strong expo-
nent of what is called the New Mathematics.

Halmos: Absolutely not! | was a reactionary all the
time. The old mathematics was just fine. | think high-
school students should be taught high-school geom-
etry d la Euclid. You should teach them step one, rea-
son; step two, reason; and all that stuff. | thought that
was wonderful. | got my training that way. Morris Kline



and | hardly know each other, but we seem to disagree
on everything; and he is (a) strongly against the New
Math, and (b) strongly against many things | advocate.
It's quite possible that people who agree with him iden-
tify me as a champion of the New Math because we dis-
agree on most things.

MP: You say you think that you and Kline disagree on
just about everything. He stood in strong opposition to
the New Math, and you just said that you were abso-
lutely not an exponent of the New Math. Now there is
some agreement there.

Halmos: | hate to admit it. He may be against the
right thing, but he certainly is against it for the wrong
reason.
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MP: 1t seems to me that you and Kline have another
strong point of agreement, which surprised me a bit.
In your article, “Mathematics as a Creative Art," that ap-
peared in American Scientist back in the late sixties, you
surprised me by saying that virtually all of mathemat-
ics is rooted in the physical world. Kline, as you know,
wrote a book entitled Mathematics and the Physical
World.

Halmos: | think we understand different things by it.
| get the feeling that Kline either thinks, or would love
to think, that all mathematics is not only rooted in the
physical world but must aim toward it, must be appli-
cable to it, and must touch that base periodically.

MP: So he is what you would call a mathophysicist?

\

“TI am proud to be a teacher—teaching is an ephemeral subject. It is like playing the violin. The piece is over, and it’s gone. The

student is taught, and the teaching is gone.”
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Halmos: And how! But it's another thing to say, almost
a shallow, meaningless thing to say, that we are human
beings with eyes, and we can see things that we think
are outside of us. Our mathematics—our instinctive,
unformulated, undefined terms—come from our sense
impressions; and in that sense at least, a trivial sense,
mathematics has its basis in the physical world. But that
is an uninformative, unhelpful, shallow statement.

What Is Mathematics?

MP: This prompts the next question for which | can’t ex-
pect you to give a complete answer in such a short time,
but I will ask it anyhow. What is mathematics to you?

Halmos: It is security. Certainty. Truth. Beauty. Insight.
Structure. Architecture. | see mathematics, the part
of human knowledge that | call mathematics, as one
thing—one great, glorious thing. Whether it is differ-
ential topology, or functional analysis, or homologi-
cal algebra, it is all one thing. They all have to do with
each other, and even though a differential topologist
may not know any functional analysis, every little bit
he hears, every rumor that comes to him about that
other subject, sounds like something else that he does
know. They are intimately interconnected, and they are
all facets of the same thing. That interconnection, that
architecture, is secure truth and is beauty. That's what
mathematics is to me.

Federal Support of Mathematics?

MP: In “Mathematics as a Creative Art,” you were ad-
dressing lay readers when you said: “I don’t want to
teach you what mathematics is, but that it is”” This re-
flects a concern that you had at the time about math-
ematics in the mind of the layman. (You said, “A layman
is anyone who is not a mathematician.’) Is your concern
still there—that a great body of intelligent, well-edu-
cated people don't know perhaps that your subject is?
Is that concern stronger or weaker than it was in 1968,
when you wrote the article?

Halmos: The same, | would say. Let me first of all explain
that | am a maverick among mathematicians. | don’t

think it is vital and important to explain to members
of Congress and administrators in the National Science
Foundation what mathematics is and how important it
is and how much money it must be given. | think we
have been given too much money. | don't think math-
ematics needs to be supported. | think the phrase is al-
most offensive. Mathematics gets along fine, thank you,
without money, and | look back with nostalgia to the
good old days, three or four hundred years ago, when
only those did mathematics who were willing to do it
on their own time.

In the fifties and sixties, a lot of people went
into mathematics for the wrong reasons, namely that
it was glamorous, socially respected, and well-paying.
The Russians fired off Sputnik, the country became
hysterical, and then NSF came along with professional,
national policies. Anything and everything was tried;
nothing was too much. We had to bribe people to come
to mathematics classes to make it appear respectable,
glamorous, and well-paying. So we did. One way we
did it, for instance, was to use a completely dishonest
pretense—the mission attitude towards mathematics.
The way it worked was that | would propose a certain
piece of research, and then if it was judged to be a good
piece of research to do, | would get some money. That’s
so dishonest it sickens me. None of it was true! We got
paid for doing research because the country wanted to
spend money training mathematicians to help fight the
Russians.

Many young people of that period were brought
up with this Golden Goose attitude and now regard
an NSF grant as their perfect right. Consequently,
more and more there tends to be control by the gov-
ernment of mathematical research. There isn't strong
control yet, and perhaps I'm just building a straw man
to knock down. But time and effort reporting is a big,
bad symptom, and other symptoms are coming | am
sure. Thus, | say that it was on balance a bad thing. If
the NSF had never existed, if the government had never
funded American mathematics, we would have half as
many mathematicians as we now have, and | don't see
anything wrong with that. Mathematics departments
would not have as many as eighty-five and one hun-



dred people in some places. They might have fifteen or
twenty people in them, and | don’t see anything wrong
with that. Mathematics got along fine for many thou-
sands of years without special funding.

MP: But we certainly have seen a great increase in de-
mand for mathematical skills, which means a need for
people who are able to teach mathematics. You certain-
ly need someone to deliver the mathematics.

Halmos: That's a different subject. The demand for
teaching mathematics that seems to be growing is
again because of a perceived threat by the Russians and
Chinese. In other words, we want people in computer
science; we want people in statistics; and we want
people in various industrial and other applications of
mathematics. We have to teach them trigonometry and
other subjects so that they can do those things. That's
not mathematics; that's a trade. It's doing mathemati-
cians good only insofar as it enables them to buy an ex-
tra color TV set or more diapers for the baby.

MP: Can we return to your concern about letting lay-
men know that mathematics is?

Halmos: My interest was more on the intellectual level.
| have absolutely no idea of what paleontology is; and if
somebody would spend an hour with me, or an hour a
day for a week, or an hour a day for a year, teaching it to
me, my soul would be richer. In that sense, | was doing
the same thing for my colleague, the paleontologist: |
was telling him what mathematics is. That, | think, is im-
portant. All educable human beings should know what
mathematics is because their souls would grow by that.
They would enjoy life more, they would understand life
more, they would have greater insight. They should, in
that sense, understand all human activity such as pale-
ontology and mathematics.

Why Write about Mathematics?

MP: So you were performing a service to paleontolo-
gists perhaps by explaining to them that your subject is
rather than whatitis. How do you explain the motivation
for your other writing activities? Writing is hard work. In
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fact, when | reread your“How to Write Mathematics”last
night, | was more convinced than ever that you must
work very hard when you write. Why do you do it? Now
you aren't talking to paleontologists; you are talking to
mathematicians.

Halmos: It is the same thing. Why do | do it? It is a
many-faceted question with many answers. Yes, writ-
ing is very hard work, and so is playing the piano for
Rubinstein and Horowitz, but | am sure they love it. So
is playing the piano for a first-year student at the age of
ten, but many of them love it. Writing is very hard work
for me, but I love it. And why do | do it? For the same
reason that | explain mathematics to the paleontolo-
gist. The answer is the same—it is all communication.
That's important to me. | want to make things clear. |
enjoy making things clear. | find it very difficult to make
things clear, but | enjoy trying, and | enjoy it even more
on the rare occasions when | succeed. Whether it is
making clear to a medical doctor or to a paleontologist
how to solve a problem in the summation of geometric
series, or explaining to a graduate student who has had
a course in measure theory why L, is an example of a
Hilbert space, | regard them as identical problems. They
are problems in communication, explanation, organiza-
tion, architecture, and structure.

MP: So you enjoy doing it. It makes you feel good, and
it makes you feel perhaps even better if you can sense
that the receiver understands. That sounds like a teach-
er—the classical reasons that people give for teach-
ing—the joy of seeing the look of understanding.

Halmos: That's very good. Yes, | accept the word. | am
proud to be a teacher and get paid for being a teacher,
as do many of us who make a living out of mathematics.
But it is also something else. Mathematics is, as | once
maintained, a creative art and so is the exposition of
mathematics. Teaching is an ephemeral subject. It is like
playing the violin. The piece is over, and it’s gone. The
student is taught, and the teaching is gone. The student
remains for a while, but after a while he too is gone. But
writing is permanent. The book, the paper, the symbols
on the sheets of papyrus are always there, and that cre-
ation is also the creation of the rounded whole.
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“Writing is permanent. The book, the paper, the symbols on the sheets of papyrus are always there. Writing is very hard work for me, but

| loveit”

MP: You've also written about talking mathematics.
Based on what you have just said, my strong suspicion
is that you get a greater joy out of writing than talking,
although you also seem to have a lot of joy when you
talk about mathematics.

Halmos: They're nearly the same thing, but writing is
more precise. By more precise, | mean the creator has
more control over it. | myself feel that | am a pretty good
writer, A— or B+; and a good, but less good speaker, B
or B—; and therefore, | enjoy writing more. But they are
similar and are part of the art of communication.

MP: A short time ago, someone talked with me about
your book Naive Set Theory. She said that it has a smooth,
conversational style, and is in some ways like a bedtime
story. What motivated you to write it?

Halmos: Naive Set Theory was the fastest book | ever
wrote. Measure Theory took eighteen months of prac-

tically full-time work and Naive Set Theory took six
months. Bedtime story is an apt description, for most of
it was written while perched on the edge of a bed in a
rented house in Seattle, Washington. It was being writ-
ten because | had just recently learned about axiomatic
set theory, which was a tremendous inspiration to me.
It was a novelty to me. | didn't realize that it existed
and what it meant, and at once | wanted to go out and
tackle it. So | wrote it down. It wrote itself. It seemed
100% clear to me that you have to start here and you
have to take the next step there, and the third step sug-
gested itself after the first two. | had almost no choice,
and, as | keep emphasizing, that’s the biggest problem
of writing, of communication—the organization of the
whole thing. Individual words that you choose you can
change around; you can change the sentence around.
The structure of the whole thing you cannot change
around—that’s what was created while | perched on



the edge of the bed the first day, and from then on the
book wrote itself.

MP: Was that a unique writing experience for you?

Halmos: In that respect, yes, because it had a much
better defined subject than usual. When | wrote on
Hilbert space theory, | had, subjectively speaking, an in-
finite area from which to carve out a small chunk. Here
was an absolute, definite thing. There is much more to
axiomatic set theory than | exposed in Naive Set Theory,
but it was a clearly defined part of it that | wanted to
expose, and | did.

Is Applied Mathematics Bad?

MP: You have recently written an article with an-
other intriguing title, “Applied Mathematics Is Bad
Mathematics.”

Halmos: | have been sitting here for the last 55 minutes
dreading when this question was going to be asked.

MP: What do you mean when you say applied is bad?

Halmos: First, it isn’t. Second, it is. | chose the title to be
provocative. Many mathematicians, whom everybody
else respects and whom | respect, agree with the follow-
ing attitude: There is something called mathematics—
put the adjective “pure” in front of it if you prefer. It all
hangs together. Be it topology, or algebra, or functional
analysis, or combinatorics, it is the same subject with the
same facets of the same diamond; it's beautiful and it’s a
work of art. In all parts of the subject the language is the
same; the attitude is the same; the way the researcher
feels when he sits down at his desk is the same; the way
he feels when he starts a problem is the same. The sub-
jectis closely related to two others. One of themis usually
called applied mathematics, and its adherents frequently
deny that it exists. They say there is no such thing as ap-
plied mathematics and that there isn't any difference
between applied mathematics and pure mathematics.
But, nevertheless, there is a difference in language and
attitude. | am about to say a bad word about applied
mathematicians, but, believe me, | mean it in a genuinely
humble way. They are sloppy. They are sloppy in perhaps
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the same way that you and | are sloppy, as ordinary math-
ematicians are sloppy compared with the requirements
of a formal logician. And a formal logician would prob-
ably be called sloppy by a computing machine.

There are at least three different kinds of lan-
guage, which can roughly be arranged in a hierarchy:
formal logic (that's equated nowadays with computer
science), mathematics, and applied mathematics. They
have different objectives; they are different facets of
beauty; they have different reasons for existence and
have different manners of expression and communica-
tion. Since communication is so important to me, that
is the first thing that jumps to my eye. A logician just
cannot talk the way a topologist talks. And an algebra-
ist couldn’t make like an applied mathematician to save
his life. Some geniuses like Abraham Robinson can be
both. But they are different people being those differ-
ent things. So, in that sense, what | wanted to say in that
article is that there are at least two subjects. Now | am
saying there are three or more, and | wanted to call at-
tention to what | think the differences are.

There is a sense in which applied mathematics
is like topology, or algebra, or analysis, but (and shoot
if you must this old grey head) there is also a sense in
which applied mathematics is just bad mathematics.
It's a good contribution. It serves humanity. It solves
problems about waterways, sloping beaches, airplane
flights, atomic bombs, and refrigerators. But just the
same, much too often it is bad, ugly, badly arranged,
sloppy, untrue, undigested, unorganized, and un-archi-
tected mathematics.

MP: Computers are still relatively new objects within
our lifetimes and intimately linked to what many call
applied mathematics. What do you think of them? Are
they important to you?

Halmos: Who am 1? A citizen or mathematician? As a
mathematician, no, not in the least.

MP: Let's take something specific, the work of Appel
and Haken and the computer.

Halmos: On the basis of what | read and pick up as
hearsay, | am much less likely now, after their work,
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“When | was forty, | had every disease in the book, | thought
hypochondriacally. | went to the doctor with a brain tumor, with
heart disease, with cancer, and everything else, | thought. He ex-
amined me and said, ‘Halmos, there isn't anything wrong with
you. Go take a long walk””

to go looking for a counterexample to the four color
conjecture than | was before. To that extent, what has
happened convinced me that the four color theorem is
true. | have a religious belief that some day soon, may-
be six months from now, maybe sixty years from now,
somebody will write a proof of the four color theorem
that will take up sixty pages in the Pacific Journal of

Mathematics. Soon after that, perhaps six months or
sixty years later, somebody will write a four-page proof,
based on concepts that in the meantime we will have
developed and studied and understood. The result will
belong to the grand, glorious, architectural structure of
mathematics (assuming, that is, that Haken and Appel
and the computer haven't made a mistake).

| admit that for a number of my friends, mostly
number theorists and topologists, who fool around
with small numbers and low-dimensional spaces, the
computer is a tremendous scratch pad. But those same
friends, perhaps in other bodies, got along just fine
twenty-five years ago, before the computer became a
scratch pad, using a different scratch pad. Maybe they
weren't as efficient, but mathematics isn't in a hurry.
Efficiencyis meaningless. Understandingis what counts.
So, is the computer important to mathematics? My an-
swer is no. It is important, but not to mathematics.

MP: Do you sense the same attitude about computers
among most of your colleagues?

Halmos: |1 think the ones who share my attitude are per-
haps in the minority.

MP: There are now mathematicians who seem to have
a hybrid nature. Let's take someone like Don Knuth,
who earned his Ph.D. in mathematics, and along the
way discovered the art of computing.

Halmos: It's not fair arguing by citing examples of great
men. How could | possibly disagree? Don Knuth is a
great man. Computer science is a great science. What
else is there to say? In many respects, that science
touches mathematics and uses mathematical ideas.
The extent to which the big architecture of mathemat-
ics uses the ideas rather than the scratch pad aspect of
that science is, however, vanishingly small.
Nevertheless, the connection between computer
science and the big body of pure mathematics is suffi-
ciently close that it cannot be ignored, and | advise all of
my students to learn computer science for two reasons.
First, even though efficiency is not important to math-
ematics, it may be important to them; if they can’t get
jobs as pure mathematicians, they need to have some-



thing else to do. Second, to the layman, the difference
between this part and that part and the third part of
something, all of which looks like mathematics to him,
looks like hair-splitting. My students and all of us should
represent this science in the outside world.

MP: 1t is rumored that you're one of the world’s great
walkers.

Halmos: That's certainly false.l enjoy walking very much.
It is the only exercise | take. | do it very hard. | walk four
miles every day at a minimum. | just came from a ten-
day holiday, most days of which | walked fast for 10, 12,
15 miles, and | got hot and sweaty. | love it because | am
alone; | can think and daydream; and because | feel my
body is working up to a healthy state. To call me one of
the world’s great walkers is an exaggeration, I'm sure.

MP: Have you been a walker, in a strong sense, for many
years?

Halmos: Twenty-five years. When | was 40, | had every
disease in the book, I thought hypochondriacally. | went
to the doctor with a brain tumor, with heart disease,
with cancer, and everything else, / thought. He exam-
ined me and said, “Halmos, there isn't anything wrong
with you. Go take a long walk” So | took a five-minute
walk. And then the next week, | increased it to six min-
utes, and seven, and eight, and nine, until | got to sixty,
and | stopped. On weekends, | walk greater distances.
When | was young, | drank like a fish, smoked heavily,
and had every other vice that you can imagine. Then
when | started worrying about such things, | really start-
ed worrying about such things. How old are you?

MP: 1just turned 40.
Halmos: Then start worrying!

MP: | fully expect you soon to write another article
that would pick up on two previous articles. You have
done “How to Write Mathematics” and “How to Talk
Mathematics” May | soon expect to see “How to Dream
Mathematics"?

Halmos: I'm ahead of you, but | haven't written the ar-
ticle. | have half-planned an entire book. If | live long
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enough and really have the guts to stand up in public
to doiit,  might write a book on how to be a mathemati-
cian. | have outlined it on paper.

It will include all aspects of the profession, except
how to do research. | won't pretend to tell anyone how
to do that. What | think | can do is describe the mechani-
cal steps that people go through (and apparently we all
have to go through) to do research, to be a referee, to
be an author, to write papers, to teach classes, to deal
with students—in short, to be a member of the profes-
sion—the most glorious profession of all.

Part II: In Touch with God

The Best Part

MP: What's the best part of being a mathematician?

Halmos: No answer is going to roll off my tongue—I
have never thought about such a question. What
comes first to mind is being alone in a room and think-
ing. When things go wrong, the weather is bad, or my
cat is sick, | enjoy being alone in a room, making marks
on paper or fiddling with my Macintosh, thinking even
about silly little calculus problems. | almost always
wake up in the middle of the night, go to the john,
and then go back to bed and spend a half hour think-
ing, not because | decided to think; it just comes. And
I might think about a calculus problem or some more
genuine research level mathematics. But that’s a joy.
What's the best part of being a mathematician? I'm not
a religious man, but it’s almost like being in touch with
God when you're thinking about mathematics. God is
keeping secrets from us, and it's fun to try to learn some
of the secrets. Everything else is fun. It was fun when
| was young to try to get to be a big-shot by going to
meetings, by taking committee assignments seriously,
by working at them, eventually by becoming a sub-ju-
nior member of the Council of the AMS, and then it was
fun to have been a big-shot on the Council and other
things. And it was fun to go to meetings, meet people,
hear new ideas, and exchange ideas. | used to say that
| enjoyed teaching, and maybe I still do, but I'm some-
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how less sure of that than | used to be. Sure, when | was
in my twenties and tried to inculcate some calculus in
those recalcitrant students, | didn’t enjoy every step of
it. But it seems to me that more often | ran into people
who wanted to know things, and more often | ran into
people who were properly prepared. Now they are nei-
ther curious nor prepared. So teaching has become less
the good part of being a mathematician.

Thinking, being in contact with the mathematical
world, being a member of an ‘in’ group are good parts.
Learning mathematics is always extraordinarily hard
work. | can't easily read mathematics, | can't listen to
lectures. The only thing | enjoy is a kind of mathemati-

Halmos with Pizzicato. “[Cats] look nice, they’re interesting,
they’re loving, they’re lovable, and somehow one is in touch
with another soul.”

cal gossip, when people sit in easy chairs with their feet
up on something and tell me their mathematics; then |
can learn.

The Worst Part

MP: What's the worst part?

Halmos: Whew! | wasn't expecting that. The first thing
that comes to my mind is self-contradictory. The worst
part has to do with the best part—a part of the best
part that | did not yet mention: competitiveness. | like
competitiveness. | am competitive. | want to beat the
other guys. At the same time, | don't like it. Of course,
that’s not unique to mathematics, it’s the same in many
human affairs. There are some people who have talent,
but who are so competitive, that although | can learn
something from them, | don't want to. What else is
a bad part? It’s a little bad—I wouldn’t put it into the

Halmos at age 13 in Basel in a rather spiffy outfit.



worst part—that we are so unrecognized by the world.
If you say you're a physicist, even relatively uneducated
people have some idea of what you're saying. If you
say you're a scientist, everybody has some idea of what
you're saying. If you say you're a mathematician, even
physicists often don't know what you're talking about.
And the oft-suggested remedy for that, that we should
write a lot more propaganda, tell a lot more people
what mathematics is and prove to them that it’s use-
ful and challenging and interesting is something I've
always deplored. | think in our first long chat | went on
record as saying I'm not for PR in mathematics, but it
would be nice if the effect that the PR people want to
achieve had already been achieved.

MP: How prominent do you think competition is in the
mathematical community?

Halmos: All pervasive. Everybody, all levels, all the
time.

The freshly minted Dr. Halmos in 1938.

Paul Halmos © 129

MP: Do you think it differs very much from, say,
physics?

Halmos: Physics, I'm sure, does not differ. Other disci-
plines, | can’t be sure. One of my friends who wrote a
lot was a historian, to be sure a historian more or less
of science, and he gave me an idea that in his business
the same competitiveness existed. Yet mathematics is
different from all other forms of human endeavor in the
sense that it is (well, except for some of the arts) the
only thing that a person does all by himself. Therefore,
this competitive aspect of the profession might be
greater in mathematics, but that'’s a dim feeling.

Halmos and the Law

MP: What other careers do you think you might have
been good at?

Halmos: | wasn't expecting that question, either, but
I'm ready with an answer. | was always interested in law.
| took some courses in law, not many, two or three or
four in the course of my life, separated by years, and |
used to daydream about how some of the reasoning
in law is like mathematical reasoning and how | could
make a serious project out of it, a contribution by mak-
ing it completely mathematical. That is not original with
me. Things like that exist. People have tried it. | think by
and large they've failed, though | cannot off-hand think
of a reference.

In a complicated trial, lawyers want to establish
that someone is guilty, and in order to do that, they call
this witness. For that witness it is necessary to establish
credibility, and to do that, they have to cite a certain
piece of history, and so on. It seems to me that this is a
theorem to be proved and a sequence of lemmas that
are necessary to prove it. The lawyers, the good ones,
know this and you can almost hear them say ‘theorem,
lemma, proof, ... and so on.To a layman the whole thing
might seem to end in a fizzle after a long sequence of
steps and corollaries. The very last thing is a piddly little
sentence that was just needed to fill the gap, but this
little last thing proves the first, great, big thing. That is
exactly how mathematicians proceed. Incidentally, it's
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bad exposition when they proceed that way, but they
often do. They state a big theorem and at the end of
30 or 300 pages at a trivial level they finish the proof of
the big theorem. And that parallel called my attention
to the similarity of the logical attitude of lawyers and
mathematicians. That's one field.

The other field is perhaps more related to math-
ematics, and that’s linguistics. And there, too, people
have tried and to some extent succeeded and to some
extent failed. Languages have always interested me,
too.

MP: When did law first enter your thoughts?

Halmos: Before | went to college, | thought of going to
law school.

MP: Do you remember what motivated your decision
to go the other direction because we know you didn't
really start in mathematics either?

Halmos: Maybe you know. | no longer remember any-
thing. | just somehow oozed, like a bit of jelly, into math-
ematics. | was just good at solving algebra problems in
high school and moderately good at solving calculus
problems in college. | was too unimaginative to stop
school, so | went to graduate school. The next thing |
knew, | was a mathematician.

MP: As | recall, you originally started out in chemical
engineering.

Halmos: That was just a silly, temporary, mistake. | liked
math, and as a kid that meant engineering.

MP: For what it's worth, in the now fairly large collec-
tion of mathematicians that we've interviewed, the field
that many of them started in was chemistry.

Halmos: | offer one explanation that wasn't in my head
50 years ago. Chemical formulas, balancing them, are
lovely things. The only things | remember from my
freshman years in college and year or so in high school
was the beauty of chemical formulas and Euclidean ge-
ometry with statements in the left-hand column and
reasons in the right-hand column. Those were good,
hard things that you could trust.

Practice, Practice

MP: The image that you project in writing and giving
public addresses is thorough professionalism.

Halmos: | regard that as one of the nicest compliments.
When | want to pat myself on the back, | don't say I'm a
great mathematician, but | say I'm a pro.

MP: | mentioned to Jerry Alexanderson that you had
told me that you had rehearsed your talk for MAA's
75th Birthday several times, and Jerry said, “Well, it re-
ally shows, doesn't it?” Do you practice in the privacy of
your home or office—in front of a mirror? | don't think
many mathematicians would do that, and it may show
that they don't.

Halmos: It's an old gag that it's very hard work for an
actor or any other public performer to be spontaneous.
[ try very hard in my writing and in my public speaking
to be spontaneous, by which | mean that | prepare ev-
erything to within an inch of its life. It's not always fun
to give the same performance over and over again, but
I have done it a few times, and I noticed how it improves
each time. | know how to time the laughs. | know when
to shrug my shoulders and throw up my hands and grin
and look sad and so on. It’s all ham acting, and it’s im-
portant, not because people will pat you on the back
and applaud you, but because it contributes to commu-
nication. | say things better if people understand them
better. My recent talk, “Has Progress in Mathematics
Slowed Down?” involved condensing the 2 hours and
20 minutes (I timed it) that it would have taken to pres-
ent my entire Monthly article to 29 minutes. | practiced
that talk at least 20 times, sometimes just by sitting
here at my desk and reading it out loud and other times
by doing the same thing but recording it on a cassette
recorder and then listening to it and making notes as |
listened as to what required change, and what | had to
say more clearly. Preparation is vital and important and
an indispensable part of professional life. You say that
not many people do it. | wonder. One of the greatest
ham actors was Emil Artin. Von Neumann was less of
a ham and more sure of himself. He thought he could
get away with things. He thought he could think them
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up on the spur of the moment. And much of the time
he could, but | saw him give bad lectures and get badly
confused—rarely, but it did happen. Preparation, in-
cluding rehearsal, is vital, and | think your surprise over
my practicing may be unjustified.

MP: Does practicing extend to your writing as well?

Halmos: Yes, even if somehow less so because the
pressure is less and you have more time to write. When
you're preparing a talk, you might have six months’ no-
tice. And also in the talk, you're publicly exposed. But |
feel that the kind of changes and revisions | make, go-
ing round and round as | do, are the same when | pre-
pare a talk or an article.

MP: How about in writing? How many drafts do you
usually prepare before you feel that you're there?

Halmos: That's an unanswerable question because
there isn't something called Draft 1 and then Draft 2
and then Draft 3. There is something called Draft 1
all right except | prefer to call it Draft Zero. And then
| change a sentence, and then | change a paragraph,
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then | change a page, then | have to change two pages,
and it's unclear when it becomes a different draft. Every
single word that | publish | write at least six times.

Doing Mathematics

MP: | want to talk about how you do mathematics and
how you did it. Has it changed over the years? Did you
do it differently at 30 than you did at 40 than at 50 than
at 60 than at 70?

Halmos: Most of the questions that you ask or imply
| don't know the answers to. | don't know how I did it
when I was 20, which was when it mattered. That's when
| started. | remember improving. | remember at 28 or 30
thinking, ‘Gee, now | know how to do this better than |
did back then!What do | do? The hardest part of doing
mathematics for me is finding a question. When writ-
ing my Ph.D. thesis with Doob, he had to tell me the
problem. He was sore at me for having to tell me the
problem. He knew that a good mathematician thinks of
his own problems. | don’t know when that came along,
but | think it came along quite early in my life, and it
certainly has been increasing if anything. | feel joyous,
[ want to run up a flag and sing, when | think of a ques-
tion. Never mind the answer; the answer will come or
something will come. That’s something I've been saying
for many decades.

Then what do | do? Well, from here on I'll have to
be either vague or cliché-ridden. | look for examples.
Since a lot of my work has been operator theory and
infinite-dimensional Hilbert spaces, and since the most
easily accessible part of that is matrix theory and finite-
dimensional vector spaces, | start by looking at a 2-by-2
matrix. Sometimes | look at a 4-by-4 matrix. That's when
things get out of control and too hard. Usually 2-by-2
or 3-by-3 is enough, and | look at them, and | compute
with them, and | try to guess the facts. First, think of a
question. Second, | look at an example and then third,
guess the facts. | felt better about the other questions
you asked me, whether | had thought about them be-
fore or not, because | hear myself speak. On this one |
just hear an ocean of clichés, everybody has said these
things, and | can’t add much to them.
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MP: 1t is hard for most mathematicians to explain what
their subject is to nonspecialists for some very obvious
reasons, not the least of which is language, if you're
outside the field. How would you describe, let’s say to
a freshman or sophomore high-school student, how a
professional mathematician really does his subject?

Halmos: High-school students are too easy. Those
guys | can talk to. The people who are hard are medi-
cal doctors, grocery clerks, automobile mechanics, and
lawyers. People, white collar or blue, who have no idea
what mathematics is like, are tough. All they know is
that it’s an obscene word that other people didn't talk
about. To seniors in high school or college freshmen, |
can explain how mathematics is done, but not the way
mathematicians sometimes try, by talking about a giv-
en complex structure. That's a bunch of nonsense. You
can't tell people outside the business what the actual
theorems in the business are. The best you can do is to
communicate the spirit of mathematics, which is: find
the question, look for examples, guess the answer, and
go on from there. | give talks on problems. In the course
of the centuries, I've accumulated a few hundred prob-
lems. Those problems range from very fancy stuff (the
fanciest things | ever knew about Hilbert spaces) down
to the stuff that your mother-in-law, the grocery clerk,
and the medical doctor could understand. Just puz-
zles. Puzzles that please people. And sometimes they
say, “How do people think of such things?” Well, that’s
Question 1. Where did the question come from? And
then, “Gee, | don't know how to think about that. How
would you ever find out?” And so you look for exam-
ples. And in these puzzle talks, problem talks that | give,
in effect | reach or try to reach audiences just such as
you and | described, high-school freshmen or grocery
clerks, and it can be done. But it has to be done in spirit,
not in detail, and done at a level that has a chance of
reaching them.

MP: Where do you think mathematics is going, and then
closely allied to that, where do you think it should go?

Halmos: | have an instinctive, emotional reaction to
both parts. | don't think it's going anywhere, and that’s
exactly where it should go. In other words, I'm giving

the completely reactionary, classical, pure mathemati-
cian's answer. Mathematics just is, we nibble away at it,
| don’t think we direct it worth a damn, and it seems to
me as silly to ask where is it going as to ask where is the
dawn going. You might say it's going to the morning
and to noon, but it isn't going anywhere, it just is. Of
course, | know some people would say, “Well, it's going
to more and more applications, going towards more
and more abstraction, and it should go that way or the
other way.” My emotional reaction to all of those things
is that it's baloney.

The Root of All Deep Mathematics

MP: In the conclusion of “Fifty Years of Linear Algebra,”
you wrote: “l am inclined to believe that at the root of
all deep mathematics there is a combinatorial insight
... I think that in this subject (in every subject?) the re-
ally original, really deep insights are always combinato-
rial, and | think for the new discoveries that we need the
pendulum needs to swing back, and will swing back in
the combinatorial direction” | always thought of you as
an analyst.

Halmos: People call me an analyst, but | think I'm a
born algebraist, and | mean the same thing, analytic
versus combinatorial-algebraic. | think the finite case il-
lustrates and guides and simplifies the infinite.

Some people called me full of baloney when | as-
serted that the deep problems of operator theory could
all be solved if we knew the answer to every finite-di-
mensional matrix question. | still have this religion that
if you knew the answer to every matrix question, some-
how you could answer every operator question. But the
‘somehow’ would require genius. The problem is not,
given an operator question, to ask the same question in
finite dimensions—that’s silly. The problem is—the ge-
nius is—given an infinite question to think of the right
finite questions to ask. Once you thought of the finite
answer, then you would know the right answer to the
infinite question.

Combinatorics, the finite case, is where the gen-
uine, deep insight is. Generalizing, making it infinite,
is sometimes intricate and sometimes difficult, and |
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might even be willing to say that it's sometimes deep,
but it is nowhere near as fundamental as seeing the fi-
nite structure.

MP: Seeing the finite structure brings me back to your
work style. When you're thinking of problems, do you
often see the problems in visual terms? What kinds of
images are you holding in your head or playing with on
paper? What's bouncing around in your head?

Halmos: | haven't the faintest idea. | remember quoting
John Thompson when he was once asked what does
he see when he thinks about a group. His answer was a
huge German, capital G. Whether he was joking | do not
know. I'm a very bad geometer.

For the calculus problem that | keep mentioning,
it would have helped to see some pictures. | tried to
draw them, but I'm bad at drawing them. | don’t mean
that I'm not artistic. | mean that | didn’t see the math-
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ematics. | didn't see whether the curve was convex
or concave or whatever. And if somebody else draws
pictures for me, | can’t absorb them, | can't see them.
Nevertheless, some kind of geometric picture seems to
be necessary even for geometric idiots like myself. So
to some extent, | see a picture in the plane. They're ac-
tions, they’re movements, and sometimes | try to see
them. | see points moving and usually | visualize a rigid
translation, which is not even a linear transformation.
But much more than that, | think | have some kind of
symbolic sense, a sense of symmetry. If there is a capital
‘A’ there and at the same time a little ‘@’ there, then the
next time | see a capital ‘B | look for the little ‘b! Letters
of the alphabet and mathematical symbols, and their
symmetry are what | visualize. What are the marks that
| put on paper? Well, I'm stuck. To a large extent they
are words. It helps to slow down my mind which jumps
around in a strange fashion by writing down “the ques-
tionis.."etc. It helps to scribble a letter and to say small
a is less than capital A, and | look at that formula, and
follow it with a question mark.

MP: Over the years, some moments must have been
brighter and more exciting than others. Which of those
moments stand out for you?
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Halmos: Once or twice in my life when | did prove a
theorem that | was struggling with for many weeks or
months preceding, | remember a particular minute,
or well, more like an hour that | felt good and rushed
to tell Ginger about something or just plain felt un-
usually good. Okay, so that’s one kind of accomplish-
ment, a piece of mathematical accomplishment. Then,
of course, there is recognition, the payoff to competi-
tiveness. When you've competed and won, that can be
good. | received the Steele Prize for mathematical ex-
position, and not long before, but some nontrivial time
before, maybe a few months or even a couple of years
| somehow felt that it was high time | got it. | scribbled
out my acceptance of it. When | did receive it, | was
pleased, and | would count that as one of my joyous
moments. My secretary at the time practically fainted,
when upon being notified of it, | showed her the scrib-
bles and proved to her that | had expected it.

MP: During the first half of this interview, Pizzicato, one
of your two cats, rested on your lap. Is there anything
about cats that especially appeals to you?

Halmos: Do animals have souls? People debate the
subject, and | stand firmly on the affirmative. But what
is it that appeals? Well, they look nice, they're interest-
ing, they're loving, they're lovable, and somehow one
is in touch with another soul. They enlarge one’s life a
little bit.

Seventy-Five and Worrying
MP: Seventy-five is approaching. How old do you feel?

Halmos: For some reason something like that popped
into my head the other day, and | made up an epigram.
Not a funny one, not a long one, but | thought it was
good at the time.“I'm older than | look, | look older than
| feel, | feel older than | act, and I act about 30." How old
do | feel? People near 75 have creaks and minor aches
and pains, and | have them. Therefore, sometimes | feel
85. But most of the time, although my mathematics is
not that of a 25-year-old, | can think, | can walk, | can
with moderation eat and drink and watch movies and
enjoy people and cats and enjoy life, and | don't feel any

different from how | felt (please notice that | said “from”
rather than “than”) between the ages of 25 and 65.

MP: Do you ever worry about getting old?

Halmos: | worry all the time. | worry about dying.
Somebody tells me that I'm going to have to die some-
time or other, and | resent it. And | especially resent
that it might be very soon, like within five years, which
is considered more than normal. It could be 10 years,
or maybe 20 years, but | still resent it. And yes, | worry
about various things—my brain, my eyesight. | think
those are the two main things. | don’t want to go ga-
ga, and if | don't, | don't want to go blind either, so |
can keep reading and writing. If those two prayers are
answered, I'd like to be healthy enough so that | can
pick up a pen and write or type or take a little walk. So |
worry about those things. My father lived to be 80, and
he was by no means in perfect health the last ten years
of his life, but he was not bedridden. He took tiny little
walks just around his 20-foot garden, but even so, he
moved, and his brain was clear. He died relatively sud-
denly of a major stroke, and that’s the way to go.

Father

MP: We haven't talked about your father very much.
Since he lived to be 80 he got to see you develop
and enjoy real prominence. What did he think of your
activity?

Halmos: We didn’t pay much attention to each other.
When | was eight years old, my father left his three sons
in Hungary and immigrated to America as a widower,
and for the next five years didn't see them. He had five
years to become a citizen so that he could import his
family. So, in those crucial years from 8 to 13 | didn't
have a father. | had various substitutes, of course. Even
before that, | didn't feel very close to him; he was a very
busy medical man, and | remember somehow being
ordered into his presence. | think he was being dutiful.
And maybe he loved me. And then | lived in Chicago
in his house for a year and a half. Then | moved away
and went to college, so that takes me up to the age of
about 16 or 17. He did not play an important role in my



life, not that | know of, and | don’t think he was all that
impressed by whatever | accomplished. For one thing,
it was not clear to him that | accomplished anything.
He was not a rich man, but he was a medical doctor, an
accepted and good one, and so he was much richer in
relation to society than you and | are ever likely to be.
He knew that | wasn't and probably never would be; he
didn’t count things by money necessarily, but that was
a symptom, an indication.

MP: What's on Halmos's agenda for the future?

Halmos: [I've been boring my friends about a book
called Linear Algebra Problem Book (“LAPB”), which will
have 50 or 75 sections and maybe 10 or 15 of them are
written, and those 10 or 15 took a couple of years.! So at
that rate, it'll be another six or eight years. Maybe | can
speed up the rate. There is an actual piece of mathe-
matical research I'm thinking about, but that’s very near
the beginning. And | keep doing piddling little things.
Academic Press is going to publish a long scientific dic-
tionary having thousands of pages. You know about it?
They asked me to write an article of 300 words. Well,
that’s 300 words. This sheet of paper on which | type
probably has 200 words on it. It took me three days to
write 300 words. What do | see in the future? Well, | think
| see that kind of thing continuing to come in. Extensive
correspondence with, for instance, one of my very good
friends, Max Zorn, who is almost exactly ten years older
than I. He seems to enjoy receiving my letters.

It's hard for me to get used to the absence of pres-
sure. | always put myself under pressure, and of course, |
blamed the world. The world is putting on the pressure.
Well, now I'm beginning to realize that the world is not
putting on the pressure. If | never published anything,
not even an elementary textbook, if | never again an-
swered a letter, if | never did anything any more except
drink my beer and watch the telly, nobody would, |
think, think any the worse of me. But | keep putting my-

' The Linear Algebra Problem Book was published in 1993 by The
Mathematical Association of America. Halmos has published
three other books with the MAA: Problems for Mathematicians
Young and Old (1991), | Want to be a Mathematician (1988),
and Logic as Algebra with Steve Givant (1997).
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self under a little pressure and keep doing these small
piddling jobs.

MP: What should | have asked you about that | didn't?

Halmos: You might have asked about the contradiction
of my having a computer. | say | don’t have a computer.
| have the world’s most intelligent typewriter, but other
people call it a computer. Although | agitated against
them and denied that they have anything to do with
mathematics, | am very dependent on my Macintosh.

MP: To what extent to you depend on your Macintosh?

Halmos: | spend, | sometimes exaggerate and say ten
hours every day in front of the machine, but a minimum
of four, and more like six every day. | live here.

MP: How many hours do you work per day?

Halmos: 1 don’t know what the word means. | get up
early, usually Ginger and | get out of bed at 5:30, and by
7:00 or 7:30 I'm here at my desk. And some days | have
classes; other days | go to seminars. Every day | try to
get my walk. But | keep doing those things, including
time out for an hour for lunch. The actual eating takes
20 minutes and my nap takes 20 minutes and piddling
around takes an hour in the middle of the day. Well,
some of that is leisure time that | spend with the gang.
So discounting the lunch and the walk, | do something
that people might call work from 7:30 AM to 5:30 PM,
which is ten hours minus the things I've said. But course,
it isn't all work. A lot of it is, as | said, correspondence.
That's as close as | can come to an answer.

Smelling Mathematicians

Halmos: One thing you didn't ask about | want to speak
about very briefly.

The thing you didn’t ask me about, but you almost
asked me and somehow told me is that I'm a mathema-
tician or a good mathematician or a great mathemati-
cian or something, and | say that one of my best pro-
fessional qualities, though people sometimes resent it
when they learn that | think that, is evaluation. | say | can
tell a mathematician, and | can smell one. I'm on record
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as having said, “Give me an hour alone with a student,
and | can tell how good a mathematician the student
will be," but better than that, give me a few minutes or
an hour with a so-called mathematician and | can tell
you if he’s really a mathematician. And in particular,
| claim | know me; | know exactly how good a math-
ematician | am. It embarrasses me when sycophantic
admirers compare me with Milnor or Gauss—that’s just
plain silly.

I haven't been as prolific as some mathematicians,
and | have not been as deep. I'm a mathematician and |
know just how un-great | am.

This interview first appeared in Paul Halmos: Celebrating
Fifty Years of Mathematics, Springer-Verlag, New York,
1991.

Postscript

The death of Paul Halmos marked the passing of one of
the great expositors of mathematics. His communica-
tions skills were recognized by his winning the Steele
Prize of the American Mathematical Society and the
Award for Distinguished College or University Teaching
from the Mathematical Association of America in
1993. In 2000 he received the Gung Hu Award for
Distinguished Service, the highest honor bestowed by
the Mathematical Association of America. His passion
for mathematics and communicating it is reflected in
a vivid way in his 1985 automathography | Want to Be
a Mathematician, and in a gift with his wife Virginia of
three million dollars to the Mathematical Association of
America.
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MP: In the early years you were exclusively a topolo-
gist, influenced by Whitehead and Hopf. How did you
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get into topology? Was it a certain mathematician who
led you to topology, or did you just get interested as a
student and seek out a topologist to study with?

Hilton: It was very much the first way. During World War
I, I was working with British military intelligence and
two of my colleagues there were Henry Whitehead and
Max Newman. Due to the peculiar circumstances of the
war, | was on an equal footing with them. In fact, | was
simply a young man who had taken a war-time degree
and they were eminent mathematicians. | became, in
particular, very, very friendly with Henry Whitehead, on
first-name, beer-drinking terms.

After the war, Henry Whitehead invited me to
come back to Oxford and be his first postwar research
student. | said, “But | don’t know anything about topol-
ogy.” And he said, “Oh, don’t worry, Peter, you'll like it
Soin fact, | didn't even know what the subject was.

| went back to Oxford, and | studied topology.
Whatever Henry Whitehead had specialized in, | would
have studied. His personality was so attractive, that it
was clear that it was going to be great fun to work with
him. It turned out to be not only fun but extremely ex-
acting and demanding—it was a marvelous experience.
| really took up topology because it was Whitehead’s
field.

MP: Was personal contact the main influence that your
war-time work at Bletchley on the Enigma Project' had
on your subsequent career, or were there mathematical
streams also that came out of that work?

Hilton: No, there weren’t many mathematical streams
that came out of that work so far as my research was
concerned. There were certain attitudes that | devel-
oped there, for example, towards the key question of
the roles of pure and applied mathematics in an over-
all mathematical education. But the principal effect on
me was getting to know Henry Whitehead, so | could
simultaneously be his friend and his student. At that
time, particularly in England, it was very unusual to be
on such friendly terms with a great man, when one was

' The Enigma Project was a special effort of the British to crack
the code used by the German cipher machine, Enigma.
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simply a student. Perhaps it is a little commoner now,
but it is still not common. Then, the gulf would have
been enormous. Because | had even trained Henry in
some of the work he had done in the war, we had this
relationship of apparent equality.

It was not only with Henry that | had this sense
of being a colleague of mathematicians. There were
many, many other mathematicians at Bletchley, so |
was on good terms with a number of mathematicians.
Another, for example, was Shaun Wylie. It was with him
that | wrote a book on homology theory. Bletchley pro-
vided an entry into the world of mathematics when |
was really very, very green, barely ready to become
an apprentice. So that had an enormous effect on my
sense of the possibility of becoming a mathematician.

Henry said to me that it wasn’t necessary for me
to complete all the courses that would normally have
gone towards the bachelor’s degree. | had only had

Hilton on a cricket tour with the Oxford University Crocodiles
in 1948.

time to take what was called a war-time degree before
going to Bletchley. He said, “Don’t worry about that,
Peter. You can start research.” So therefore | was able to
begin research straight after the war. And | might not
have had the patience to go back and fill in all the gaps
in my undergraduate preparation, so that, for example,
I might have been tempted to stay in the scientific civil
service, which | did have a chance of doing. But because
Henry could arrange for me to start doing research im-
mediately, | decided to do that. | hadn't had the feeling
atalltill  went to Bletchley that | was going to become a
professional mathematician. There wasn't a feeling that
| wasn't—I just hadn’t thought in those terms. It was
during the war that the realization came to me that it
was a possibility.

MP: | wondered how you came by your mathematical
talent. Is there mathematics in the genes? Were your
parents mathematically inclined?

Hilton: No, they were not. There was an uncle of mine
who certainly loved mathematics. He didn’t follow it up.
He became a doctor. But he did love mathematics so
| had his encouragement. He also lived quite close to
us and always claimed that he would have done math-
ematics, but it was impossible to earn a living at it. He
seemed to me not really the right type to be a doctor
and | don't think he was ever very successful at it.

Struck by a Rolls Royce

MP: | heard that an automobile accident played some
role in your development as a mathematician. Is there a
story behind that?

Hilton: There is a story behind that, yes. At the age of
ten, | was run over by a Rolls Royce, no less. It was an
extraordinary incident. A boy in school snatched the
cap off my head and ran across the road. | was angry
and ran after him. | didn't notice the oncoming Rolls
Royce. The boy in question was Derek Godfrey, who be-
came an extremely distinguished Shakespearean actor.
Maybe my own attitude toward the theatre was some-
how affected—I have a very warm feeling towards the
theatre and my wife is a professional actress. But what



happened was that | had a long period of recupera-
tion, much of which was spent in a hospital bed with
plaster of Paris on my left leg, all the way up, in fact,
to my navel. So | had this sort of white board perma-
nently available to me sitting on my stomach. It simply
turned out that | spent a lot of my leisure time doing
mathematical problems, writing them on the plaster of
Paris, and erasing them each morning. It gave me the
opportunity to realize that | had this intensive love of
mathematics. | realized earlier that | had a certain profi-
ciency, but I hadn't realized before that it was the sort of
thing | would do when I had the choice of doing other
things. So then it came to me that I really loved math-
ematics and thoroughly enjoyed doing it. | recall even
having unkind thoughts about visitors who came to see
if | was all right, as they would interrupt me when | was
really enjoying what | was doing.

MP: Now let us move ahead a few years. We know that
you are married to a professional actress. How did you
meet your wife—was this in a theatrical context orin a
mathematical one or neither?

Hilton: 1 met her in neither context. | met her in a beau-
tifully ironic situation. Her parents wanted to take her to
a Christmas dance she didn’t want to go to. Her parents
asked their closest friends if they knew of a young man
who might come along to accompany their daughter. Of
their closest friends, the husband had been a colleague
of mine during my work in British Military Intelligence
with whom I had keptin touch. | was then at Manchester
University. This man, Norman Barnes, said, “Look, Peter, |
know this is not the sort of thing you enjoy, but would
you mind helping us out?” So | went reluctantly, and
Meg went reluctantly and we thoroughly enjoyed our-
selves. My next contact with her was to see her acting.
| had always had a great love of the theatre and had
done a certain amount of amateur acting myself. She
was superbly good in the part she played. | remember
it was a play called “The Wishing Well” So | moved to-
wards her special field at a far more rapid rate than she
moved towards mine! | think she would agree, although
I would also add that over the years she has developed
a very considerable feel for what we mathematicians
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are trying to do. She does not have the technical com-
petence, but | think she does understand the source of
our inspiration in a very profound way.

Theatrical Aspirations

MP: You had something of a career in the theatre your-
self, though it was short-lived.

Hilton: | love the theatre and, of course, being married
to Meg, | did more amateur work in the early years of
my academic profession. | had the extraordinary experi-
ence of going from the peak of my career to its nadir in
a remarkably short space of time. | first played the part
of Hermann in a dramatization of Pushkin’s “The Queen
of Spades”and | had the wonderful and unexpected joy
of being written up in the newspapers as having given
the finest amateur performance that had been given
that season. | believe, though | cannot be sure at this
distance, that | had quite serious delusions that | was on
the threshold of something really very remarkable. And
perhaps | was. My next attempt was in a play in which |
played the role of a priest. | am not a natural priest. But |
interpreted my situation in this play as a priest who had
given up all hope of saving the soul of a condemned
man. And this was also the interpretation of the direc-
tor. The only way | knew how to play the part of a priest
who had really abandoned hope of saving the soul of a
condemned man was to play a thoroughly depressed
character. This was in a festival, so called, and the adjudi-
cator said of our particular company, that it would have
won an award had it not been for the performance of
the priest. So at that stage | realized that it was at least
not a certainty that | was destined for great things on
the stage. | still have hopes and | annoy Meg from time
to time deliberately by saying that, if and when | retire
as a mathematician, | look forward to having a second
career on the stage. | love the theatre and | believe that
I have it in me to become one of the best hams the the-
atre has ever seen.

MP: You have also had a career in television.

Hilton: Yes, in England | did a lot of work in television.
| first of all did quite a lot of work on radio for the BBC
and, in particular, in an organization called the Fifty-One
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Society which was a group of people—the number 51
testified to the fact that it was formed in 1951 and also
to the fact that it had 51 members. Each week a celeb-
rity of some kind would be invited and he or she would
initiate a discussion and we would ask questions of the
celebrity and make short contributions ourselves. It was
decided that that did not transfer naturally to television.
It was too static. | had in that way an entree into that
world and when commercial television was beginning
in England, they were looking for people they could use
in discussion programs, and there was a program that
Granada Television introduced called, “Youth Wants to
Know”—in fact my role in that program was due to the
fact that youth doesn't really want to know. That is to
say, the idea of the program was that the avid youth
would be asking keen and interesting questions of
some personality. Since the youth had no idea who the
personality was or what sort of questions to ask, | would
first of all meet with the youth who would be children,
chosen from a school or some youth group. | would
meet them before the actual transmission of the pro-
gram and explain to them who the celebrity was, what
sort of questions to ask, and | would be ready myself
with further questions in case the exchange between
the youth and the celebrity faltered. | think | was rather
successful in this and thoroughly enjoyed it myself and
it also meant that | could dine with this celebrity. | had
the opportunity of dining with Randolph Churchill, with
Sybil Thorndyke—an absolutely wonderful opportuni-
ty—and with Harold Wilson, less wonderful but worth-
while. And then | could, as | say, ask my own questions
if there was a lull in the questioning from the young
people. This opportunity continued, as | recall, for a
considerable time until | was overcome by the general
policy of employing professionals rather than people
from the universities. | was replaced by a young lady
of much more interesting vital statistics and | am very
happy to tell you—and this is sheer Schadenfreude—
the program collapsed in six months.

MP: What was so wonderful about Sybil Thorndyke?

Hilton: Her liveliness, her intelligence, her brightness
and her interests in things outside the theatre. She was

a very political lady. Her politics and mine were very
close. She was wonderfully open. She was in her late
eighties then, but her conversation had all the liveliness
of a young person. Her wonderfully wicked anecdotes
were beautiful. She described making a film, The Prince
and the Showgirl, with Laurence Olivier and Marilyn
Monroe. She said that at first she thought, “This woman
has no idea of how to act at all. She doesn’t understand
anything.” She said she later came to realize that film
acting was an entirely different technique from stage
acting and Marilyn Monroe did it to perfection. She
said that Laurence Olivier, after one of his scenes with
Marilyn Monroe, asked her, “Sybil, do you think | am
playing this scene well?” She said she replied, “Larry, it

Hilton with his son, Tim, in Cambridge in 1955.



doesn’t matter. As long as Marilyn is there nobody is go-
ing to be looking at you.”

MP: What was your experience with Randolph
Churchill?

Hilton: Yes, Randolph Churchill was another one inter-
viewed. Although, on that particular evening | don't say
that there was any evidence that he was the worse for
drink, | think that, in general, his ability to offer worth-
while opinions on matters of general interest was seri-
ously impaired.

MP: You thought that Sybil Thorndyke was somewhat
more scintillating than Harold Wilson? How can that
be?

Hilton: Harold Wilson was very smug. He was very com-
placent and very sure of himself, absolutely convinced
of his rectitude. Sybil Thorndyke was nothing like that at
all. She obviously did not take herself that seriously. She
just enjoyed life and even succeeded in giving me the
impression that she was delighted to meet me. | must
say that was extraordinarily flattering to a young man.

Adopted Children in Africa

MP: 1understand that you have some adopted children
in Africa?

Hilton: Meg and | and our youngest son, Tim, went to
Mombasa in the summers—that is, our summers—of
1967 and 1968, for the Africa Mathematics Program.
While we were there, we made contact with the deputy
headmaster of the local school. He was a Goan and was,
of course, therefore a Christian. He took us to a little
home that a Catholic community ran for orphans and
we felt that we would like to do something for them. So
we decided in our first year that we would adopt one of
them and we announced this intention and chose one
of them, Christopher Mwachagga. We were told he was
the one most interested in mathematics. But when we
were treated so nicely and so warmly by all the boys,
Meg and | said, “Shouldn’t we make this a major effort?
How can we really pick one out?”So in a way we adopt-
ed them all. By that | mean we said we would be respon-
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sible for all expenses connected with their education as
long as they were receiving full-time education. That
included cost of clothing as well as some outings each
year in addition to the direct costs of their education.
We maintained that undertaking and it was a very nice
connection for us, but of course, gradually, one by one,
they left school, went into employment, and they were
no longer our responsibility. We were then no longer
in touch with them, but we adopted the new boys in
the home in the same way. But | must say that does not
mean as much to us since these are boys we have never
met. Of course we keep up contact with Christopher
Mwachagga, but we don’t have the same contact with
the boys in the home.

MP: How long has it been since you saw any of them?

Hilton: Since 1967. We would like to go back but we
just haven't been able to.

MP: You are obviously in pure mathematics and yet
you have spent a number of years at Battelle and surely
Battelle is interested in applied mathematics. Have you
found it easy to span the difference between pure and
applied mathematics?

Hilton: Actually my first experience with Battelle was
through the Advanced Study Center in Geneva. There
they were pursuing research in pure mathematics and |
was a consultant to them. That goes back to the 1960s.
When | became associated with Battelle in Seattle, | first
of all became an organizer of specialized conferences in
mathematics. When | became associated formally with
them as a fellow of Battelle-Seattle Research Center, |
was still largely free to do my own research but | was
available for consultation on a general basis. The ex-
tent to which | participated in their applied mathemat-
ics program principally was to put them in touch with
mathematicians who could help them. You might say |
was a diagnostician for their problems. They would say,
“We are interested in these areas. Whom should we talk
to?” | was able to tell them whom they should talk to
and whom they should bring in. 1 did not contribute too
much myself to Battelle research in applied mathemat-
ics but | did discuss with them, to a considerable extent,
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the kind of mathematics | thought they should know. |
was able to anticipate, to some extent, the sort of revo-
lution that has taken place today—I could say to them
that they must anticipate the computer and the sort
of mathematics that the computer has brought into
prominence. | foresaw they would have to understand
some graph theory and combinatorics because this is
the sort of mathematics that is being applied. | would
organize a series of lectures for them on modern areas
of applications of mathematics in which | myself and
university mathematicians, as well as mathematicians
working at Battelle, would talk about contemporary
areas of research in applied mathematics. One of the
nice by-products of this was that the people at Battelle
came to know what others were doing. They came to
find that many times their interests were very close, al-
though they had worked in fairly hermetically-sealed
compartments of the Battelle structure. So | never really
presented myself as a researcher in applied mathemat-
ics, which I'm not, but | was able, through my concern
for the kind of mathematics that is now being applied,
to explain what sort of mathematics the Battelle scien-
tists should know and what sort of mathematicians they
would find the most useful to contact as consultants.

MP: Do you still maintain your Battelle connection?

Hilton: Yes, | am happy to say. It is now on a very loosely
structured basis. | can go there whenever | like and they
are very, very nice to me. They make an office available,
copying machine, secretarial service, telephones and
so forth and, from time to time, they consult me on
something. If they consult me about something, then
that arrangement is put on a more formal basis. But |
can go there and do my research and, if | publish, | give
the Battelle address. They say they are very happy with
this arrangement. So, | continue in my publications to
express my appreciation for it.

MP: How long have you been associated with the
Seattle branch of Battelle?

Hilton: That has been continuous since 1970, but as |
said, the Battelle connection in some form dates from
the early 1960s. In those days, and up to the middle

1970s, within Battelle there was what was known as
the Battelle Institute. That was the umbrella organiza-
tion for pure research that was funded entirely from
the Battelle portfolio, and | was, in some sense, both
the beneficiary of the program and one of its design-
ers, through an advisory committee that Battelle set up
in order to assure comparability of standards between
what was done at Battelle and what was done in our
best universities. Unfortunately, due to straitened cir-
cumstances, Battelle is no longer able to support pure
research in science.

The Advantages of Collaboration

MP: In the writing and research that you have done,
starting with Hilton and Wylie, and now in your most
recent book, Hilton and Pedersen, you have often col-
laborated with other people. Is that a conscious deci-
sion? Do you find that it is a better way to get a good
product—or is it just circumstance?

Hilton: First | must say that | do enjoy it. | very much
enjoy collaborating with friends. Second, | think it is an
efficient thing to do because it may very well happen if
you are just working on your own that you run out of
steam, that the project loses some of its appeal for you.
But with two of you, what tends to happen is that when
one person begins to feel a flagging interest, the other
one then provides the stimulus. In that sense | think it is
an efficient procedure.

The third thing is, if you choose people to col-
laborate with who somewhat complement rather than
duplicate the contribution that you are able to make,
probably a better product results. For example, Shaun
Wylie—since you mentioned that book—had a much
vaster knowledge at that time of what I might call classi-
cal algebraic topology. He was also, frankly, much more
meticulous than | was. |, on the other hand, had | think
a somewhat better sense at that time of what areas to
emphasize for people who really wanted to work in that
field rather than just to learn. | had the conviction that
the book would be read principally by people who had
in mind the possibility of doing original work. So | think
that we did complement each other. Fortunately, | was



somewhat more energetic than he, so in that case, |
think I kept him on the mark where he might have felt,
perhaps, that he would prefer to put the work aside and
start again in six months’ time. So very often | do think
you get a better product with this type of collabora-
tion, if there is this kind of complementarity between
the collaborators. But | put first what | said before: it is
enjoyable too. It is very nice to develop that sort of re-
lationship with a colleague. It’s a very close relationship
writing a book together.

There is also an important feature of much of my
collaboration in research, namely, collaboration with a
younger person. This has many, and | would like to say
mutual, advantages. My particular research collabora-
tors—Beno Eckmann, Urs Stammbach, Guido Mislin,
Joe Roitberg, and Aristide Deleanu—are all my very
close friends and, with the exception of the first, very
much younger than myself.

MP: Collaboration seems to be the hallmark of what
you and others were doing at Bletchley. The military
crisis gathered together mathematicians and classi-
cists, historians and lawyers, all in a single pool of sharp
minds. Is the cross-fertilization crucial to make creative
contributions work?

Hilton: | don't know, because you can also argue the
other way: to make progress in an area where there
has already been very substantial penetration to a sig-
nificant depth, you really have to have experts. | think
that what | would emphasize in your description of the
situation of Bletchley was this sense of common objec-
tive and of urgency that was present there and that is
so very hard to generate except in a situation like that,
in a popular patriotic war. That war was the last war of
its kind. Certainly subsequent wars have not been like
that. They haven't generated that sort of sense of com-
munity and comradeship. At Bletchley there was this
strong collaboration between mathematicians and oth-
ers, because we were, all of us, working on a common
objective and also because the methods had not been
previously established. To the extent that there was any
field you could call cryptography or cryptology prior to
the Second World War, it had been the concern of a few
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linguists. It was perfectly clear that knowledge of the
German language was a totally inadequate prepara-
tion to decipher German signals enciphered in the very
ingenious way they used. The quality that was princi-
pally required of us at Bletchley was really the ability to
think mathematically. What | fear in our present enthu-
siasm for applied mathematics is that people are los-
ing sight of the fact that the most important ingredi-
ent of applied mathematics is mathematics. There must
be something to be applied—you must have studied
some piece of mathematics in depth and know what
is involved in making progress in it. However strongly
motivated you are, as we were—and | think we could
not have been more strongly motivated—we could
have done nothing had we not had the experience of
really getting down to some piece of work, of achiev-
ing a deep analysis and executing it. Some of the best
mathematicians were the best at it. These were people
like Henry Whitehead and Philip Hall, and others. They
were absolutely outstanding mathematicians and
tremendously good at this sort of work because they
could analyze a problem.

So | don't think it matters so much what math-
ematics you study in order that you should be able to
use mathematical thought processes; but you must
have really studied mathematics, not just developed
a set of skills. | do worry sometimes when people are
talking about applied mathematics, that they think
that maybe you could replace, say, the study of func-
tions of a complex variable by the study of biology and
thereby become a mathematical biologist. But good
applied mathematics—was it Rheinboldt who said this
first?—is mathematics plus. Far from being an alterna-
tive to studying pure mathematics, applied mathemat-
ics requires something more. That is one of the lessons
[ learned from Bletchley.

MP: Another aspect of the Bletchley work has a mod-
ern resonance—chess. Everybody at Bletchley seemed
to be a chess player. More recently, the current interest
among computer scientists in artificial intelligence has
grown in large part out of attempts to analyze chess. Is
there something to that? Is chess a good metaphor for
that kind of mathematics, or is it just an accident that
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people who do that kind of work also happen to like
chess?

Hilton: No, | don’t think it is an accident that people who
do that work like chess. | think that the combinatorial
element of chess is very much akin to the combinatorial
element present in cryptography and present in many
of the mathematical aspects of computer science—au-
tomata theory, computational complexity, and so forth.
So | think you would expect to find enthusiastic chess
players at Bletchley. They were not always the best chess
players, but some of them were, of course, extremely
good. We had at Bletchley the British chess champion
Hugh Alexander, we had Harry Golombek who still
writes the chess column for the London Times, and many
other outstanding chess players in the British Isles.

We spent a lot of our leisure playing chess. It is a
natural leisure activity. It is, perhaps, a little dangerous
for mathematicians to get too much involved in chess
because it is, after all, an extremely intellectual game. If
you take it seriously, it is quite an exhausting game—
it can take effort away from your mathematics. Here |
am making a value judgment that mathematics is more
important than chess. (There is a man at Cambridge,
Nunn, who is a professional mathematician and an
English Grand Master—in his case you might say that
he has not allowed his mathematics to interfere with
his chess. He has chosen to make chess his number one
activity.)

| believe, in general, that chess is a very seduc-
tive game and | do worry about one question brought
up by what you say—mainly that you do find this sort
of connection between chess and the general interest
in the computer. | am a little worried about bright stu-
dents today getting too much attracted to the various
possibilities of the computer, and becoming, as it were,
“computer addicts” where they might be outstanding
mathematicians with, of course, a strong feel for the
positive role that the computer can play. So just as
chess can be, | think, a very fine relaxation for the math-
ematician, so | think the fascination of the computer
can be a very good stimulant to the mathematics too.
You wouldn’t want it to be a diversion, though.

The Beginning of the Computer

MP: Chess at Bletchley helped nourish the roots of arti-
ficial intelligence, an area of applied mathematics that
has expanded now to a very broad field. Do you see
other elements of applied mathematics whose roots go
all the way back to the work that you did at Bletchley?
Was that the beginning of artificial intelligence?

Hilton: Yes. It certainly was the beginning of the com-
puter. Turing was the presiding genius at Bletchley
Park. He invented and literally constructed for himself a
machine, which we called the Colossus, which had as a
prototype the Bombe. The Colossus had many features
of the computer. In fact, the only thing missing was the
long-term memory, which we didn’t need in Colossus.
But otherwise its functions, its binary processing of in-
formation, were all there. So the idea that you could use
a machine to process and provide information was cer-
tainly inherent in our work. Our cryptography was al-
ways a combination of the machine and the human be-
ing. So the idea of the machine acting as a sort of com-
plement to human intelligence was certainly there.

I think | would say that we were thinking only of
the machines providing information rather than the
machines taking decisions. So this notion of artificial
intelligence | wouldn't like to say was inherent in what
we were doing, but it is true that one of the leading fig-
ures in Britain in artificial intelligence, Donald Michie,
now a professor of artificial intelligence at Edinburgh
University, was one of the team that worked with Turing
at Bletchley. So the seeds of this notion of artificial intel-
ligence were certainly there, but | don't think it came
out explicitly.

Mathematical Heroes

MP: Who were your mathematical heroes, not only
those whom you knew, but those of an earlier time
whose work you admire?

Hilton: Those whom | could never have known but
whom | greatly admire and was much influenced by
would be of course the great giants of the past: Newton
and Leibniz, of course, Fermat and Lagrange. Coming to
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Hilton with Kazimierz Kuratowski, Warsaw, 1955.

more modern times, | would like to feel that two of my
strongest influences are Poincaré and Hilbert, Poincaré
because of his founding of analysis situs? and Hilbert in
his axiomatic approach to mathematics, particularly in
his showing that one can discover through axiomatics,
thatitisn't just a way of formalizing and codifying math-
ematics, but actually advancing mathematics. Among
those | met slightly and to whom | owe a tremendous
debt is Hardy, who exercised such a strong influence on
British mathematics. Another is Lefschetz, whom | only
met on one or two occasions and who had a wonderful

2 Poincare’s name for what is currently called topology.

understanding of what is important in topology, how it
relates to other parts of mathematics. Another person
who creates for me great difficulties—| met him once
and had a delightfullunch with him—butwhom I cannot
now fathom is Pontrjagin. | feel that Pontrjagin was one
of the great men of the early period of algebraic topol-
ogy, homotopy theory, and in a sense he really founded
cobordism theory in his use of infinitesimal methods. It
needed Thorn, of course, to turn Pontrjagin's ideas on
their head. His book on topological groups exercised a
profound influence on me, and | admired his attitude at
the 1966 Congress where he spoke of the Congress as
the realization of his dream, the real world community
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of mathematicians. So it is for me a source of tremen-
dous sadness that | now have to identify him as a lead-
ing anti-Semite in the Soviet mathematical establish-
ment, along with the late Vinogradov. So | feel a debt to
him but a bitterness about him at the same time.

One name | simply have to mention—I knew him
and loved him as everyone did: Heinz Hopf. | cannot
miss this opportunity to pay tribute to that great, won-
derful, lovable man. Henry Whitehead said of Hopf: “For
Hopf mathematics was always a question.” If you dis-
cussed anything in mathematics with Hopf, he would
ask marvelous questions. He encouraged young people
and was extraordinarily modest, not just in his behavior.
He must have had a wonderful, positive influence on so
many people he came in contact with. My own closest
collaborator, Beno Eckmann, was Hopf’s student and
learned a great deal from him. Hopf was a marvelous
lecturer and he wrote so lucidly. You know the phrase
about blinding with science; Hopf did the absolute op-
posite. Every time he wrote he gave the impression to
the reader, “You could have done this. I'm just setting it
out.” He was an inspiration. Another thing to remem-
ber was that Hopf succeeded Hermann Weyl, and how
could anyone succeed Hermann Weyl? And yet every-
one came to realize that Hopf was a worthy successor.
| think that too is a tribute to Hopf. In Weyl you had a
polymath. Hopf, of course, was not in any sense, profes-
sionally, as broad and yet he came to be recognized as
of comparable stature.

MP: And what do you feel your most important math-
ematical contributions have been?

Hilton: Of course, in the context of the people we've
just been discussing, my own contributions are very
modest. | think | have made more of a contribution as
an expositor in algebraic topology than as a researcher,
in bringing ideas into good order so that they would
be accessible to students of algebraic topology and ho-
mological algebra. In my own research | think the best
paper | ever wrote is a paper | wrote under the influence
of Jean-Pierre Serre on the homotopy groups of the
union of spheres. This was, | think, the first time that Lie
algebras were used in homotopy theory in an effective

way. It was basic and it is a paper very frequently cited.
| think then | would have to jump and say that a series
of papers | did with Joseph Roitberg and later also with
Guido Mislin on questions relating to failures of cancel-
lation in homotopy theory are good papers. There are
two sorts of cancellation you can ask about in homo-
topy theory. You can take the union of two spaces with
a single common point—it’s like addition—so you're
asking about failure of cancellation under addition. We
were able to show systematically how to construct ex-
amples where one could take two different spaces, and
add on the same space to each, so that the two unions
had the same homotopy type; and then, what turned
out to be a more difficult problem, we showed how to
constructexampleswith the topological product replac-
ing the union. In the course of that work Joe Roitberg
and | were able to construct the first new example of a
Hopf manifold. And that, | think, began a whole new in-
dustry in mathematics. So | was very happy about that
paper.

Then | would say the work that the three of us did
on localization theory—the new results and the system-
atization of known results—was a very significant con-
tribution to the whole structure of the subject. | think
also that Eckmann and | did significant work in applying
categorical notions. Both of us felt these notions were
appropriate for looking at concepts and problems in
algebraic topology and homological algebra. We were
neither of us pure category-theorists and | think that
these series of papers we wrote on group-like structures
in general categories, and on general homotopy theory
and duality, were two very significant contributions to
the applications of these categorical notions that sug-
gested ideas and problems. | always feel enormously
grateful to Norman Steenrod, that he not only encour-
aged us, but also when he compiled his list of papers in
algebraic topology, he gave Eckmann-Hilton duality a
special heading for the papers that had been written in
that area. | do think that Eckmann and | did in that way
systematize some ideas and we showed how certain
ideas are naturally related. Some of these things were
intuitively clear to certain people but had not been sys-
tematized. By systematizing them, we made them more



readily accessible to students, but also we broadened
and extended them substantially.

The Decision to Leave England

MP: |s there anything you would have done differently
if you had to go back?

Hilton: The only thing | can think of is, | would not
have accepted the position at Case Western Reserve
University. However, | think it's relevant in my case to
say that the most difficult decision | had to make was
obviously the decision to come to the United States in
1962. | have thought and rethought that decision over
and over again, and | conclude that coming was the
correct decision, although there have been losses to
set against the gains. | feel that coming to the United
States has given me opportunities | would not have had
and has relieved me of a very heavy burden of admin-
istrative duties which would have been my lot for the
entire remainder of my career in England. It has given
me encouragement to occupy myself, as | have certain-
ly done, with problems of mathematical education at
all levels without ceasing to be a mathematician. That
I am enormously grateful for, that | have been able to
continue actively both in research and teaching at the
university level with great encouragement from every-
body concerned, and to take a serious interest in prob-
lems of education.

Coming to this country, | found one very big differ-
ence between Britain and the United States. In Britain,
there was always a certain amount of resentment if a
university person took an interest in pre-college educa-
tion. In this country | found my interest very much wel-
comed. And so | developed that interest further.

MP: Do you ever feel that perhaps some of your math-
ematical colleagues feel that this kind of activity is be-
neath one?

Hilton: Yes, | think some of my mathematical colleagues
are very puzzled. They wonder how it can be interest-
ing because they say that the mathematics that one
is thinking about at pre-college level cannot be inter-
esting. That, of course, | completely deny. | think there

Peter J. Hilton ° 149

can be very interesting and open mathematical ques-
tions at that level. In fact, Jean Pedersen and | have
been doing some work on producing arbitrarily good
approximations to regular polygons by folding paper.
We can show that you can fold a regular n-gon for any
n by a very simple procedure and this work has been
a nice combination of geometry and number theory.
Our first paper will appear in the May, 1983, issue of
Mathematics Magazine and we are just drafting the sec-
ond and are about to submit it. So there has been real
mathematical interest here, and that is also very nice.
My colleagues also do not wish to concern themselves
with educational problems, at any level, preferring to
dedicate themselves to research and the training of
graduate students. | believe one earns the right to pur-
sue mathematics by one’s conscientious concern for
good teaching.

MP: Can you say more about your actual decision to
move to the United States?

Hilton: As | mentioned before, | moved to the United
States in 1962. | had been appointed head of depart-
ment at Birmingham University in 1958, and it looked
as if  would be there for the rest of my career. That is to
say that | would have approximately another 35 years
as head of department. In Britain the universities are re-
ally run by the professors. The word professor, of course,
has a more specific meaning there than in this country.
It is essentially head of department: the professors ad-
minister the university.

| was doing a lot of committee work. | was very
conscientious and | don't believe unusually proficient,
and | realized that it was having a very deleterious ef-
fect on my research. | saw no escape, because | certainly
wasn’t a big enough person to downgrade myself again,
say to the rank of senior lecturer, to halve my salary and
lose my position. And yet on the other hand | could not
see the possibility of my aspiring to one of the very few
positions in the country, at that time, where you could
have professorial status without departmental and uni-
versity-wide responsibilities.

At that time English mathematicians were get-
ting invitations from the States. | had a number of them,
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which | was not at first taking very seriously. But | had
visited Cornell and thoroughly enjoyed it. When an offer
came from Cornell, my wife Meg and | talked it over se-
riously. Then we realized that this was really the unique
way of escaping from the situation. So we decided to
try it experimentally, and it worked very well.

It also worked very well for our sons, Nicholas and
Timothy. At that time in England we were suffering un-
der the system of the eleven-plus examination and the
subsequent partitioning of students into the grammar
school or the secondary modern school. (There was a
third possibility of a secondary technical school, but
very few went in that direction.) Both of our boys were
just about good enough for grammar school. So we en-
visaged that they would be under constant pressure,
and finally they would have great difficulty in getting
into the university. We preferred the more relaxed, lib-
eral situation in an American high school.

There were also professional reasons why my wife
felt it was a good idea. She is, as | have said, a profes-
sional actress, and she might have more opportuni-
ties for part-time work in this country than existed in
England. So we thought we would try it.

| should mention that | was interviewed about
my decision by the BBC, and | had the good fortune to
come out with just the phrase for the moment. | was
very determined not to appear to criticize Birmingham
University, against which | had no complaint. Others
had been criticizing English universities and justifying
immigration to the States, so | wanted simply to say
that | found myself doing this sort of administrative
committee work excessively, to the disadvantage of my
mathematical work. | hit on the phrase, “I've taken the
decision to go now because | really do think it is about
time | made way for an older man."This was picked up in
the newspapers and many people who don’t know any-
thing about topology or homology theory or homotopy
theory, know that | am the person who said that.

MP: You are not only active in research and teaching but
also you are involved in a number of writing projects,
carry on an extensive lecture schedule, and also serve
on many committees and editorial boards and so on. Do
you ever feel that you are somewhat over-extended?

Hilton: Yes, | do.That feeling usually comes to me when|
return to my home base and view the pile of correspon-
dence that | have to deal with. But for me it is stimulat-
ing and helpful to be able to turn from one thing to an-
other. When | was contemplating an informal invitation
from Deane Montgomery to spend some time at the
Institute for Advanced Study, | thought, “Yes, it would
be nice, but on the other hand | like the idea that if my
research is not going well, | can turn to something else
that prevents me from being a total drone!”So | wouldn't
really like a position where | did research only, and on
the other hand, | wouldn’t enjoy a position where | had
so many duties | could not pursue research. | like this
multiplicity of tasks. | enjoyed very much recently the
fact that, as external examiner for the Honors Program
at the National University of Singapore, | apparently
became the natural person to interview candidates for
positions at the National University. It's a pleasant expe-
rience to interview someone for a position at another
university. You learn a lot and you don't feel that you
have to make the decisions. Things of that kind, though
they are time-consuming, are very rewarding.

| seem somehow to be able to put such things to
good use. For example, one of the young men | inter-
viewed was able to tell me some things in the area of
general cohomology that | didn’t know and that | was
happy to learn. So | could learn in a way far pleasanter
than by reading articles.

I always tell myself I'm going to do less, and | am
doing a bit less, but | enjoy so many of the things that |
do. Things | don't enjoy so much are, unfortunately, the
things | am paid for.

People think that my interest in mathematical
education must be a great intrusion on my time and
it is true, | have to be very careful about my time. It's a
very serious problem but, fortunately, I'm a fairly well-
organized person. Other people, my wife in particular,
help me maximize my opportunities to keep everything
going at the same time. | believe some people think that
| do all this because I realize that | am no longer going to
do anything significant in research so | had better have
some other activity. Well, there is a grain of truth in that,
in the sense that | have said to myself from time to time



that when | can no longer do research, | still want to be
useful. Therefore, | want to have established some un-
derstanding of this territory if | am going eventually to
concentrate on it. But | like to think that the time has not
yet come for me to give up research. | know that one
prominent mathematician with whom | have been in
public dispute quite often, has referred to me as “Hilton,
the ex-topologist.” | don't regard myself as such. | hope
that | am continuing to do work at approximately the
same level as work that | have done in the past. | don't
expect the work | do today will be absolutely in the fore-
front. Continuing, as | have done during my career, to
collaborate with young people, | think that | can in some
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sense marry my technique with their awareness of what
are in fact important contemporary problems and | can
then achieve something worthwhile. As long as | send
my papers to refereed journals, | will trust the judgment
of the referees as to whether they are worth publishing.

So it's true that many are surprised and some
even take a rather jaundiced view about my interest in
mathematical education, but | think that | have on the
whole gained very, very much more than | have lost. |
have come to enjoy and appreciate the contacts | have
made there.

MP: You receive very frequent invitations to lecture at
either mathematical colloquia or at meetings of math-
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Hilton contemplating the next step of a proof in his office at the Batelle Research Center, Seattle, 1974.
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ematicians. Do you regard this as an important part of
your professional life?

Hilton: Yes | do. Of course | enjoy it very much—as |
said earlier, there is much of the ham in me and | enjoy
the sense of being on stage. But such lecturing is some-
thing which | think we should take seriously. | some-
times have the feeling that the art of the general, or col-
loquium, lecture is being lost—too many colloquium
speakers, in fact, give seminar talks. If we are justified
in describing ourselves as mathematicians this means
that we do believe we share in common an interest in
a unified discipline, and we should be able therefore to
talk to other mathematicians on an aspect of the disci-
pline in an interesting way. | believe also that there is
a subtle compromise to be made with respect to the
degree to which a colloquium talk should be prepared
in advance. Over-prepared, the talk will be artificial, glib
and highly misleading; under-prepared, it will be con-
fusing and frustrating.

MP: You have a reputation for doing a lot of traveling.
Isn’t this rather exhausting? What are the benefits to
you?

Hilton: | do very much enjoy finding myself in differ-
ent milieux. The travel itself is tedious and tiring but the
rewards are great. When | travel | always try to identify
myself with the problems and concerns of my hosts, so
that | do not stay on the surface of their lives but enter
into them.

It is also pertinent to remark that when one ob-
tains a certain seniority in the academic profession there
are very distinct advantages in not being where you are
supposed to be. In your office you can be reached by
telephone and by mail and you are constantly being
asked to carry out important but very time-consuming
tasks on behalf of colleagues or students. For example,
| send off approximately five hundred letters of recom-
mendation a year. If | am to remain active as a math-
ematician itis absolutely essential to have some respite.
Others, less conscientious than |, achieve their respite
by timely neglect of such duties; | find it necessary to
place myself from time to time in a situation where it is
difficult to be asked.

There is one other point that | am happy to have
the opportunity to make. My reputation for traveling is
exaggerated! It is true that | travel more than most but
it is also true that, during the teaching year, | spend at
least 75% of my time at the institution at which | teach,
and, of course, | ensure that my courses are covered in
my absence. But being where you are and refusing in-
vitations to give guest lectures make neither news nor
gossip. Consequently people will talk to each other
about my traveling and will ask me where | am going
next simply because this is the most conspicuous fact
about me. A study of the spread of the story would
make an excellent example in the application of differ-
ential equations to the spread of rumors.

MP: | know that you were very much concerned about
the Congress in Warsaw and disapprove, with good rea-
son, of the government in Poland. At the same time |
know that you have visited South Africa and, | am sure,
disapprove of the government there as well. | am curi-
ous about the distinction you draw between these two
governments.

Hilton: This has of course been for me a very deli-
cate issue. It is striking that | find myself in this situa-
tion this summer, of accepting an invitation to re-visit
South Africa and deciding against going to the Warsaw
Congress and making very public my reasons in the
Notices of the American Mathematical Society. And | am
losing the opportunity to deliver a one-hour talk at a
symposium that is being held alongside the Congress.
My reasons for making the distinction are the follow-
ing: when | go this time, as | went last time, to South
Africa, it is perfectly clear and | have made it perfectly
plain that | am going there to help black, colored, and
Indian students to receive an effective education in
mathematics, because | know | will have the opportu-
nity to make contact with people in South Africa with
the same objectives as myself. | will be able to say, while
I am in South Africa, that those are my objectives, and
| feel confident that my opinions will be published as
they were last time. There is a strong opposition press
that makes courageous, fearless attacks on the govern-
ment’s apartheid policy. In Warsaw, on the other hand,



there will be no opportunity to do anything like this.
Indeed, if | try to make contact with the people, feeling
as | do about the Jaruzelski regime, | would be compro-
mising them very, very seriously. It would, in fact, be
quite improper for me to attempt to do so. So this is
why | draw the distinction; | feel that | have the opportu-
nity in South Africa to make my small contribution to a
change in the positive sense. | feel that everybody who
goes to the Congress in Warsaw makes a small contribu-
tion, ipso facto, in the negative sense because, by going,
they confer a measure of respectability and legitimacy
on a regime that is oppressing the Polish people. Now
in conversation with a close friend of mine, a topologist,
living and working in Poland, | said, “Yes, | will be willing
to accept your invitation to visit Poland in 1984, to come
individually as a mathematician, to make contact with
Polish mathematicians, which to me is a totally different
thing from going to an International Congress where
one is making contact with other mathematicians but
will have no special contacts with the Poles." | can envis-
age a most horribly embarrassing situation where the
visitors who have dollars to spend will be able to go and
eat in restaurants and the Poles won't even be able to
accompany them, unless the Poles agree to go as their
guests, and | know the Poles. | know their pride and |
can imagine how they would feel having to be guests
in their own country of their own visitors. | think it’s a
terribly delicate issue. | think what I'm doing is right but
nobody can be sure.

With all its dreadful limitations, there is in South
Africa a functioning democracy. It's not just the press—
there is an opposition party represented in parliament
that hammers away against apartheid all the time.
Apartheid is an absolutely appalling system but | can
go to South Africa and say so. | cannot go to Poland
and say that the regime is appalling and get myself
heard.

Of course, in certain aspects, the regime in South
Africa is worse than the regime in Poland, but the Polish
regime is in a transitional stage and therefore subject to
some influence; and positive influence there might be
achieved by staying away and expressing disapproval.
The South African regime is subjected to a lot of influ-
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ence from within and | believe we can help that influ-
ence from within, by going there. | used to support the
boycott; | do not support it now. The Soviet regime is a
regime where | feel the derivative is zero. The regime
is at its minimum and | think there is nothing that we
can do to influence them one way or another. Any deci-
sion we take about visiting the Soviet Union should not
be based on the hope of effecting change. | think you
make your gestures and try to do what you can where
you feel that the derivative has a sufficiently large abso-
lute value that you can do something.

MP: Finally, what projects do you have underway and
what plans do you have for the near future?

Hilton: |look forward enormously to the International
Conference on Algebraic Topology being held in
August [1983], under the auspices of the Canadian
Mathematical Society, which will mark my 60th birth-
day. | also look forward to continuing my research on
finitary automorphisms in group theory and homotopy
theory, which | have initiated with Joseph Roitburg
and Manuel Castellet. | plan to continue various writ-
ing projects and feel particularly enthusiastic about
the second volume of the three-volume project which
Jean Pedersen and | are undertaking to refurbish the
teaching of precalculus mathematics and of the calcu-
lus itself. | also hope to continue my efforts to improve
the quality of mathematics education through my writ-
ing (I am an author of the basal program, Real Math,
published by Open Court) and through my teaching.
And | confidently hope to continue to enjoy being a
mathematician.

Postscript

Since the above interview appeared in 1985, Hilton has
continued to travel extensively, consulting and lectur-
ing in many countries around the world. Now Professor
Emeritus at Binghamton University in New York, he
has held a series of winter appointments in recent
years at the University of Central Florida in Orlando.
During this time he has published over 100 research
articles in mathematics and several books, including
two favorably reviewed volumes in the Undergraduate
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Texts Series of Springer-Verlag, namely, Mathematical
Reflections (1991) and Mathematical Vistas (2002), both
coauthored with Derek Holton and Jean Pedersen.

In 1996 he was named “Popular Lecturer of the
London Mathematical Society” and in 1997 was cho-
sen by the Australian Mathematical Society to be its
Mahler Lecturer. In the summers of 2001 and 2002, he
was appointed Visiting Erskine Fellow (along with Jean

Pedersen) at the University of Canterbury, Christchurch,
New Zealand.

In 2005, Hilton gave the Alan Turing Memorial
Lecture at Bletchley Park (the home of the World War
Il codebreakers, of whom he was one). He also wrote a
chapter of the book about the work at Bletchley Park,
Colossus, edited by Jack Copeland and published by
Oxford University Press in 2006.






John Kemeny

Interviewed by Lynn A. Steen



John G. Kemeny, coauthor of BASIC and codeveloper
of the Dartmouth Time-Sharing System, returned to
full-time teaching in June 1982 after completing eleven
years as President of Dartmouth College.

In 1979 he was selected by President Jimmy
Carter to chair the Presidential Commission to investi-
gate the Three Mile Island accident. The commission’s
report, submitted in October 1979, was highly critical of
the nuclear power industry and its federal regulators.

A member of the Dartmouth faculty since 1953,
John Kemeny was inaugurated thirteenth president
on March 1, 1970, at the age of 43. He served as chair-
man of Dartmouth’s Department of Mathematics from
1955 to 1967, building it into one nationally recognized
for leadership in both undergraduate and graduate in-
struction. Deeply committed to teaching, John Kemeny
continued during his term as president to teach two
courses each year.

As President of Dartmouth, John Kemeny moved
the all-male institution to coed status; renewed the
College’s founding commitment to educating sig-
nificant numbers of American Indians; began the
Dartmouth Plan for year-round operation; and initi-
ated a program of continuing education in liberal stud-
ies for business and professional people known as the
Dartmouth Institute.

As chairman of mathematics at Dartmouth, John
Kemeny helped guide Dartmouth to national leader-
ship in educational uses of computing. He also intro-
duced finite mathematics as an important alternative
to calculus for students in the social sciences.

A native of Budapest, Hungary, John Kemeny
came to the United States in 1940. During World War
I, while still in his teens, he interrupted his under-
graduate study at Princeton to work on the Manhattan
Projectin Los Alamos, N. M. Later, as a graduate student
at Princeton, he served as research assistant to Albert
Einstein. He received both his bachelor’s and doctor’s
degrees from Princeton, both in logic.

MP: You are now returning to the classroom after 11
years as president of Dartmouth.

Kemeny: Eleven and a third years, almost to the day.
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MP: Are there any special projects on your agenda? Are
you going to write a book, or develop a new program-
ming language?

Kemeny: | am thinking of two different kinds of things,
one having to do with teaching. At Dartmouth, al-
though we do have a number of options, | think we
have to work on our introductory mathematics se-
quences. | want to play a role in that, most particularly
to bring computing more into the sequence. Eventually
I'd like to do battle also on the kinds of things that the
Sloan conference talked about, that science students
shouldn’t be introduced only to calculus. Those are my
teaching priorities.

In research, although | did quite a bit of reading
during my year off, | have not yet made up my mind
where | will do my research. | probably will go back
and do some work in probability theory, which is the
last field | worked in before | became president. And |
would like to get active in computer science. Although
| enjoy talking about it, | have not yet gotten active in
it. | talked to my colleague Steve Garland, chairman of
the computer science program, who is planning for this
coming academic year a seminar on computer science
problemes. | suspect that in the beginning | will be more
a listener than an active participant, but | hope out of
that will come some problems that interest me.

MP: |s computer science at Dartmouth still a program
within mathematics, rather than a separate department?

Kemeny: Yes, it is. That is a matter of controversy. The
committee has come up with five different models. My
guess is that the one that will carry is that in which we
stay joined, but that the name of the department will be
changed to Mathematics and Computer Science. This is
more than just a symbolic change. It may mean certain
reorganization. The department has a chairman and
a vice-chairman and we may wind up having a chair-
man and two vice-chairmen, one for mathematics and
one for computer science. It may be, for example, that
on tenure decisions in mathematics the mathematics
members will have more say-so, and that for comput-
er science tenure the computer science members will
have more say-so. It may be sort of a federalist system.
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MP: At big universities, of course, they tend to be sepa- Kemeny: We are always in the middle. The overwhelm-
rate departments and at small colleges they tend to be ing argument still is that if we split up, for the foresee-
the same. Dartmouth is right in the middle. able future, computer science would be fairly weak.

Kemeny examining the insides of one of the machines in Dartmouth’s first large computer system.



That's because some of their allies who help teach
computer science would stay in the math department.
| can’t imagine, for example, either Don Kreider or my-
self leaving the mathematics department. An even
bigger argument is that the best way to avoid duplica-
tion of courses is to stay within one department. Then
you don't get into arguments as to which department
teaches which courses.

The Origin of BASIC

MP: Let me go back to twenty years ago when you
were working on creating BASIC and time-sharing. With
hindsight we can see that this was a really revolutionary
development that has had a dramatic effect on com-
puting. What were your thoughts when you were be-
ginning it? Did you anticipate its effects?

Kemeny: Let me give you a little bit of history on that. It
is very important that Tom Kurtz should be mentioned
in this connection, because he is a very modest person
and | am not. | seem to have received 90% of the credit,
when the effort was strictly 50-50. Actually the initiative
was taken by Tom. We only had a small computer and
he came to me when | was chairman of the math de-
partment and said, “Don’t you think the time has come
when all liberal arts students should know how to use
the computer?” | said, “Sure, Tom, but there is no way
on today's computers that we can teach 800 students.”
Tom said that he was thinking of a different kind of sys-
tem, and he vaguely outlined what is now called time-
sharing.

He won me over fairly fast, and we designed the
first time-sharing system together. It was my idea then
to say, while we are at it, can’t we design a language bet-
ter than FORTRAN? Remember this was the FORTRAN
of 1963, which was a horror compared to the FORTRAN
of today. Tom said, “Yes, but what'’s the use of teaching
a language to Dartmouth students that they will never
be able to use anywhere else except at Dartmouth?”
Tom was normally farsighted, but that was his famous
incorrect prediction. He loves to tell about it, since, as
you probably know, BASIC is now the most widely used
language in computers.
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We did do both together. We both were abso-
lutely convinced that the time would come when any
intelligent person had to know how to use the com-
puter. That does not mean that we foresaw everything
that happened since then. | can best point to the year
1966 when we dedicated the building for the comput-
er. Up to then it was in some horrible basement. On the
dedication of the Kiewitt Computation Center, | gave
the main speech in which | predicted what computers
would be like 10 to 20 years later.

If one looks back at that speech, it has some re-
markable farsightedness in it, and some major short-
comings. | did predict in that speech that within 25
years computers in the home would be as common as
television sets were in 1966. And | predicted some of
the things computers would be used for in the home,
predictions that have turned out to be remarkably ac-
curate. In 1966 everyone who heard me thought that |
was just making up things.

Where | was totally wrong in my predictions was
that | did not foresee the coming of microcomputers.
All of my predictions were based on terminals being
connected to a central system. | also did not foresee
graphics—pictures then were terribly primitive. | sort
of foresaw the software revolution, but underestimated
dramatically the hardware advances.

MP: Does it bother you at all now that computer sci-
ence departments are trying very hard to get people
away from BASIC and to use structured languages like
Pascal?

Kemeny: Let me tell you what bothers us at Dartmouth.
When people think of BASIC, too often they think of
BASIC as it was in 1966. BASIC at Dartmouth is a totally
structured language. Asa matterof fact the International
Standards Committee in BASIC is about to report and
they are reporting a highly structured version of BASIC.
We all agree that structured languages are far superior.
We haven't used the non-structured BASIC in many
years at Dartmouth. The problem, however, is that the
versions of BASIC that are implemented on microcom-
puters tend to be the old BASIC. Therefore people tend
to think of BASIC as it was ten years ago.
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MP: That [ten-year-old BASIC] is what is being taught in
the public schools.

Kemeny: You are right. But we have all been won over
to structured BASIC, and we have had one at Dartmouth
for six or seven years now. Look, | completely agree that
structured languages are far superior and that is what
should be taught. I just wish they wouldn’t say that if it's
structured, it's not BASIC.

Computing and Active Students

MP: One of the really special things about computing
is how active students are. They are creative, they take
leadership roles, they really get involved. Why is com-
puting so special? Why don't they do that in mathemat-
ics or in writing or in history?

Kemeny: In the development of the original time-shar-
ing system, it was not just Tom and myself—we were
highly part-time. It was twelve undergraduate students,
and believe me they worked incredible hours. We have
endless stories which | won't go into; I'm sure you know
similar stories of the number of hours students are will-
ing to work at computing.

Equally important, computing attracts not just
students who naturally drift towards mathematics. It
is true that students inclined to mathematics are often
good at computing—although not all of them are. But
the converse is not true. There are large numbers of stu-
dents who would never have come into math. | even
know some who hated math but who fell in love with
computing. In an article | have just drafted | tell a story
of a woman religion major at Dartmouth who almost
didn’t graduate because she refused to take one more
science course. She was a friend of my daughter, who
persuaded her to take my introductory programming
course almost over her dead body. Then she became
a computer scientist—and a very good one. Of course
that is an extreme case, of a person who absolutely hat-
ed anything mathematical.

While there is some correlation between math-
ematical talent and computer talent, the correlation
is far from perfect. There are major exceptions. There

is something about the fascination of the computer. |
don't know a good analogue in mathematics to playing
games on the computer. It is a very good way of attract-
ing attention.

I think what's special about computers is not
just that they give you a great deal of power—so does
mathematics—but that you have to learn an awful lot of
mathematics before you have any power. You can study
math for years and years before you feel, “Gee, | can re-
ally do something.” After only three months experience
with computers you can do all kinds of terribly useful
things with it. That | think is a very big difference.

MP: That is probably something that can be turned to
the advantage of education generally. As teachers in
other departments begin using the computer, they can
harness students’ natural enthusiasm for computing.

Kemeny: That has happened here. The latest figures
| remember—they may be out of date—is that one-
quarter of all undergraduate courses use the computer.
These are courses in which the faculty require use of
the computer. The students may use it in other courses
on their own. These figures do not include the use of
the computer for word processing, but genuine uses
of computing. Remember that as an undergraduate
school Dartmouth is like any liberal arts institution—
maybe larger than small ones. But the distribution of
courses is the same: the largest number is in the hu-
manities, the second largest in the social sciences, and
the science division is the smallest. So one-quarter of all
courses is a lot of courses.

MP: One of the social issues that people comment
about frequently is that at the early ages in junior high
school, when children begin working with computers,
boys outnumber girls by about four or five to one.

Kemeny: This does not surprise me. | bet that in most
junior high schools you can’t use the computer without
fiddling with the hardware. | would be no good at that.
The typical American boy learns to fiddle with all kinds
of gadgets at an early age. | hope it doesn’'t have some-
thing to do with masculinity because | did not have
that kind of upbringing. In Hungary you didn’t do those



things. An American boy knows how to fix a car. | have
never learned how to find out what is wrong with my
car, partly because most Hungarians didn’t have cars.
When it comes to fiddling with gadgets, our society is
certainly prejudiced towards boys.

Now at Dartmouth, | don't have to know how my
terminal works. | do have to know about software, and
how to write good programs. But | bet you that at the
typical junior school something is not quite right about
the equipment, and unless you know how to turn knobs
here and there, nothing will work.

For example, in my classroom the connection be-
tween the television set and my terminal is very compli-
cated. People haven't worked out a simple interface yet.
So | always try to get a volunteer to take a lesson from
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the one member of the department who knows what
gets hooked to what. That volunteer has always been
a boy. On the other hand, the assistants that | have had
have been an equal mixture of men and women.

| think this has to do with worrying about gad-
getry. So it will be terribly important to get equipment
in the schools where you don't have to know a thing
about the hardware.

A lot of the microcomputers are, | believe, still
where the big computers were when | got into it. You
have to understand something about the hardware in
order to make the thing work. The nice thing on a mod-
ern system is that you don't have to think about those
things. Open a file and tell it to stick something in it,
and you don't have to care where the computer puts it.

e 3

Kemeny teaching a class during his presidential years.
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The Future of Books

MP: Let me ask about the future. There is a lot of talk
about putting textbooks and even whole libraries on
computers. Is it likely, say in the next ten years, that
there will be major changes in the way schools deal
with books?

Kemeny: Let me tell you my other major prediction—it
actually came earlier than time-sharing. This was a talk
that | gave at the MIT centennial called “A Library for
2000 AD" where | predicted that the research and refer-
ence portions of a library will all be using computers.
| am sure | predicted all the wrong technology about
how it would happen, but the logical structure was
right. You would have computer-organized searches of
abstracts. Mathematical journals, for example, would
not be published at all. The editor, after having accepted
the article, would put it on the computer. If the Library
of Congress was in charge, you would submit volume
17 on tape to the Library, and anybody who has access
could just call it up.

The technology is just about here now. My pre-
diction was that it would take 10-20 years for the tech-
nology to make it possible, and another 10-20 years
for people to get around to doing it. Not only is the
technology now available, but there is a tremendous
economic motivation. | predict that there will be ma-
jor savings except for the start-up costs. Putting all this
equipment together involves enormous conversion
costs. But even if it is done only prospectively, the eco-
nomic incentives will never be greater than they are
now. You know what research journals cost—they are
totally unaffordable. There is so much junk published
that you can't find what you are looking for. | think we
are going to be forced to go in that direction.

Of course, | did not foresee technology like this at
all. Now it should be possible, if the Dartmouth library
is hooked in, for me to have an extension to it on which
| can search through the Library of Congress from my
office. As a matter of fact we are taking a very small step
in that direction. We have a project that Dartmouth is
doing for the National Research Libraries to produce
one of the first on-line catalogues. They very cleverly

sponsored two experiments—we are one of them.
Then they can compare which one is better. It is some-
thing you cannot afford to do as a single institution.
But 25 members of the National Research Libraries
jointly sponsored these two experiments. We all share
in the costs, and if it works we all share the benefits; if it
doesn't work, we all save the money of not having each
one of us go the wrong way.

We now have a new nuisance in our terminals.
When | first turn my terminal on | must type where |
want to be connected. That's because there are now
two computers here, but it is really preparation for the
fact that there are going to be four very soon because
there will be a separate one for administrative uses and,
more importantly, there will be one for the library.

So instead of typing C for connect, then DI for the
first Dartmouth system, this fall | should be able to type
C L to get to the library computer. And then the cata-
logue will be available with its retrieval system. | haven't
tried it, but some of my colleagues have. It is far from
perfect, but they say that it is not bad.

What we have done is to start the computer cata-
logue from some date on. The plan is that every time
someone checks out a book, the process of checking
it out will add it to the system. We have a million and a
quarter volumes. Going back and cataloging them all is
just crazy. But this is a natural self-correcting system—
when something gets checked out, it gets added to the
catalogue. If a book never gets checked out, then there
is not much point in adding it to the system.

This system is very nice, terribly useful, but it
means extra expense. The system | am proposing will
be very nice, terribly useful, and will save money. By
putting the actual contents on line, you don't force
every library in the country to have a copy of, say, the
American Mathematical Monthly.

MP: Do you think individuals—mathematicians, phi-
losophers, people who now read journals—will really
sit down and read things on a screen?

Kemeny: | certainly would use it for research, for decid-
ing whether | wanted to get an article or not. Certainly
the technology is here so that if you want, the same



terminal (if not the one in your office, then one in the
library) can produce hard copy for you. It is a modern
version of demand printing. You can search the system,
and if there is one you want to study carefully, then you
get a hard copy of it.

This is why | was very careful to say that this is
for research and reference. | don't see any advantages
to having a novel in there unless you want to do tex-
tual studies. But that is a different thing. For reading
Shakespeare or a history book, there is really no pointin
having it on computers. On the other hand, you know
the statistics on research journals. Hardly anyone ever
reads any particular article. You subscribe because in a
given year there are two or three articles that you can-
not afford to miss. For this you have to pay whatever
horrendous sum the journal costs, not to mention what
it costs the society to publish that journal. It just doesn’t
make sense.

MP: Some of the costs are in the paper supplies and in
the mailing, but other major costs are in the editorial
process and these would have to go on.

Kemeny: | was flooded with letters about infringement
of copyright. They wanted to know how this thing would
be financed. Frankly, | hadn’t thought of it when | gave
the talk. But there is a very simple solution. Computers
do keep track of things, so you could pay a royalty by
use, not to authors (that would be too messy) but to
the professional journal itself. Every time the journal is
called up, you are charged 10 cents or whatever is ap-
propriate. Certainly there will be user charges for the
system—some to have access, some of it for connect
time, and a portion for the journals themselves. The
journals might get interesting feedback as to whether
anyone is reading them.

MP: Let's turn to your personal background. Your first
book was called A Philosopher Looks at Science and
your first appointment was in philosophy. Are you a
philosopher or a mathematician?

Kemeny: My first full-time faculty appointment at
Princeton was in philosophy. That actually was an ac-
cident. All my degrees are in mathematics, but phi-
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losophy was my hobby, which | continued in graduate
school. | audited courses, and | almost got a master’s
degree in philosophy. | had everything but the general
exam. That was the year | became Einstein’s assistant,
so | didn't have the time to study for it. | had roughly
the equivalent of a master’s in philosophy, and my Ph.D.
thesis was in logic, which is often taught in philosophy
departments. So | wasn't that far away from a Ph.D. in
philosophy. But | never thought of it as anything but a
hobby. When | looked for a job in 1951 the job market
was about what it is now—good jobs were almost im-
possible to get. | was looking for jobs in mathematics;
it never occurred to me to apply in philosophy. To my
total surprise the only good job offer | got was from
the Princeton philosophy department. So I moved 100
yards and became a philosopher. | was very happy there,
until Dartmouth came along and asked me to join the
mathematics department. Even then, | asked whether
| could teach some philosophy, and did so for several
years.

You are right that my first book was in the phi-
losophy of science. It is essentially the lectures | devel-
oped for the philosophy of science courses | taught at
Princeton and for a number of years at Dartmouth.

The Hungarian Connection

MP: What about the Hungarian connection? Why are so
many great mathematicians Hungarian?

Kemeny: It is very, very hard to understand. There are
a few fields in which there are an inordinate number
of Hungarians—mathematics, theoretical physics, and
Hollywood. | forgot who the producer in Hollywood
was, with a big sign on his desk saying “Being Hungarian
isn't enough; you must also have talent.” Really there
were an inordinate number of Hungarians that you
would never have guessed were Hungarian. Take, for
example, the person my wife and | always thought was
the epitome of British acting, Leslie Howard. When he
was killed tragically in World War Il, the story of his life
was printed in all the papers. It turns out that he had
been born in Hungary but went to England when he
was a small child.
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| don't quite believe Gail Young’s theory that the
Hungarian language is so hard that only the brightest
children manage to survive. Certainly, for mathemati-
cians and theoretical physicists, the school system in
Hungary was very good. No, that’s not true. The school
system in Budapest was very good. And Budapest had
about 10% of the population of Hungary. Secondly,
there are so many temptations for Americans to go into
all kinds of fields, many of which just did not exist in
Hungary. There is no way you could become a great in-
dustrialist in Hungary—there were no great industries.
| don't know if there were any Hungarian millionaires at
all. Medicine was very strong in Hungary, but a lawyer
just didn’t have the kind of opportunities you have here.
And you couldn’t get involved in politics. There were
just fewer areas, so a larger percentage of the talented
people went into fields like mathematics and physics.

But the school system had a lot to do with this. Let
me give you an example. | went there through seven
and a half grades. The Hungarian split is four and eight
(four elementary, eight gymnasia), not eight and four as
in the United States. For the last three and a half, from
fifth to the middle of eighth grade, | had a mathematics
teacher—it happened to be the same one—who would
have been well qualified to teach at a good college. He
just did an enormous amount to strengthen my interest
in mathematics.

| liked mathematics before that. | don’t know
where | got interested in mathematics—it went way
back. But being interested and knowing something is
very different. This teacher was better than any teacher
I had in high school in the United States—really, signifi-
cantly better.

There is another interesting story about this
teacher. There was a mathematical contest for high
school seniors in Hungary that was a very big thing. If
you were talented, I'm told, all through your last three
years they would drill on practice tests. It was a great
honor, not just for yourself, but for the school.

When we left for the United States, my whole class
came out to the train to see me off, and my math teach-
er did too. It was really nice. He said something that has
stuck with me all this time. He said that he was terribly

happy for me that | was leaving for the United States,
because he was worried about the future in Hungary.
On the other hand, he said, he had only one regret. He
had never had a winner in the math competition.

Look, for God’s sake, | was four and a half years
away from that exam, and he was already thinking that
maybe | could make it to the top in the competition.

MP: Certainly the tradition of competition has con-
tinued in Hungary, and in all of Eastern Europe. The
International Olympiad started there. Now the West
is participating, and doing quite well. But the initia-
tive for having the contests was with the Eastern
countries.

Kemeny: Let me contrast my experiences this way. New
York City had a competition when | was in school—it
was the Pi Mu Epsilon Contest. We happened to hear
about it purely by chance. We heard that at other
schools people got help in practicing for this exam. In
our high school of 5000 students we could not get one
math teacher to help us with it. So two of us went and
took the exam in our junior year just to find out what
was on it; then we worked the next year drilling each
other.

| think | came in third. Considering that | didn't
have any coaching, | thought that was pretty good. That
sort of thing makes a great deal of difference. But it is
incredible that in a school of 5000 students there wasn't
a single teacher willing to help, let alone encourage you
to take it.

MP: Certainly the high school exams are better or-
ganized now than they were then. In New York City
there is a very active league—the Atlantic Regional
Mathematics League.

Kemeny: Contests aren't everything. They are just
symptomatic of the status of mathematics teaching.
Problem solving is only one type of mathematical tal-
ent. | happened to be good at that, but there are very
good mathematicians who are not problem solvers. |
think that a system that encourages problem solving
is in effect showing that mathematics is important. The
Hungarian exams go way back, very far back.



MP: Are there specific things that you think the United
States should be doing? We have a real crisis in mathe-
matics education now—few teachers, few that are well
prepared, low pay, low morale. You know the litany of
the problems.

Kemeny: It is horrible. | once was Chairman of the MAA
committee on teacher training. We totally bombed
out on elementary school training, but we thought we
made significant impact on high school teacher train-
ing. | have been away from that for a long time now. We
did provide a strong program for high-school teachers,
but | suspect that most of them are no longer teaching
high-school mathematics. They can get much better
jobs elsewhere.

| did not get really caught up until this spring
when | was at a meeting and heard from the chairman
of the Northeast Section of the MAA all the horrible sta-
tistics. It is now much worse than what | thought was a
terrible situation 20 years ago. In between, | think there
were temporary improvements with the NSF institutes
and other things. But the situation now is probably as
bad as it has ever been during my professional life.

What you can do, | haven't got the foggiest idea—
except to train more teachers. | think one has to give
differential pay to teachers. But most school systems
are reluctant to do that. They are much more likely to
take a gym teacher who has some free time and train
him to teach mathematics.

MP: Even with differential pay, it would take a long time
to develop a large pool of trained teachers.

Kemeny: Money would help. While industrial jobs are
very attractive, as you know there are a great many
people really dedicated to teaching. But the salary dif-
ferential that exists today between what that person
can command in industry and what he could get in
teaching is so enormous that it is unfair to his family.
The gap doesn't have to go to zero. But if it were nar-
rowed somewhat, | think a certain number of people
might return to teaching.

And equally important, there would be much
more motivation for college students to go into high-
school teaching. In a way, if the pay were better, this
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would be a good time because there are so few jobs
available in colleges. This might be a time when the
kind of person | had in Hungary—a person well quali-
fied to teach in college—might go into high-school
teaching. But not with the kind of salaries available in
high school today.

MP: Does Dartmouth train students for secondary edu-
cation in mathematics?

Kemeny: We have always felt that our major task is to
give them the mathematical training. But we do have
an education department and cooperative arrange-
ments with several local schools where students can
do practice teaching. You can’t major in education at
Dartmouth, so we are not in the elementary training
business. But the students can get the minimal amount
of education and practice teaching in order to get a
teaching certificate.

MP: Do you know what the numbers are like in recent
years in mathematics education?

Kemeny: We have never trained a very large number of
teachers for secondary school. But I have the impression
that they have gone up slightly in recent years because
of the decline of opportunities in college teaching. But
the numbers are not big. There is a certain degree of
self-selection in this. The kind of person who gets into
Dartmouth, paying the kind of tuition we have (whether
through parents or through borrowing), usually wants
to get a job that pays somewhat better. We have tradi-
tionally trained quite a large number of college teach-
ers, but high school teaching just hasn’t had that kind
of appeal. But we do have some around.

We have a special master’s program—a Master
of Arts in Liberal Studies, which is a terrible name. It is
supposed to be the opposite of the Master of Arts in
Teaching. The MAT program was for graduates who
had the subject matter background, but needed to be
certified as teachers. We did the opposite. The MALS
program was for teachers who had lots of education
courses but who felt weak in their subject matter. They
come here four summers and get a master’s degree.
Half their courses are in what they teach, and half in
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other things. In effect we let them take undergradu-
ate courses toward the master’s degree, as long as it is
more advanced than what they had had. It is a very suc-
cessful program—it has gone on for about a decade. At
least half of the people in the program have nothing
to do with teaching. For people who live in the region
and who would like to take courses at Dartmouth, it is a
natural thing to do.

MP: | suppose many of the teachers now are coming
back to get computing courses.

Kemeny: That is part of it. In the two courses | am
teaching | have several MALS students. The elementary
probability course is a natural. You don't have to be in-
terested in mathematics teaching to be interested in
probability.

Logarithms at Age Nine

MP: You mentioned the influence of your teacher in
grades five through eight. Were there others, perhaps
teachers, perhaps not, who were very influential in your
early years?

Kemeny: Let me go way back. My father had a one-per-
son import/export business. He had a male secretary/
assistant, and his office was in our home. He may have
been the earliest influence on me. The business didn’t
keep him that busy, and this young man seemed to be
talented in mathematics. He would chat with me, and
| seemed to be very curious about what he was doing.
I still have one thing he gave me—a seven-place table
of logarithms. It is an old, horribly worn copy. That's
not important. What matters is that at age nine he
taught me how to use logarithms. | thought they were
marvelous.

Thatis the earliest influence | remember. Next was
my Hungarian mathematics teacher. My high school |
would say was a negative influence. Itisthe momentuml|
had from Hungary that carried me through high school.
Princeton was a revelation. Whatever advantage | had in
Hungary in the gymnasium | lost in George Washington
High School in New York City. | really did not know what
mathematics was until | came to Princeton.

| started at Princeton during World War Il. The
mathematics department had just decided that you
did not have to take analytic geometry before calculus.
So I signed up for calculus, and | had A. W. Tucker teach
me first term calculus. | found that Princeton was not
as hard as | thought, and | was nervous about what |
might be missing from analytic geometry. So | signed
up for analytic geometry. During the war all the young
faculty were drafted, so we got senior professors.
Professor Chevalley, the great topologist, was teaching
analytic geometry. | am sure it was the only time in his
life he taught it. He was an absolutely terrible teacher
at that level. | remember there was one exam, with a
30 point score. | got 28, and the next highest score was
14. Everybody was terrified. Someone asked how many
students did he normally flunk in this course. He men-
tioned some number, say six. So the student said: if we
get six volunteers to flunk, will you give the rest of us
all D's? Of course he was a very kindly person in terms
of grading. But two-thirds of his problems were terribly
hard.

But imagine having gone to high school as | did,
having Tucker and Chevalley both in the first semester
of college. | entered in the spring, because they had
high-school graduation twice a year. Chevalley had an-
other, more important influence on me. | was one of the
few who cared for his course, and he soon discovered
that | was abysmally ignorant of anything mathemati-
cal. Before summer vacation he asked where | lived;
we lived on Long Island. He said, “Why don’t you come
once a week to Princeton. I'd like to teach you some
mathematics.” So that summer | went once a week to
Princeton. He lectured to me on sets, cardinality, and
point set topology. That summer was the first time | saw
what mathematics was all about.

The next term | doubled up on integral calculus
and differential equations. And that term something
important happened to me. Let me tell you a funny
story.

My interest in philosophy was strong at that time.
Bertrand Russell was lecturing at Columbia, and | went
to hear him. Later | would hear him several times when
he lectured at Princeton. But then | went to Columbia
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Kemeny was one of the first people to have a terminal connected to a time-sharing system in his home. This photograph shows
his daughter Jennifer (then a junior in high school) using the terminal. Jennifer has become a computer scientist.

to hear him. | sat next to a Columbia student, and we
starting talking. | said that | was going to be a math
major, and he asked what | was going to specialize in.
| said that | didn't know, but since | had been doing a
bit of reading on my own, | thought I might study logic.

He said, “You lucky dog, having the greatest logician
in the United States at Princeton.” | said, “Oh really?
Who's he?” (What would a freshman know about such
things?) He said, “Alonzo Church, of course!” | said, “Oh
that's a strange coincidence. | am taking integral calcu-
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lus and differential equations, and he is teaching both
of them!

At Princeton you have to write a small junior pa-
per and a senior thesis. | did my junior paper, my senior
thesis, and my Ph.D. thesis under Church. So he was the
single mathematician who had the greatest influence
on me.

MP: You have been department chairman, and presi-
dent. | am sure you have talked to students who have
different reactions to teachers who are very good for
the brightest students, but who are not so good for
others. What's your reaction to that situation from the
point of view of an administrator as compared to your
reaction as a bright student?

Kemeny: My reaction is really very simple. The only
problem is with faculty who are not very good at teach-
ing anything. | can think of very valuable faculty mem-
bers at Dartmouth who are just as you described. The
trick is to use them only for advanced courses. We also
have some splendid faculty who are really superb at
teaching the large lectures in introductory courses, but
who are not so good in advanced courses. Occasionally
you are lucky—Don Kreider is an example. Don is spec-
tacular at anything he teaches. Therefore, first of all, at
a school like Dartmouth, you try not to have any faculty
members who are bad at every form of teaching. And
you try to get the others in a good mix. It is hard to do
that in a small department, but in a large department
like mathematics, as long as you have a good mix, you
do fine. You try to use people where they do best.

“Einstein Did Need Help
in Mathematics”

MP: Later in your education, as a graduate student, you
were Albert Einstein’s assistant. But you did not go into
physics. What kind of influence did he have on your
career?

Kemeny: Einstein’s assistants were always mathemati-
cians, not physicists. Obviously they were mathema-
ticians who knew a certain amount of physics. | had
taken all the undergraduate physics courses and had a

couple of graduate level courses as well. | really am not
a physicist, but it turned out that of all of the advanced
subjects in physics, the one that most fascinated me
was relativity theory. | had done a lot of reading on my
own.

People would ask—did you know enough phys-
ics to help Einstein? My standard line was: Einstein did
not need help in physics. But contrary to popular belief,
Einstein did need help in mathematics. By which | do
not mean that he wasn’t good at mathematics. He was
very good at it, but he was not an up-to-date research
level mathematician. In fact, some of the things he
achieved were miraculous because he had to do origi-
nal mathematics, and much of it he did the hard way.

His assistants were mathematicians for two rea-
sons. First of all, in just ordinary calculations, anybody
makes mistakes. There were many long calculations,
deriving one formula from another to solve a differen-
tial equation. They go on forever. Any number of times
we got the wrong answer. Sometimes one of us got the
wrong answer, sometimes the other. The calculations
were long enough that if you got the same answer at
the end, you were confident. So he needed an assistant
for that, and, frankly, | was more up-to-date in math-
ematics than he was.

The influences he had on me were of two kinds. |
tell you, | was a little worried in graduate school because
many of the first-rate mathematicians were a little bit
peculiar. One gets a bit of a hang-up, that you have to
become peculiar in order to be a great mathematician.
At least I know | had that hang-up. The same was true of
some theoretical physicists. Then | met two people who
changed my mind completely, and | met them fairly
close to one another. One was von Neumann, certainly
the greatest mathematician of that time, and he was
not peculiar at all. The other was Einstein. Einstein was
the kindest, nicest human being | ever met in my life.

He also once gave me terribly important advice
that saved me from going the wrong way. Having
worked at Los Alamos, | was terribly worried about nu-
clear war. | am still worried about nuclear war. But at
that time | was working with the World Federalists to
try to educate people about the dangers of nuclear war.



They had asked me to become executive director. This
happened the year | was Einstein’s assistant. Einstein ab-
solutely talked me out of it, on these grounds: with that
kind of movement, he said, if you are a paid employee
nobody will pay any attention to you. If you ever want
to make a contribution, get to be a first-rate mathema-
tician or get to be first rate at something. Then people
will listen to you on other issues as well. But the worst
possible thing you can do is to work as a paid employee
for a group like that.

Also when Dartmouth had an opening for a
chairman—the math department sort of went out of
business here—the dean talked to a lot of people. Al
Tucker was deeply involved, but the two that were most
influential in the final choice were von Neumann and
Einstein. They really changed my life. As it turned out,
they changed the history of Dartmouth College as well.
The Dean got more than he bargained for.

Mathematical Literacy

MP: One last topic: mathematical and scientific literacy
in the United States. There have been several recent re-
ports on this matter, from the President’s Commission,
from the National Academy of Sciences. One that |
remember is from the report on the Commission on
PublicInformation of the Three Mile Island Investigation.
That contained a lengthy, devastating discussion of the
problem that reporters have in dealing with scientific
information.

Kemeny: Absolutely. The Commission as a whole spent
a remarkably long time talking about that. | don't really
enjoy talking about nuclear power, but that particular
incident is a very good example of why it is danger-
ous for average citizens to be as ignorant of science as
they are.

I'll never forget our discussion of reporting on
radiation. A very high percentage of public statements
were unacceptable. For example, they found no ac-
ceptable statements in the New York Times—and it is
supposed to be a fairly good paper. Someone on the
Commission asked: “You mean they got the numbers
wrong?” And the answer was no. Strangely enough,
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they got the numbers right but the units wrong. It
turned out that they got the units wrong not only by
having them, say, one thousand times as big or one
thousand times as small, but they often had the wrong
kind of units.

For example they did not understand the differ-
ence between total amount and rate of radiation, which
was terribly important for one incident when they had
indeed detected a 1200 rem radiation. The coverage
had two major things wrong. First of all, that amount
is what was measured right at the top of a smokestack;
it is not what was measured off the island. Second, ev-
eryone said that 1200 rem was given off, which is not
true at all. Actually 1200 Temper hour was given off for
less than a minute. And that’s a very big difference.
Therefore, with those two mistakes the story becomes
dangerously wrong.

This happened over and over again. Either some
major fact like the location or the units was missing, or
they garbled the units completely. It is the kind of mis-
take people make when they use the term light-year as
a measure of time rather than of distance.

MP: What should educators be doing about this?

Kemeny: If mathematics teaching is in bad shape, sci-
ence teaching is really in horrible shape. A survey the
New York Times did a couple of years ago contained
some depressing statistics. | can't remember them ex-
actly, but roughly they found that a large majority of
high-school graduates never had a science course be-
yond general science. And those who do have some-
thing beyond tend to take biology. AlImost never is it a
physical science. That’s madness. | can’t believe there is
any other western country that educates its citizens in
science as badly as we do.

I'm not talking about them becoming experts in
physics. But a few elementary things you have to know
just to be an intelligent person. | am writing an article
for Daedelus, the journal of the American Academy of
Arts and Sciences, on the case for computer literacy as
part of a special issue on scientific literacy. The editor
said that others are reporting all the terrible statistics,
so | did not have to do that. In this article | lead off with
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C. P. Snow’s two cultures, not because | think his essay
is that great, but his basic point is fundamental. It is
not just that we are split into humanistic and scientific
cultures—this is more applicable to the United States
than to the England for whom he wrote it—but the
terribly dangerous thing is that most scientists admit
that a well-educated person should know literature, or
music or whatever, while the humanistic culture is not
willing to concede that understanding science is part
of being a cultured individual. | think that is where the
great danger comes.

MP: That relates to the “New Liberal Arts” theme that
the Sloan Foundation is talking about.

Kemeny: At a recent Sloan conference on the New
Liberal Arts, | argued for a slightly different position. |
think the program is basically excellent. But | don’t think
they have to win over a large number of faculty to actu-
ally teach this stuff. It seems to me that students who
take most of their courses in the humanities must see
science, mathematics, and computing. But all we can
hope for is that we can get the humanities faculty to
where they are not antagonistic to this material. | guess
| am too pessimistic to believe that you are going to
get any significant number of humanities teachers to
change their teaching. But there are many humanities
teachers who can come to appreciate it.

When we got our first computer, one of my very
dear friends in the English department was denouncing
the coming of computers. But he got the strangest kind
of punishment for this behavior. Once we got the time-
sharing system, we put a terminal in the high school. It
turned out that in the first group of students who had
access to it, by far the most brilliant programmer turned
out to be his son. As a result of this, he is now extremely
knowledgeable about computers, and has completely
changed his mind.

Of course he is not to the point that he will teach
this stuff in his courses. And he shouldnt be. If it is use-
ful, he (and his students) will use it.

MP: You are relatively unusual among mathematicians
for having served as president of a major university, and
now coming back into mathematics. | wonder if there is

any general advice that you would give to the mathemat-
ical community, things that you see differently now as a
result of your experience as president of Dartmouth.

Kemeny: Can | answer a slightly different question?
| don't see anything different as far as mathematics
goes. However certain trends are developing that | may
see more clearly because | was president, trends that
weren't there twelve years ago. There is a very strong
trend away from mathematics. | knew this was happen-
ing, but | was shocked to see Gail Young’s report [of the
CBMS study] on the nationwide statistics. At Dartmouth
the trends are much less noticeable.

| would have to say to mathematicians that if they
are not going to learn the important applications of
mathematics—not only in physical science but in the
growth areas of social science and computer science—
if they are not going to learn something about those
areas, they are going to lose most of their students. |
happen very much to believe in strong mathematics
departments, so | would hate to see this happen. | don't
believe it is a good thing for social scientists to teach
their own mathematics. | don’t think it is a good thing
if computer scientists decide to go their own way and
teach their own mathematics.

By all means, mathematicians should learn all the
pure mathematics they want. But also they must learn
applications. Get to be an expert in either the social sci-
ences or in computer science. That’s the secret of sur-
vival for mathematics departments.

Postscript

The interview with Kemeny took place about the time
he stepped down as president at Dartmouth College,
where he had continued to teach after his retirement.
Points not touched on during the interview are his
strong influence on the direction of Dartmouth. He
had presided over its going coeducational in 1972 and
the introduction of the “Dartmouth plan,” an academic
calendar quite innovative at the time. In 1979 he had
chaired the presidential commission that investigated
the near disaster at the nuclear power plant at Three
Mile Island in Pennsylvania.



The interview emphasized Kemeny's influence on
teaching, the development of BASIC, and the introduc-
tion of widespread computing into the undergradu-
ate program. Of course, reading the interview today,
when personal computers are everywhere and BASIC is
now viewed as outdated, brings home the distinction
between mathematics and computer science—one is
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relatively permanent, the other extremely fast chang-
ing. Much of what Kemeny says is remarkably prescient
but other comments on computers now sound almost
quaint. What is impressive is how apt some of his looks
into the future turned out to be.

Kemeny died in 1992 at the early age of 63.
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1936 and 1938 he was at the Institute for Advanced
Study at Princeton. Though trained as a topologist he is
known as a research mathematician mainly for his work
in differential equations and applied mathematics. For
many years he directed the Courant Institute’s Division
of Electromagnetic Research. He has been awarded nu-
merous academic honors—a Guggenheim Fellowship,
a Fulbright Visiting Lectureship, various visiting profes-
sorships, and a Great Teacher Award at NYU.

He has written many research papers as well as pa-
pers on mathematics education. His publications range
from books on mathematics (Electromagnetic Theory
and Geometrical Optics, Interscience, 1965; Symposium
on the Theory of Electromagnetic Waves, NYU, 1950;
Dover, 1965) to books on the role of mathematics in
society (Mathematics in Western Culture, Oxford, 1953;
Mathematics and the Physical World, Crowell, 1959),
on the history of mathematics (Mathematical Thought
from Ancient to Modern Times, Oxford, 1972), and on
mathematics education (Why Johnny Can't Add: The
Failure of the New Math, St. Martin’s, 1973). In addition
he has written several texts: Mathematics for Liberal
Arts, Addison-Wesley, 1967; Mathematics: A Cultural
Approach, Addison-Wesley, 1962; Calculus, an Intuitive
and Physical Approach, Wiley, 1967; and Mathematics:
The Loss of Certainty, Oxford, 1980; among others. He also
edited the popular Mathematics in the Modern World,
Freeman, 1968, a collection of articles from the Scientific
American.

Early Opposition to “New Math”

Professor Kline is no stranger to controversy. He was
an early and outspoken critic of the “new math” and
in the 1950s and 1960s he wrote a series of articles
in The Mathematics Teacher (“Mathematics Texts and
Teachers,” vol. 49 (1956), pp. 162-172; “The Ancients vs.
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the Moderns,” vol. 51 (1958), pp. 418-427; “A Proposal
for the High School Mathematics Curriculum,” vol. 59
(1966), pp. 322-330) and in the Monthly (“Logic Versus
Pedagogy,” vol. 77 (1970), pp. 264-282) in which he at-
tacked what he viewed as excessive rigor and a failure to
deal with the applications of mathematics. For example,
in his 1966 article in The Mathematics Teacher he stated:
“Instead of presenting mathematics as rigorously as
possible, present it as intuitively as possible. Accept and
use without mention any facts that are so obvious that
students do not recognize that they are using them.
Students will not lose sleep worrying about whether a
line divides the plane into two parts. Prove only what
the students think requires proof. The ability to appreci-
aterigor is a function of the age of the student and not
of the age of mathematics. As Professor Max M. Schiffer
of Stanford University has put it, ‘In teaching never put
logical carts before heuristic horses.” This same admo-
nition was echoed in his 1970 Monthly article, this time
aimed more at college teachers.

In his book, Why the Professor Can't Teach:
Mathematics and the Dilemma of University Education (St.
Martin’s, 1977), Professor Kline takes on the university
establishment and argues forcefully for a renewed con-
cern for quality in undergraduate teaching. This book
has generated some excited discussions, much the way
his earlier works stirred up debate on the “new math.”

“Back-to-Basics” versus
“New Math”

MP: Professor Kline, having read your many books,
books covering a wide range of mathematics, historical,
cultural, and pedagogical topics, | hardly know where to
begin. One could, | think, plan an interview on any one
of them. But the plans for this interview were prompt-
ed by the appearance of your book, Why the Professor
Can't Teach, so | do want to get to some of the issues
raised there. Let me start, though, with a few questions
on the “new math.” Now that the “new math” seems to
be on the way out, are you encouraged?

Kline: | am pleased that teachers around the country
have recognized that the new mathematics was not an
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Kline upon his graduation from Boys’ High School of Brooklyn,
New York, in 1923.

improvement in mathematics education. However, | am
unhappy about the fact that a real improvement is not
in sight. | am also bothered by the fact that prominent,
intelligent mathematicians could ever have believed
that that curriculum would be suitable for young peo-
ple. But perhaps no one should make an a priori judg-
ment about education.

MP: | know that you would like to see more motiva-
tion from the physical sciences in the mathematics cur-
riculum. Do you see signs of this being introduced as
the schools abandon more and more the emphasis on
structure and axiomatics?

Kline: | certainly would like to see physical problems
introduced as motivation and application in many of
the mathematics courses. Of course these applications
must be carefully chosen to suit the level of the course
and they should not require a background of physics.
They need not. | believe that professors are not introduc-
ing these physical problems because the typical Ph.D.
has no background in physical science and fears that

he will be unable to answer questions from students
in the area. Actually the fear is groundless because so
little physics, astronomy, or chemistry is involved. There
is much talk these days about applications, but | fear it
is just talk.

MP: What do you think of the current trend to a back-
to-basics curriculum? Might this not herald an even
worse problem in the schools than was caused by the
sometimes absurd nit-picking about language and
notation?

Kline: The back-to-basics movement, in part a reaction
to the new math, is not the solution to decent math-
ematics education. It means to me the meaningless
drill in techniques that was common twenty and more
years ago. That type of education failed, as is evidenced
by the attitude of most intelligent, educated people
toward mathematics. It will almost surely fail again. It
may not be worse than the new math but it is surely
not better.

MP: | thought you made an interesting point about
hand calculators in your book. You point out that to be
able to do algebra one must understand the skills of
arithmetic. One is, after all, only doing with letters what
one has presumably already done with numbers. The
hand calculator cannot, by itself, provide the necessary
experience with arithmetic. Would you care to remark
on the ways the hand calculator can be used in the
classroom at various levels?

Kline: 1 have heard prominent mathematicians say that
we do not have to teach arithmetic any more now that
hand calculators are available. Hence | pointed out in
my book why that assertion was wrong. However, in the
teaching of arithmetic the hand calculator can be used
as a check the students can make on the operations
they have performed with the usual arithmetic pro-
cesses. Also | believe that laboratory materials are desir-
able. The calculator is not strictly a laboratory device,
but it is a novelty and something students can handle.
It is intriguing. At the secondary and higher levels the
hand calculator is a minor aid. It can be used in place of
the slide rule or logarithms. But this does not mean that



logarithms should not be taught, because the log func-
tion isimportantin the calculus. The calculator may also
arouse interest in computer science.

History—A Guide to Pedagogy

MP: You remark at one point in your book that literal
symbols for numbers did not come into use till around
1600. And in an earlier remark you point out that a logi-
cal foundation for the calculus was developed in the
nineteenth century, roughly 300 years after Newton
and Leibniz. Yet we expect young students to take to
algebra and beginning calculus students to appreciate
the need for €'s and &'s. Do you think those who devel-
op courses in mathematics should stick more closely to
the sequence of historical development of the subject?

Kline: | definitely believe that the historical sequence
is an excellent guide to pedagogy. The introduction to
the calculus should not involve €'s and &'s. This rigor be-
longs in advanced calculus. One need not follow histo-
ry literally, but if great mathematicians had difficulties
with some creations, our students will also.

MP: Would you advocate a history of mathematics
course for every prospective teacher?

Kline: Every teacher of secondary and college math-
ematics should know the history of mathematics. There
are many reasons, but perhaps the most important is
that it is a guide to pedagogy.

MP: One of the problems | saw in the writing of text
materials for the “new math”was a tendency on the part
of teachers, who were at that time receiving extensive
retraining in summer and academic year institutes, to
assume that the material they were being taught (for
example, rigorous courses in the foundations of ge-
ometry) could be taken back almost unchanged to the
high-school classroom. There was a failure to distin-
guish between the experience of the teacher who al-
ready knew geometry, say, and who could appreciate
the refinements of a carefully arranged course, and that
of the young student encountering the subject for the
first time. Are there ways of avoiding this type of prob-
lem in future curriculum reform projects?
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Kline: You are certainly correct that professors who
could appreciate rigor did not realize that youngsters
would not. The movement to teach rigorous math-
ematics to youngsters was and is a mistake. They are
not prepared to appreciate the need for the rigor. | tried
to make this point at some length in my article “Logic
Versus Pedagogy.” [See earlier reference.] The first ap-
proach to any subject should be intuitive, even though
the teacher knows that from a rigorous standpoint the
approach is faulty. For about two thousand years the
best mathematicians regarded Euclid’s Elements as rig-
orous. Here again history is a guide to pedagogy.

Does Research Affect Teaching?

MP: Let me move on to more specific issues raised in
your book. You use some strong language. On the new
math, for example, you say: “Of course, the new math
was a disaster at both the elementary and secondary
levels.. Thereare those who will certainly disagree. And
your remarks on research in mathematics are sharp; for
example: “No doubt much worthless research is done
in all academic fields. But remoteness and pointlessness
are far more prevalent in mathematics.” Has the book
prompted a strong response, even a counterattack? |
have seen the two articles by Hilton and Hochstadt in
the Mathematical Intelligencer.

Kline: My attack on research in mathematics was not
relevant. Actually | can defend this attack and may
someday do so. But what | should have stuck to in Why
The Professor Can't Teach is that participation in mod-
ern, highly specialized research does not improve the
ability to teach undergraduate mathematics. The criti-
cisms of my statements on research by Peter Hilton and
Harry Hochstadt in the Mathematical Intelligencer at-
tributed to me statements | never made. For example,
Hochstadt said | wish to abolish research. | never said
any such thing. Neither man took the trouble to read
the book. They read only the excerpts in the first issue
(of the Intelligencer). This is hardly fair. But fortunately |
have received dozens of letters from teachers who not
only agree as to irrelevance of the research for teaching
but resent the pressure to do research.
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MP: You have no trouble convincing me that there is
some very bad teaching in the universities and that
great researchers can be pretty awful in the classroom;
but | have the impression from your book that you
scarcely admit the exception, the good research math-
ematician who is also a good teacher. Aren’t there some
who are good at both?

Kline: The good researcher who is a good undergradu-
ate or even a graduate teacher is really an exception.
One reason is not that more research people could not
be good teachers, but that if one is to excel in research,
he must keep pace with so much literature, attend con-
ferences, and spend so much time solving any signifi-
cant problem that he cannot spend time meeting the
multiple demands on a teacher. Hence only a person
with extraordinary energy can do both.

MP: One of my problems in reading your book is that |
am not sure what a good teacher is. | recall a teacher of
mine who was an internationally known research math-
ematician. He would dwell at great length on ideas that
were rather simple, and as soon as we got to something
| thought was hard (a series of Tauberian theorems, as |
recall) he passed right over the proofs, saying that they
were too hard. At the time | thought the course was a
disaster and | had notes from the class that were just
about worthless. Yet the instructor passed along an en-
thusiasm for the material that has stuck with me to this
day, and I look back on it as one of my best courses. My
point is that teachers affect their students’ thinking in
subtle ways, and superficial student evaluations of an
instructor’s “performance” don't tell the whole story.
Would you care to comment? And how would you de-
fine a good teacher?

Kline: There is no definitive characterization of good
teaching. A teacher who stimulates his students to
learn is good. Of course he should be doing more but
he is doing something vital. A teacher who is boring in
class but fully aware of the difficulties students have,
presents the material clearly in class, and meets them
after class to provide additional help is good. Even the
person who is neither stimulating nor especially careful
in his presentations but gets to know his students and

makes them feel that he is their friend to whom they can
come for any kind of help or advice is a good teacher.
Every good teacher must know the average student’s
background and prepare his lectures and choose a text
accordingly. Student evaluations must be taken with a
grain of salt.

MP: As | said before, though | think there are excep-
tions, | would agree that great researchers are often not
good teachers, and are, in any case, not sufficiently ac-
cessible to undergraduates. But in your book, you are
pretty hard on teaching assistants. It's true they have
other priorities, but | have observed that undergradu-
ates who are taught by teaching assistants are often the
lucky ones. Wouldn't you agree?

Kline: Just as it is the rare researcher who, for reasons
cited earlier, is a good teacher, so, | believe, it is the rare
graduate assistant who is a good teacher. That students
often learn more from graduate assistants than from
professors means to me that bad teaching is better
than no teaching.

i

Kline in May of 1930, the month in which he received his
B.Sc. degree from New York University.



MP: You feel, apparently, that research and teaching for
the undergraduate mathematics instructor are almost
antithetical. You suggest in your recommendations that
the undergraduate and graduate departments be split
apart with separate funds and separate faculties. How
many schools have done this and how successful has
it been? Does it result in better teaching at the under-
graduate level?

Kline: | stick to my recommendation that undergradu-
ate and graduate education be completely indepen-
dent of each other. The graduate schools feed on the
money brought in by undergraduates. Instead of using
that money to support first-class teachers, the univer-
sities use graduate assistants and large lecture classes
to teach undergraduates. The large universities have
been doing this for thirty or forty years. | know from
personal experience at New York University (I was chair-
man of undergraduate mathematics for 11 years) that
when the undergraduate college was independent the
teaching was far better. It was done in small classes by
mature, full-time, generally tenured faculty. But New
York University has gone the way of Harvard, Princeton,
Chicago, Illinois, Michigan, Berkeley, and, to my knowl-
edge, all the major universities. In a recent “Op-Ed” ar-
ticle in the New York Times, the president of a major uni-
versity deplored the impending decline in undergradu-
ate enrollment because less money would be available
to support the research.

MP: At one point you refer to the fact that federal in-
tervention in the form of laws and the withholding of
grant money has been effective in exerting pressure on
universities to end discrimination and that similar feder-
al pressure could force universities to change in order to
improve teaching. Are you advocating such intervention
and what form should the pressure take?

Kline: | would not like to see much federal interven-
tion in education. But now state university systems
are the biggest institutions. The money to run these is
provided by the states (sometimes cities). The legisla-
tors should make sure that ample funds are provided
for sound undergraduate education and see to it that
the funds are so used. This is the first priority. Money for
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graduate education and research should be provided,
but only after the undergraduate needs are provided
for. The National Science Foundation and hundreds of
private foundations help graduate students and re-
search projects. | am not oblivious of the value of re-
search, but it should not be supported by cheating the
undergraduates.

MP: On page 235 you say: “In the educational field the
universities' insistence on research as the qualification
for appointment and tenure of professors. .., large lec-
ture classes, the use of teaching assistants on a wide
scale, and inadequate textbooks are all highly detri-
mental to the progress of mathematics and to the ef-
fectiveness of education."There are certainly those who
feel strongly that research as a criterion for appoint-
ment and tenure is essential for the progress of math-
ematics. Are you referring here only to appointments to
the undergraduate faculty? Researchers are surely neces-
sary for the graduate faculty, unless one drops the Ph.D.
program for the D.A. (Doctor of Arts).

Kline: My statement on page 235 of my book to the
effect that research should not be a qualification for ap-
pointment and tenure was intended to apply primar-
ily to undergraduate teachers. However, even graduate
students, especially in their first year or two, need good
teaching. Also many graduate schools provide service
courses to, say, engineers who want to learn more
mathematics but are not Ph.D. candidates. In the next
paragraph of the book | was clearer that we must recog-
nize scholarship as well as research. Of course research
professors are needed to advance mathematics and to
train prospective research people.

A Doctor of Arts Degree
for Teachers?

MP: You devote some pages to a discussion of the D.A.
degree. | certainly agree that it could be and probably
is in many cases a more appropriate degree for under-
graduate teaching than the Ph.D. Do you think it will
ever really catch on and be regarded as something
more than a second-rate degree compared to a Ph.D.?
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And what do you think of the D.A. as an appropriate ter-
minal degree for the two-year college teacher?

Kline: The D.A. degree is slowly gaining acceptance. |
believe that the clamor for good teaching will help.
Though for a while this degree will be regarded as sec-
ond-rate, | believe it will acquire status. It certainly is the
proper degree for the two-year college teacher. Now
about fifty percent of the undergraduates are in two-
year colleges. These students must have good teachers,
and | expect that the young American Mathematical
Association of Two-Year Colleges will be exerting pres-
sure for training teachers.

MP: | would like to move now to some discussion of
what mathematics should be taught. On page 206 [Why
the Professor Can't Teach], you object to some topics of-
ten included in courses for liberal arts students or for
prospective elementary school teachers: “the logical
development of the real number system; set theory;
transfinite numbers; Boolean algebra; truth tables; ab-
stract mathematical structures such as groups, rings,
and fields; finite geometries; and a heavy emphasis on
axiomatics and proof” Now there are certainly attrac-
tive topics in all of these fields (well, almost all) but, for
the student not drawn to mathematics naturally, they
make a pretty dreary list of topics, overall. | know that
you would suggest topics more closely tied to science.
Aren't there topics, though, from pure mathematics, for
example, from number theory or from geometry, that
would be closer to the student’s experience and to his
interests than the topics above?

Kline: As for the material taught to liberal arts students
and prospective elementary school teachers, the topics
currently taught are, in the main, worthless for them.
However, | do not exclude some purely mathematical
topics. My Mathematics for Liberal Arts gives one possible
version for liberal arts students. | would not advise the
book for prospective elementary-school teachers. They
need a far better understanding of arithmetic, the ele-
ments of algebra and geometry, and of applications at
this level. These students can study a number of topics,
such as bases of our number system, which would en-
hance their knowledge and make them better teachers.

How to Motivate: Pure versus
Applied Mathematics

MP: | get the feeling throughout that you are a bit hard
on pure mathematics. Surely topics from number the-
ory, combinatorics, and geometry can be very appeal-
ing without being tied to practical problems and can be
used to motivate students to acquire good mathemati-
cal skills. How else does one explain the popularity of
Martin Gardner’s books and columns? You do admit in
your book that games are effective in the early grades.
Cannot the upper grades benefit from mathematics
that is appealing and fun?

Kline: 1 am hard on pure mathematics as the basic diet
in courses. A bit of it can be attractive, intriguing, and

Kline in 1936 after receiving his Ph.D. from New York University.



even fun. But the mathematics that is most important
and, in my experience, most attractive to students is the
kind that applies to their world (at the respective ages).
The popularity of Martin Gardner’s columns and books
is undoubtedly due in the main to the puzzle aspect. |
would use at any level puzzles and games that are truly
instructive. But many are insignificant. Let us keep in
mind the popularity of crossword puzzles. To what ex-
tent should these be the substance of English courses?

MP: | have a problem with the suggestion about more
examples from the physical sciences or astronomy. The
fault may well be mine, but | have trouble conveying to
students my excitement about such problems. All too
often they seem to remind my students of unpleasant
experiences in physics classes. Then, too, they often in-
volve extensive computations and end up looking too
much like real work. And astronomical calculations,
though they may be of interest to some students caught
up by the space program, are, it seems to me, just about
as applicable to everyday life as the Kdnigsberg bridge
problem. Would you care to comment?

Kline: Physics is no better taught than mathematics.
And it is true that some students are as much repelled
by physics problems as by mathematics proper. If math-
ematics teaching is improved, the physical problems
can be presented attractively. Moreover, by selecting
problems that do relate to the student’s world we can
arouse interest and even overcome antagonism to
physics. For a high-school student, physics applied to
athletics (there are books on this) might be one suitable
application, though not perhaps the most significant.
Extensive computations should be and can be avoid-
ed by rounding off numbers. We must experiment to
find what applications do appeal at the respective age
levels.

MP: Have you seen some recent compendia of applied
problems (for example, the MAA-NCTM publication, A
Sourcebook of Applications of School Mathematics)
that have been put together by various groups? | have
read through some of them looking for problems for my
classes. For the most part, they look dull to me and I'm
afraid to try them on my students. They seem to me to
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be scarcely more interesting than the artificial problems
they would replace. There is always the problem of find-
ing really good materials from which to draw examples.
Most authors, as you point out, do not have adequate
background to write well on applications. Even people
with the background and stature of Pélya have trouble
if one is to accept the review of Mathematical Methods
in Science by Robert Karplus in the Monthly. Are there
any short-term solutions to this problem?

Kline: | have not yet examined the MAA-NCTM publica-
tion, A Sourcebook of Applications of School Mathematics,
but | have seen others. Usually they are disappointingly
dull. The trouble with such projects is that the members
write what they already know. And what they know is
limited. | believe that the mass and variety of applica-
tions are so great that we can find good ones. | myself
have notes on hundreds of applications. But good ones
must be unearthed through hard digging in various
places. And | stress that they must be tried. Pélya is a
splendid mathematician and really interested in peda-
gogy. But his ability to write for high-school students is
questionable. Like other European-trained mathemati-
cians—some are my colleagues at NYU—Polya is really
not at home with lower-level United States education.

Expository Writing for Teachers

MP: As a coauthor of several texts, | have to admit |
squirmed a bit when | read your chapter on textbooks
and their authors. Let me quote you. “The writing in
mathematics texts is not only laconic to a fault; it is cold,
monotonous, dry, dull, and even ungrammatical.”I'll ad-
mit to some of these charges but not willingly to the
last. Your comments apply, of course, not only to many
texts but even more to journal articles. Opaque math-
ematical writing seems to have become a virtue, in the
eyes of many, instead of a vice. Is there any reasonable
hope of changing the style of mathematical writing so
that inclusion of motivation and historical background
will not be considered bad form?

Kline: My condemnation of texts as of research people
as teachers is general. It was not meant to exclude
any exceptions. All mathematicians, but especially
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D.A.s, should be trained in expository writing. At pres-
ent, mathematicians receive no such training. Writing
is a skill and an art and is not automatically acquired.
If we train and find places for good teachers, they will
seek out the well-written texts and so force others to
improve if they wish to gain adoptions. As for research
articles, | see no hope of improvement. The American
Mathematical Society could do a lot but won't.

MP: | recall visiting a small liberal arts college some
years ago and looking at the textbooks in the book-
store. | know what kind of students they had. Where |
expected to find Granville for calculus | found Apostol.
Now surely Apostol’s book is a fine text—for some stu-
dents. | know you have something to say about such
practices. Would you care to comment?

Kline: Apostol’s Calculus is far more an advanced cal-
culus text. It should not be used for an introduction to
the calculus. Many professors adopt books of interest to
themselves but totally unsuitable for the students.

MP: You make a strong case for recognition of scholar-
ship, rather than research ability. | assume you mean by
“scholarship” the ability to synthesize, evaluate critical-
ly, and put work in a historical framework. Surely ours
is one of the few fields, if not the only field, where such
scholarship is eschewed and only the creation of some-
thing new counts. Recognition of such worthwhile ac-
tivity is what is required if the D.A. degree we discussed
earlier is to succeed and have any impact on the pro-
fession. | only hope that as scholars we would not be
measured by your scholarship. | found Mathematical
Thought from Ancient to Modern Times an amazing
tour de force. Do you include historical remarks in your
classroom lectures?

Kline: My Mathematical Thought is not a text. It is for
occasional reading and general background for profes-
sionals. But history can play a great role in pedagogy.
For example, if students taking introductory calculus
were told that even Newton and Leibniz, despite no-
table predecessors, did not have a good grip on the
concepts and that about two hundred years of effort
were required before mathematicians began to pin

down the concepts, the students would not feel baffled
if they don't grasp the concepts properly at the outset.
Instead they will gain courage to continue. There are
many other pedagogical values of history. Scholarship
should also include good expository articles and critical
articles.

MP: Do you feel there should be more separate courses
in the history of mathematics offered in mathematics
departments?

Kline: Every mathematics department should offer
a course in the history of mathematics, on both the
undergraduate and the graduate levels. | could write
a long article on the values to be gained from such a
course.

Life at New York University

MP: You have been close to some important recent his-
tory yourself. You were at NYU for a number of years,
during the Courant years of which we have read so
much in the Reid book'. Earlier you were at the Institute
for Advanced Study—in the late 1930s, wasn't it?—
when Einstein was there, along with some other rather
good people. Could you give us a glimpse of what life
was like at NYU and at the Institute during those excit-
ing times?

Kline: It would require a book of the size of Constance
Reid’s to describe life at NYU during Courant’s admin-
istration from 1934 to 1958. All | can say briefly is that
Courant was the wisest and most able administrator |
have ever met and that he built an insignificant depart-
ment into one of the greatest. Working for him gave
me insights | could never have gotten elsewhere. The
two years, 1936-1938, that | spent at the Institute for
Advanced Study were also very valuable but only for
the acquisition of mathematical knowledge. Einstein,
von Neumann, Weyl, Morse, Veblen, and Alexander
were the mathematics professors. | was a research assis-
tant to Alexander. | state reluctantly that the limitations

! Constance Reid, Courant in Géttingen and New York: The Story ofan
Improbable Mathematician, Springer-Verlag, New York, 1976.



of these men—not in creativity or knowledge—were
also very apparent.

MP: Did you always have a strong interest in applied
mathematics? Who influenced you in this, any particu-
lar teacher or any figures in the history of mathematics or
science? Are there mathematicians in history for whom
you have an especially high regard?

Kline: As a high school undergraduate, and graduate
student of mathematics (before Courantcame to NYU in
1934), | hadn’t the least idea of what mathematics was
all about. | could do the required work and make good
grades and so | preferred it, for example, to English. |
believe | was a victim of the poor knowledge and poor
teaching that was prevalent during the second and
third decades of this century. My doctoral degree was
in topology, and this is one reason | got the appoint-
ment of research assistant to the topologist James W.
Alexander. But when | returned to NYU to work for
Courant, he convinced me that the greatest contribu-
tion mathematicians had made and should continue
to make was to help man understand the world about
him. And so | turned to applied mathematics.

Though Courant was certainly the ablest adminis-
trator | have gotten to know, and an unbeatable judge
of men and ideas, the broadest and wisest man in math-
ematics proper was, in my opinion, Hermann Weyl. Even
his articles in American Mathematical Monthly are worth
reading and rereading. If we go back in time, then my
hero is Leonhard Euler.

MP: As an applied mathematician you must be follow-
ing the current controversy concerning catastrophe
theory. Would you care to comment?

Kline: | do not know enough about Thorn’s work in
catastrophe theory to evaluate it. | suspect it has sub-
stance, but when a word such as catastrophe is attached
to it, it gets more attention than it may warrant.

MP: | first met you in 1958 at Stanford when you were
out one summer to teach in a special program for high-
school teachers. You were, of course, at that time writ-
ing on teaching and have written a number of texts
and other works in this area. When did you develop
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this strong interest in teaching? Did you always have
it?

Kline: When | started to teach as an instructor in 1930 at
New York University, teaching was still regarded there
as the most important activity of the faculty. Though
for various reasons | did turn to research in applied
mathematics, worked for the U.S. Army on applications
during World War I, and then founded the Division of
Electromagnetic Research at the Courant Institute, |
still believed that teaching was at least as important,
and | continued to pursue teaching interests. We met
at Stanford in 1958. | was there again to teach in 1961
and 1966. When research began to take precedence
over teaching in this country, roughly about 1945, |
became incensed about the shoddy treatment of un-

Morris Kline, champion of applications and an early oppo-
nent of the “new math.”
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dergraduates; and even though | was heavily involved
in research | resolved to spend some time in efforts to
argue for good teaching. | hope to continue these ef-
forts as long as | am able to. Fortunately Courant was
sympathetic and in fact appreciated teaching, so | did
not have to face personal hardships at NYU.

Advice to Teachers

MP: Of course, you have a reputation as a great teacher.
Are there any hints you can pass along to the rest of us?
Can people be taught how to teach or are some born
with the ability, others not?

Kline: | believe that almost anyone can learn to be a
good teacher. The exceptions are people who, probably
because of influences in their early years, develop with-
drawn or introverted personalities. Perhaps the person
with a lively temperament is born with that quality. But
as | noted earlier, this feature is not essential. There are
various kinds of good teaching. However, there must be
a will to teach and a will to learn how to teach. It is not
something one does well merely by “knowing his stuff”
Somehow one must learn that motivation is vital, that
some students think rapidly and others slowly but that
both can learn and even create equally well, that the
background and interest a student brings to class must
be taken into account and that these backgrounds and
interests differ considerably, that an attitude of friendli-
ness and even camaraderie on the part of the teacher
is essential, that humor has a place in teaching, and
that one must constantly search for the best materials
and presentations. There are many qualities that good
teaching demands, but they can be learned. However,
as long as research is the measure of the man and the
qualification for personal progress, it is a natural re-
action of human beings that the will to teach will be
suppressed.

MP: | believe it's Pélya who tells the story of Hilbert,
who, when asked what question he would want an-
swered if he could come back, like Barbarossa, after five
hundred years, said, “Has anyone proved the Riemann
hypothesis?” If you could come back after five hundred
years, what would you ask?

Kline: If | could come back after five hundred years
and find that the Riemann hypothesis or Fermat'’s last
“theorem” was proved, | would be disappointed, be-
cause | would be pretty sure, in view of the history of
attempts to prove these conjectures, that an enormous
amount of time had been spent on proving theorems
that are unimportant to the life of man. | would hope
that medicine would have made progress over the five
hundred years at the rate that mathematical physics
made in three hundred years. When medicine has dis-
covered how to cure or prevent cancer, heart troubles,
birth defects, mental disorders, and other diseases, |
would be so overjoyed that | would be more tolerant
of even that large part of mathematical research that is
useless. It is not easy to define human happiness and,
as the poet Archilochus put it,“Each man must have his
heart cheered in his own way!” But good health is the
first prerequisite. Perhaps research in medicine had to
wait for some of the progress made in mathematics,
physics, and chemistry. But | believe that a far greater
amount of research in medicine could have been un-
dertaken two hundred years ago. It is deplorable that
Harvey’s discovery that the blood circulates through
the body, Descartes’ experiments in biology, and John
Bernoulli’s and his son Daniel’s proposal to apply fluid
dynamics to the flow of blood in arteries and veins were
not followed up until very recent times, and biological
research generally received little attention. If their work
and that of others had been followed up, | might have
my wish fulfilled today.

Postscript

Kline retired from NYU in 1979, roughly the time of this
conversation with him. As is clear from the interview
he had moved from topology to applied mathematics
and, in the 1950s and 1960s to writing books on the
history of mathematics and general culture that ap-
pealed to a general audience. In the 1970s he wrote a
series of highly provocative and widely popular books
on the shortcomings of American mathematics educa-
tion: Why Johnny Can’t Add: The Failure of the New Math
(St. Martin’s Press) and Why the Professor Can't Teach:
Mathematics and the Dilemma of University Education



(St. Martin’s Press). Around the time of this interview
he moved on to the philosophy of mathematics with
his Mathematics: The Loss of Certainty (Oxford) and
Mathematics and the Search for Knowledge (Oxford),
books again very popular with readers, though perhaps
more admired by mathematicians than by logicians,
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just as his opinions on pure mathematics were almost
certainly read with more pleasure by applied math-
ematicians than by topologists, algebraic geometers,
and number theorists. Highly opinionated, he is still
admired for his erudition in the history of mathematics
and his extraordinary ability as a writer.
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Interviewed by Donald J. Albers and Lynn A. Steen



s a high school senior in Milwaukee, Donald E.

Knuth had doubts about his ability to graduate
from college. Four years later he received his B.S. in
mathematics, summa cum laude, from the Case Institute
of Technology in 1960. His work had been so distin-
guished that by a special (unprecedented) vote of the
faculty he was simultaneously awarded an M.S. degree.
In 1963 he received his Ph.D. in mathematics from the
California Institute of Technology. Over the years he
has received many prestigious awards. In 1979, at age
41, he was awarded the National Medal of Science by
President Carter.

By any measure, Don Knuth is a remarkable man.
He is generally regarded as the preeminent scholar of
computer science in the world. He also is an accom-
plished organist, composer, and novelist.

He is a prolific writer on a host of topics, and he
has contributed to an unusually large number of pub-
lications. His first publication was for MAD Magazine.
Since then he has written for Datamation, the Journal of
Recreational Mathematics, the American Mathematical
Monthly, and dozens of other mathematics and com-
puter science journals such as Acta Arithmetica and Acta
Informatica. He is best known for his monumental series
of books, The Art of Computer Programming, which has
been translated into several languages, ranging from
Chinese to Russian. Three of a projected seven volumes
in the series are now completed, with part of the fourth
in preprint form. His progress on the series has been
slowed by a four-year-long diversion on computer-as-
sisted typesetting.

“I Got Headaches from
Drawing Those Graphs”

MP: You are a computer scientist, and yet you started
out in mathematics. When did your mathematical inter-
ests first emerge?

Knuth: In my freshman year of high school | got very
interested in mathematics. In fact, | think | ruined my
eyes drawing hundreds of graphs on orange graph pa-
per with dim lighting. | started to get headaches from
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drawing those graphs, but | was fascinated with them.
The typical graph would be some function like, where
y=Alax+ b- Jex+ d 1 would fix b, ¢, and d and vary
a, in order to see what would happen to the shape of
the graph. I had hundreds and hundreds of such graphs
where | wanted to see the behavior of functions.

MP: Did you have an outstanding teacher along the
way?

Knuth: The mathematics teacher that | remember most
and who inspired me the most was in college. My high
school senior teacher also introduced me to things like
binary numbers and encouraged me to do recreational
things. During my senior year in high school, | entered
the Westinghouse Science Talent Search. | made two
entries. One was sort of physics oriented, and the other
was a number system based on 7. | had thought about
imaginary number bases and irrational number bases,
and | played around with the kind of logarithm tables
that would result from such bases. | didn't win the prize,
but | do remember having a lot of fun thinking about
number systems. | also played around a lot with abso-
lute value functions. When | learned about the absolute
value function, | started making another set of graphs.
| worked out a system so that if somebody gave me a
pattern of connected straight lines, | would be able to
write down a function whose graph gave that pattern.
| was absolutely fascinated with graphs in mathemat-
ics. My physics teacher was my favorite teacher in high
school. | was torn between physics and music, but | en-
rolled in college as a physics major. | had done a lot of
piano playing and some orchestrations, so | didn't know
whether | should major in music or physics. My choice
of majors was due essentially to the different scholar-
ships | got. The college | chose was better in physics
than in music. If | had gone to Valparaiso instead of
Case, | would have majored in music.

MP: s there any other music or mathematics talent in
your family?

Knuth: My dad was a church organist and now | am.

MP: Do you think there is much to the suggested connec-
tion between musical ability and mathematical ability?
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Knuth: There is definitely something to it. Go, for ex-
ample, to the Mathematics Institute at Oberwolfach in
Germany. Every week mathematicians come there for
conferences, and music is the main recreation. They
have a tremendous music library and many people will
come with their instruments. Chamber music fills the
halls almost every night as the mathematicians get to-
gether. In our department now we also are surrounded
by chamber music. | just was talking to the administra-
tive assistant of our department about this. She had
previously worked in the law school, and she said in the
law school one professor out of 20 might go to a con-
cert once in awhile. They weren’t that much interested
in music. Here in the Computer Science Department
she felt that more than half the people were musicians
themselves.

MP: Do you have a theory as to what you perceive as a
real connection between music and mathematics?

Knuth: No, | really don't understand why. | guess Euler
liked music, but | can't say how many great mathema-
ticians of bygone days were really good musicians. |
haven't studied that. There is definitely a correlation,
certainly at Stanford.

| also found this in my friend, Professor Dahl from
Norway, who carries piano duet music all of the time
with him in his briefcase. No matter where he goes, he
finds someone to play with him. He was the one who
introduced me to the beauty of four-hands piano mu-
sic, and now | have quite a collection of it built up over
the last ten years.

MP: | wonder if we could get back to your early school-
ing experiences from a different angle, namely, writing.
When did your writing interests first emerge?

Knuth: Our grade school was very good in English gram-
mar. | remember one of the most interesting things for
me in the 7th and 8th grades was to diagram sentenc-
es. A bunch of us would get together after class to try
diagramming. We could diagram all of the sentences
in the English book, but we couldn’t diagram many of
the other sentences we saw around us, especially the
ones we saw in the hymnal. We couldn’t figure out what

was going on. They just didn't fit any of the rules we
learned. We worked hard on this, and it was a big thing
for us at the time. In high school, | found out that every-
one from our grade school was whizzing through the
English classes because of what we had learned; so it
wasn't just me.

MP: | was going to ask you if this was a public school.

Knuth: 1t was a Lutheran school. My dad was a Lutheran
school teacher, and | attended a Lutheran high school
in Milwaukee. My grade school education in writing
was really good. I'm trying to do that for my kids now.
| have them write an essay every week. If they want
permission to watch television the next week, they
have to turn in their essay the previous week. When
| got to college, | found out that writing was almost
50% of what | had to do well, and the other half was
mathematics.

The other strange thing | remember about grade
school occurred when | was in the 8th grade. There was
a contest run by the manufacturers of Ziegler's Giant
Bar in Milwaukee. The contest consisted of trying to
find how many words could be made out of the letters
in“Ziegler’s Giant Bar"This contest appealed to me very
much, and | told my parents | had a stomach ache so
that | didn’t have to go to school for two weeks. | spent
all those two weeks with an unabridged dictionary find-
ing all the words | could get from the specified letters. |
wound up with about 4,500 words, and the judges had
only 2,500 on their master list. Afterwards | realized that
| could have made even more words if | had used the
apostrophe! My dad and mom helped type up the an-
swers | had written out when they saw how interested
| was in this project. The prize was a television set for
the school. So our school got a TV set in the classroom,
and we got to watch during class that year (1952) one
of the first live transmissions from San Francisco across
the country. We also got a Ziegler’s Giant Bar for every-
one in the class.

Professor Guenther was my freshman calculus
teacher at Case, and he first exposed me to higher
mathematics. Paul Guenther died about five years ago,
but he was a great teacher for me mostly because he
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Knuth is an accomplished organist and composer. “I want to write some music for organ with computer help. If I live long
enough, I would like to write a rather long work that would be based on the book of Revelation. The musical themes would

correspond to the symbolism in the book.”

was so hard to impress. Every time | made a suggestion,
| was put down, but he would grudgingly appreciate it
when | finally came up with a good one. | don’t know
why | got so excited about him. In addition to his un-
impressibility, he had a good sense of humor, and he
seemed to know as much physics as my physics teach-
ers and as much chemistry as my chemistry teacher.
That impressed me: it seemed that mathematics was a
little better somehow.

Also, | was scared stiff that | wasn't going to make
it in mathematics. My advisors in high school told me
that | had done well so far, but they didn’t think | could
carry iton in college. They said college was really tough,
and the Dean had told us that one out of three would
fail in the first year. In high school, | did have the all-time
record for grades. We graded not on A, B, C, D, but on
percentages in every course. And my overall percent-
age in classes was better than 97.5%.
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“I Always Had an
Inferiority Complex”

MP:  Didn't that instill in you a great deal of
confidence?

Knuth: | always had an inferiority complex—that’s why
| worked so hard. | was an over-achiever probably.

At Case, | spent hours and hours studying the
mathematics book we used—Calculus and Analytic
Geometry by Thomas—and | worked every supplemen-
tary problem in the book. We were assigned only the
even-numbered problems, but | did every single one to-
gether with the extras in the back of the book because
| felt so scared. | thought | should do all of them. | found
at first that it was very slow going, and | worked late at
night to do it. | think the only reason | did this was be-
cause | was worried about passing. But then | found out
that after a few months | could do all of the problems in
the same amount of time that it took the other kids to
do just the odd-numbered ones. | had learned enough
about problem solving by that time that | could gain
speed, so it turned out to be very lucky that | crashed
into it real hard at the beginning.

| started as a physics major, but my turn towards
mathematics came in my sophomore year. | took a
course in abstract mathematics from Professor Green,
who is still teaching at Case. He had written his own
textbook for the class, where he would give axioms for
Boolean algebra, logic, etc. All of a sudden | realized that
it was something | liked very much. And he gave a spe-
cial problem without telling us whether it was possible
or not. He said that if anyone could solve the problem,
that person would get an automatic “A” in the course.
So, of course, none of us tried it. It was obviously hope-
less, for he had quite a reputation. As far as we were
concerned, there was no way to do it.

| was in the marching band that fall. But | missed
the bus one morning and had nothing to do, so | decid-
ed to kill time by working on that impossible problem.
By a stroke of luck | was able to solve it, so | handed a
solution in on Monday. He said, “Okay, Knuth, you get
an ‘A"in the course! | cut class the rest of the quarter,

and he lived up to his bargain. | felt guilty about cut-
ting classes afterwards, so | became the grader for the
course the next year. Instead of doing the homework, |
was grading it.

In physics | was having a terrible time in the weld-
ing lab. | never was very good in laboratories, either in
chemistry or in physics. My experiments just wouldn't
work. | would drop things on the floor, and would al-
ways be the last one to finish. Once | had to report an
experimental error of 140% in chemistry lab. | objected
to their formula for experimental error, since | thought
nobody could be more than 100% wrong, but they
wouldn't listen to me.

In welding it was even worse. | was too tall for
the welding tables, and my eyes weren’t good enough;
| couldn't wear my glasses underneath the goggles.
Everything would go wrong, and | was terrified by what
seemed like hundreds of thousands of volts of electric-
ity! | just wanted nothing to do with it, yet physics ma-
jors were required to do this lab work.

On the other hand, | had Professor Green's course
in abstract mathematics, which seemed very appeal-
ing to me. Just for fun | had made up sort of random
axioms for what turned out to be a ternary logic, some-
thing that looked a little like Boolean algebra. The idea
was to see if those axioms would lead to any theorems.
| was working hard, trying to get something to fol-
low from those axioms, so hard that | found my other
grades were going down, so | had to stop working on
it. | had set up—it’s probably pretty trivial now, | sup-
pose—some operation that would be analogous to a
truth table, and | finally proved a theorem that went
something like this: “The absitive of the posilute of two
cosmoframmics is equal to the posilute of their absitives.”
| just made up words for certain abstract concepts, and
it appealed to me that | could prove a theorem that was
analogous to De Morgan'’s Law.

All the way through my student work | had been
joyfully stuck in Chapter One of my math books, think-
ing about the definitions of things and trying to make
little modifications, seeing what could be discovered
and working from there. | really enjoyed that, but the
physics labs were killing me: The combination resulted



in my switching to a math major at the end of my soph-
omore year.

“I Discovered Computers in My
Freshman Year—Before Girls”

MP: Somewhere along the line you began to work with
computers. Was there some point where it became
clear to you that you would work with them for a long
time?

Knuth: Between my freshman and sophomore year,
| had a summer job drawing graphs for statisticians
at Case. In the room next to where | worked was a
computer.

MP: So the graphing continued?
Knuth: Yes, | could draw graphs.
MP: Was this compulsive?

Knuth: Well, yes; to some extent, METAFONT (the
system for computer-assisted typography that | re-
cently developed) probably reflects my love of
graphing.

The Statistics Department at Case was located
right next to a new computer, a wonderful machine
with flashing lights. Earlier that year, someone ex-
plained to me how it worked. Pretty soon | was hooked.
| spent a lot of nights, all night long, at the console of
the computer. Nobody else was there. | discovered girls
in my sophomore year. This was before that; | had com-
puters first.

I still have my first computer program. It factored
numbers into primes. You would dial a ten-digit num-
ber into the console, and it would punch the factors on
cards. The program initially was about 70 instructions
long, and as | recall, by the time | finished it, | had re-
moved more than 100 errors out of 70 lines. In other
words, | made a lot of mistakes, but | always felt | learned
from those mistakes. The program wouldn't work, and
| kept on fixing it, and finally it worked. My second pro-
gram was to do base conversions.

My third program was to play tic-tac-toe, and it
also would learn how to play tic-tac-toe. | worked hard

Donald Knuth o 189

on this one. | developed a learning strategy where ev-
ery position in a game the computer won would be
rated as a little bit better; but if it lost the game, every
position would be marked as bad. This was a memory
that would adapt itself. Each position in the game had
a number from zero to nine representing how good it
was thought to be; the neutral value was four, so if it
was a drawn game, the position ratings would tend to
go towards four. | wrote another program that would
play tic-tac-toe perfectly, and then | had these two pro-
grams playing each other. After 90 games, the learning
program learned how to draw against the good one.
In another experiment, after 300 games, two learning
programs starting with blank memories learned to
draw against each other. They played a very conserva-
tive game, not very exciting, but it was interesting to
see “the blind leading the blind."

That was my first month of learning to program.
Those things were really fun. The next thing | did was
somewhat different: | wrote an assembly program for
the machine. | started to read the code of other people,
and | got especially interested in programming because
most of what | read wasn’t very well written. | could look
at programs and say here | am, only a college freshman,
and | can do better than these professionals. | didn't
know that lots of people could do better than those
professionals. The standards of software at that time
were pretty bad. | began to think that | had a special tal-
ent for it. Maybe | did, but | don’t think now that it was
as special as | had once thought. Then | read the code
for Stan Poley’s assembly program, which | thought
was truly beautiful, a masterpiece of elegant program-
ming, so | was inspired to carry his ideas one step
further.

MP: Feelings of inferiority were certainly not present in
that work.

Knuth: Well, part of me was anxious to prove to the
other part that | was OK! So, | was always motivated by
seeing publications by someone who was apparently
an expert, where | thought | could do a little better. Now
I always tell my students when | make mistakes in class
that I'm just trying to motivate them.
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“Students Aren’t Learning
How to Write”

MP: The kinds of experiences with computers you had
as a college sophomore, with minor modifications, are
going on in junior high school now. What effect do you
see that having on the future?

Knuth: The students aren’t learning how to write. That'’s
serious. They don't know how to spell “mnemonic”
They're specializing too early. There’s a danger that
people aren't seeing the other side of the coin, which
is writing. That’s what | worry about. As long as people
keep open to a lot of aspects of life, then it's good, but
if they become involved too much with one subculture,
then it’s going to limit them later.

MP: What is it about computers that makes people so
compulsive, either pro or con? A lot of people just can’t
stand programming. There are others who just get con-
sumed by it.

Knuth: It's partly a strange way of thinking. There are
so many different modes of thinking, not really un-
derstood yet by psychologists. Teachers of computer
science regularly find that two percent of the people
who enroll in their courses are natural-born computer
scientists who really resonate with computer program-
ming. There seems to be a correlation between that and
mathematical logic. | said | enjoyed the abstract algebra
course where | first really studied axioms and Boolean
algebra. If you look in math departments, the faculty
who have traditionally been the closest to computer
science have been the people in logic and combina-
torics. Conversely, the mathematicians who are best at
geometrical visualization tend not to enjoy a discrete
universe like the computer world.

Another difference is between finite and infinite
mathematics. | used to say to Peter Crawley at Cal Tech
that he and | intersect at countable infinity, because |
never think of anything more than a countable infinity,
and he never thinks of anything less than a countable
infinity. Higher infinities involve a kind of reasoning and
intuition that doesn’t apply very much to computers at
all.

There are different flavors of mathematics, based
on what kinds of peculiar minds we have; we aren't go-
ing to change that. People find out what things are best
for them. And as for their mentalities, physicists are dif-
ferent from mathematicians, as are lawyers from doc-
tors. Each of these fields seems to have predominant
modes of thinking, which people somehow recognize
as best for them. Computer science, | am convinced,
exists today in universities because it corresponds to a
mode of thinking, a peculiar mind-set that is the com-
puter scientist’s way of looking at knowledge. One out
of fifty people, say, has this peculiarity.

Historically, such people were scattered in many
walks of life; we had no home to call our own. When
computer science started out it was mostly treated as
a tool for the existing disciplines and not of interest in
its own right. But being a useful tool is not enough in
itself to account for the fact that computer science is
now thriving in thousands of places. For example, an
electron microscope is a marvelous tool, but “electron
microscope science” has not taken the world by storm;
something other than the usefulness of computers must
account for the rapid spread of computer science. What
actually happened was that the people who got inter-
ested in computers started to realize that their peculiar
way of thinking was shared by others, so they began to
congregate in places where they could have people like
themselves to work with. This is how computer science
came to exist. Now we can look back in old writings and
see that certain people were really computer scientists
at heart. It was latent back in Babylonian times, and
throughout history.

Computer Science
versus Mathematics

MP: Are computer scientists really different from math-
ematicians, then?

Knuth: | think you can recognize a difference.

MP: But how would | recognize a computer scientist if
he walks in the door?



Knuth: By the thought process. I've been trying to an-
swer exactly that question. In order to get a handle on
it, | tried to study several works on mathematics to dis-
cover the typical paradigms of good mathematicians,
using a random sampling technique. What | did was
to take nine books that would represent mathemat-
ics, and | looked at page 100 of each book. | analyzed
that page very carefully, until | understood what kinds
of things were there on that page. It was interesting
to see what aspects of mathematical thought pro-
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cesses were involved. | asked myself: “If | had to write
a computer program to discover the mathematics on
page 100, what capabilities would | have to put in that
program?”

[ found that one of the most striking things distin-
guishing mathematicians from computer scientists was
their strong geometric reasoning and reasoning about
infinity. The things that were common to both com-
puter science and mathematics were primarily things
like the use of abstractions and the manipulation of for-

President Carter presenting the National Medal of Science to Knuth.
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mulas. The main thing that was prominent in computer
science that wasn't in mathematics was an emphasis on
the state of a process as it changes, where it changes
in time in a discrete way. In computer science when
you say n is replaced by n + 1, the old value disappears
and the new value takes over. We know how to think
about an algorithm that is half-way executed; it has a
state consisting of the current values of all the variables,
and the state also specifies what rule to apply next. In
order to formulate this for most mathematicians, it re-
quires putting subscripts on everything. Traditional
mathematics doesn’t have this notion of a process
in highly developed form, but it is vital in computer
science.

The other striking difference was that computer
scientists are willing to deal with diverse case analyses.
The more pure the mathematician, the more he or she
instinctively likes to have a clean formula that covers
everything in all cases. But computer scientists are able
to reason comfortably about things that have different
cases, where we do step one, step two, then step three.
A mathematician likes to have one step that you can
apply over and over again.

MP: What you are saying reminds me of an argument
by Edsger Dijkstra, that computer scientists have now
learned enough about the process of mathematics—in
terms of how formulas are manipulated and how things
change—that it should feed back into the process of
teaching mathematics. Does the computer scientist ac-
tually now know enough to develop a science of math-
ematics that would be useful in teaching?

Knuth: Since people have different modes of thinking,
| doubt if any one way of teaching will be simultane-
ously the best way to reach different types of students;
and | also doubt if many people can design educational
plans that work for students having a different mind-
set from the educational planners. So | can't be confi-
dent that a method best for me would be best for the
world. But certainly Dijkstra’s proposal would be the
best way to teach mathematics to a natural-born com-
puter scientist. From my own perspective, | feel that |
have really learned some subject of mathematics at the

point when | understand how it works in an algorithmic
formulation.

For example, consider Volume 2 of my books. |
think every theorem of elementary number theory is
in there somewhere, but it's in the context of an algo-
rithm that somebody needed because of a computa-
tional problem that had to be solved. | believe that the
original discovery of these ideas was because of the
need for such algorithms, so | presented it that way. It's
a different aesthetic from mathematics, you see, from
what is mathematically “clean” to what is not elegant in
the same way. It's a different way of thinking, and | can’t
argue that one is better than the other.

Dijkstra and | are natural-born computer scien-
tists. We found that out after we got older. Such ways
of organizing knowledge are not going to be for every-
body, but for our subset of the population, an algorith-
mic approach works best.

The knowledge that we have a computer scientist
mentality is also a challenge because we have to do our
best for the other 49 out of 50 people who don't think
as computer scientists; computers are affecting every-
body’s lives. We have to find a way to make it comfort-
able for other people to use computers, even though
we don't really understand the way they think any more
than they understand the way we think. You need peo-
ple who are halfway between the different modes of
thinking to bridge these gaps.

Of course, there is no definite boundary that you
cross in going from computer scientist to mathemati-
cian to physicist, etc. There tends to be, in a multidi-
mensional space of different kinds of abilities, a focus
around the place that is most representative of com-
puter scientists, and another one that is more typical of
mathematicians. Maybe musicians are also close. Who
knows? But it is a continuous thing.

Computer science departments thrive because
there are a lot of people near our focal point in “thought
space!” In past ages, some of the people we now would
call computer scientists were called mathematicians,
physicists, chemists, doctors, businessmen. Now they
have a home. That’s what is holding the field together.
But to develop our field well, if we want other people to



make use of computer science, we have to realize that
we aren't able to do it all ourselves. We need others who
can understand the other modes of thinking.

Maybe Dijkstra would argue that our mode of
thinking is more powerful somehow, that it includes
the other ones. I'm not quite so bold yet to do that, but
the reason | raise this possibility is because | once met
someone who had been a computer science major in
graduate school and then went on to become one of
the main advisors to President Lopez in Mexico. He told
me that his training in computer science was of great
value to him in working with all the people he had to
deal with. Even though he wasn’t programming com-
puters any more, he felt that his approach to knowledge
enabled him to understand lots of different people who
were talking to him but who couldn’t understand each
other very well. The computer science view seemed to
be more powerful in its models of reality. This might
be true because computer scientists are accustomed
to models that can handle a variety of cases. The real
world breaks down into cases, and mathematical mod-
els are better or worse depending on the uniformity of
what they’re modeling. The computer scientist dealing
with less uniform models is perhaps able to cope with
more general things. On the other hand, when it gets
to something that is truly uniform, a computer scien-
tist will not be able to go as deeply as a mathematician.
Uniformity might really be the most striking difference
between the fields.

MP: A few have suggested that mathematics may be a
part of computer science. Others say that computer sci-
ence is a part of mathematics. What do you think?

Knuth: | really think that they are two things, although
they are related. There is a lot of overlap, but also | think
| can tell when I'm in my mathematics mode, wearing
my mathematician’s cap, and that | can almost feel the
changes when | go into a computer-science mode.
| can't exactly say why; maybe I'll never know. But |
can definitely feel when I'm behaving like a computer
scientist.

| remember once giving a lecture about a num-
ber-theoretic problem that seemed to straddle the two
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fields. | started with the mathematical definitions and
took things as far as | could using traditional mathemat-
ical tools. Then | said, “Now let’s tackle this problem as
a computer scientist would.” And | carried on for fifteen
minutes with an algorithmic viewpoint, after which |
said, “This is as far as the computer scientist is going to
get. Now let's be mathematicians again for a while” And
| could feel strongly that this was true, that | was some-
times doing what a mathematician would definitely do,
while at other times | knew | was doing something that
a mathematician wouldn't do.

Neither the mathematician nor the computer sci-
entist is bound by a study of nature. With a pencil and
paper we can control exactly what we are working on.
A theorem is true or it’s false. The fact that we deal with
man-made things is common both to mathematics
and computer science, but the nature of the thought
process is sufficiently different that there probably is a
justification for considering them to be two different
views of the world—two different ways of organizing
knowledge abstractly that have some points in com-
mon, but in a way they have their own domains.

MP: In addition to these intellectual contrasts between
mathematics and computer science, there is getting
to be a lot of social and educational concern about
their interaction. The growth of the computer field, for
example, is drawing so many people into bachelor’s
level computing that there aren't very many people
going on into advanced work in mathematics or com-
puter science or into high school mathematics teach-
ing. Computer science and mathematics appeal to the
same limited group of people, and at the moment, the
momentum seems to be running pretty well in favor of
computer science.

Knuth: But that’s an economic consideration. Right
now bachelors in computer science are getting bet-
ter salaries than anybody else. This is our problem be-
cause people are going into it who arent natural-born
computer scientists; they're just going into it for the
money, and not for the love of it. This trend can actu-
ally be to some advantage to mathematicians because
they’ve now got motivated students in their classes
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instead of people who are just there for some external
reason.

| don’t agree with your statement that “computer
science and mathematics appeal to the same limited
group of people,”but our disagreement is probably due
to the fact that | have been thinking mostly of extreme
cases, the differences between the best computer sci-
entists and the best mathematicians. According to the
law of large numbers, there will of course be very few
people who rate a 10 on a scale of 1 to 10, under al-
most any ranking criteria, and there aren’t many 9s ei-
ther. So let’s consider somebody who is an 8 at math-
ematics and a 6, say, at computer science. That person
is somewhat likely to go into computer science instead
of mathematics, nowadays, because the salary is bet-
ter; and perhaps society will be better off since there
is a pressing need for computer scientists. | agree that
economic pressure is causing mathematics to lose a
lot of its 7s and 8s (if you'll excuse my callous use of
numbers in place of human beings); but | hope that
the differences between computer science and math-
ematics will be well enough understood that you don’t
lose the 9s and 10s. Their mathematical abilities are
vital to people in all other fields, including computer
science.

MP: One of the things that we keep hearing today is
that good instruction in mathematics is reversing dra-
matically and perhaps in other subjects as well. Many
say the reversal is due to the influence of computers
and calculators.

Knuth: 1 have been quite disappointed in the math-
ematics textbook my son has as a sophomore in high
school. But his teacher is very good and compensates
for it. The worst excess of this book is the pedantry. The
second-worst is that its three authors seem to have
written three different kinds of chapters without much
awareness of what the other authors had done. But the
book has some good points, too, like its emphasis on
graphs. My suggestion for teaching mathematics at the
young levels is to draw graphs! | was glad to see there
was much more use of graphs here than in other books
I had seen.

| read an article a week ago where someone said
he had started to employ older textbooks, and the old-
er the textbook the better the students would do on
exams. He went back to about 1900, and he said that
was the Golden Era.

Clearly the Hungarian educational system has
been the most successful for pure mathematics; it's a
model that ought to be studied very carefully because
it works. It produces so many good mathematicians per
capita.

As | see my children learning mathematics now, |
find that the books have too much emphasis on flashy
things and on memorizing formulas, rather than on
what an idea is good for as a general tool, or on how
to reconstruct a formula from a few basic principles in-
stead of from memory.

After reading these books, you don’t remember
what the degree of a polynomial is, or how to answer
various precise questions. My son had learned algebra,
but it was not clear to him how to add fractions; that
had been glossed over and needed in only one home-
work assignment. He would remember for a few weeks
what the distributive law was, but that would come and
go. The high-level wording for things wasn't being put
to any use. So it disappeared from his mind. In my own
case, | got along fine without knowing the name of the
distributive law until my sophomore year in college;
meanwhile, | had drawn lots of graphs.

MP: Do you think students should be introduced to
computing earlier in the formal curriculum?

Knuth: | would like to see an approach by means of al-
gorithms, but | really hesitate to say much about it for
fear somebody will believe me when | really haven't
thought it through. The only experience | had person-
ally with doing something on an algorithmic basis was
at a higher level. At Cal Tech | taught an introductory
abstract algebra course. We were studying matrices and
there was a question on canonical forms of matrices.
The book was very obscure on that point. We wanted to
know when one matrix was similar to another. How can
you tell? Well, you have a canonical form that says that if
two matrices are similar, they have the same canonical



form. Books rarely even say that. They just say here is
the name of the form, and here is the definition of it.

So we said then, how can we determine if two
matrices are similar? There is a little operation you can
do on a matrix, something like this:“Subtract a multiple
of the third row from the second row, and then add the
same multiple of the second column to the third col-
umn. That operation preserves similarity: although it is
very simple, it can be used to get another matrix similar
to it. So let’s take a look at what it does. We start with a
matrix and try to zero out most of the first row and the
first column, and we see that we can almost always do
this by simple transformations that preserve similarity.
But every once in awhile we get stuck.

The point is that we are solving a problem. We are
trying to do it step by step with an algorithm; pretty
soon we find this canonical form. Of course, we might
fail because some special case might happen. Well, in
that case, we won't be able to make so many elements
zero. This, | believe, is the way these canonical forms
were first found. But later on there was a tendency for
people who had learned about them in a concrete way
to present them in a high-level, abstract fashion. For
example, they would look at the way linear operators
behave on subspaces. This is elegant, but pedagogi-
cally unsatisfactory because it conceals the method of
discovery.

| think you need both views, especially when you
are learning a subject at first. The algorithmic point
of view tends to be at a more intuitive level. It helps
very much in the early stages of teaching. But as | say,
| haven't been teaching these courses myself for a long
time, and my own intuition might not correlate well
with that of the majority of students. Careful experi-
ments should be tried, since an algorithmic approach
might well be very successful.

MP: It was my impression that you were perhaps very
excited by your tic-tac-toe learning program. Now,
that's using the computer for playing games. What do
you think of games as an introduction to computing?

Knuth: When children are young, they get to a stage
where they like to make up rules of games. They enjoy
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arguing with each other. They argue incessantly about
the rules because they like to make up rules to games. |
think this might be related to making up computer pro-
grams.There is probably in children a tendency that can
be well exploited to encapsulate these kinds of rules.

I'm way out of my expertise, of course, when
thinking about elementary education. But | would like
to see an approach where the students learning some
concept not only learn how to follow the rules but also
how to explain the rules. Suppose you are teaching
somebody to add. We carry this out by giving a bunch
of examples and tell children that you go from right to
left and you carry, and so on. If there were only a simple
enough computer language for these second and third
graders, it might be good to teach addition by having
them write little programs in this language. The teacher
would say: “Here’s the way to add numbers and we're
going to teach it to this goofy machine! | think it's defi-
nitely worth a try. Students learn quickly to make up
computer programs that will draw pictures. It might be
that similar skills would work on things like arithmetic.

| like to see the rules and their exceptions. Other
people are very comfortable without the rules; maybe
people who are good with language just absorb dic-
tionaries very quickly and don’t even make rules out of
things. To them, everything is an exception. So | sup-
pose an algorithmic approach will be of no help to
them; we need a variety of teaching methods.

MP: | have been impressed with a toy called Big Track
that uses a language like TURTLE, which comes out of
Papert’s laboratory. The rules are very explicit and very
tight.

Knuth: That's very good for teaching algorithms. | think
arithmetic is another thing that people should still keep
learning even though we have calculators. It's nice to
be able to add and to multiply numbers by hand, in a
pinch. Not only nice: it introduces important patterns
of thought.

MP: Are you very enthusiastic about calculators?

Knuth: Well, no. Computer scientists were the last to
get enthusiastic about calculators. One of my col-
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leagues remarked the other day that this is probably
the only department at the university where nobody
has a pocket calculator at the faculty meeting. This may
be because we have all these super-computers here in
our offices. | can do my symbolic calculations at M.I.T,,
too, three thousand miles away, using a computer
network.

Basketball and Computers

MP: Can we turn to some other games for a minute?
One of your former teachers at Case tells a good story
about you. I don't know whether it is true or not, but it is

a good story. He says you were absolutely instrumental
in the success of the Case basketball team in 1960. Is
that true?

Knuth: Well, it would be nice to say that. We did win
the league title that year, and I'll be glad to take all of
the credit for it. But here’s what really happened: As the
manager of the team, | worked out a formula, a rather
complicated jumble of symbols that | really don't be-
lieve in any more. It was a system that would rate each
player with a magic number. The magic number would
tell how much each player really contributed to the
game, not just the points he scored. If he missed a shot,

A ()

Student Knuth and Coach Heim putting player ratings into an IBM 650 computer. In 1960 Don Knuth was a student manager
of the basketball team at Case Institute of Technology. Knuth developed a formula for rating each player. Heim used Knuth’s
formula, and Case’s Rough Riders went on to win the league championship.



there was a certain chance that our team would not get
the rebound, and the other team would get the ball.
Thus, he would lose something for each shot missed.
Conversely, when he stole the ball, that was very good
because our team got possession.

In fact, it is interesting to watch a basketball
game and imagine that possession of the ball counts
one point. Such an assumption isn't true in the last sec-
onds, but during a good part of the game it isn't out
of the question to say that if your team has possession
of the ball, it's worth a point. In other words, you look
at the scoreboard, and if it's 90 to 85, you add one to
whichever team has the ball then. It tends to give you a
better feeling of the current score. If you look at basket-
ball this way, then when someone makes a field goal,
the score hasn't really changed because his team has
gained two points but lost possession of the ball, while
the other team has gained possession. The two points
sort of cancel each other out. If the other team just goes
back and makes another field goal, we're back to where
we started. But if somebody steals the ball, he is really
making the previous field goal count.

According to my magic formula, possession of
the ball turned out in most games to be worth about
.6 of a point, so you got some credit for field goals too.
As | said, | don't really believe in that formula any more,
but it did include all the statistics like steals, fumbles,
etc., and you could plug into it and get a number. The
coach liked these numbers. He said it did correlate with
what he felt the players had contributed; and the play-
ers on the team, instead of competing for the most
points, tried to get a good score by this number. The
coach thought that was a good thing. It was written up
in Newsweek Magazine, and it was on Walter Cronkite’s
Sunday News. They sent a cameraman out to take a pic-
ture of me taking the statistics and feeding them into
the computer.

MP: Did you receive offers to become a consultant for
professional teams?

Knuth: There was some talk about the Cleveland Browns
wanting to use computers already in those days, but |
never was involved with that.
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Origin of The Art of
Computer Programming

MP: What was the inspiration to launch your series (The
Art of Computer Programming) in the first place?

Knuth: The Art of Computer Programming developed
when | was a second-year grad student at Cal Tech. I had
been working as a private consultant writing compilers
for different machines. In those days a software firm
would ask for hundreds of thousands of dollars to write
a compiler. But I didn't know that, and | had written one
for $5,000. | guess the word got around that | knew how
to write compilers. A little later, Richard Varga, who was
an advisor to Addison-Wesley, suggested that they ask
me to write a book about compilers. They came to me
in January of '62 and said: “"How would you like to write
a book on writing compilers?” It occurred to me that |
really did like to write. It sounded good; | decided that it
would indeed be nice to write such a text.

| had gotten married in the summer of ‘61, and |
wonder now how | broke the news to my wife that | was
suddenly planning to write a book. Surely neither of
us knew how much this was going to change our lives.
Anyway that day | went home and sketched out twelve
chapter titles that | thought would be nice, and then
a little while later | signed a contract for a book about
compilers. | got a chance to teach a course at Cal Tech
during the fall of 1962, while still a graduate student,
with the idea that the class notes would develop into
the first three chapters.

Right after getting my Ph.D. in ‘63, | started to
work hard preparing the chapter on sorting. | knew
hardly anything about sorting, but | thought it would
be nice to read up on the subject and to toss a chapter
about sorting into a book about compilers, especially
because the LARC Scientific Compiler had just come
out and it was reputedly based on the idea of sorting
the data in unusual ways. | found that sorting was really
interesting, and pretty soon | found myself digging into
lots of technical articles.

The main thing that struck me was that the litera-
ture was so spotty. Computer science was a very new
field, without an identity of its own, and standards of
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publication were not terribly high, especially when
quantitative aspects of algorithm performance were
concerned. A lot of the published articles were just
wrong, so you had three possibilities: the wrong answer
by the wrong method, the right answer by the wrong
method, and the right answer by the right method. You
had about a one-third chance on any of these possi-
bilities. The literature on computing was already large
but very unreliable, so it was clear even in 1962-1963
that it would be nice to have a summary of the right
parts of the literature. Publications were so bad, in fact,
that people didn’t even bother to read them, and the
good ideas were being rediscovered because people
found it easier to do this than to sort them out from
the bad ones. Thus, one of my big motivations was to
clean up the story that had been presented badly in the
literature.

| guess | have an instinct for trying to organize
things. At that time, everybody | knew who could write
such a book summarizing what was known about com-
puter programming had discovered quite a lot of the
ideas themselves. It seemed to me that they would
slant it to their own perspective, which would present
only one side of the coin, their own particular part. By
contrast, | really hadn't discovered anything new by
myself at that point. | was just a good writer. That was
very prominent in my mind: For example, | was the only
computer scientist | knew who hadn’t discovered how
to compile arithmetic expressions by the precedence
method. Ten people independently discovered it, yet
the problem had baffled me; | hadn’t seen my way
through it. So | felt not only that the story needed to
be presented, but that | could present it from a less bi-
ased viewpoint than these other people who seemed
to have done their work more in isolation. | had this
half-conceited and half-unconceited view that | could
explain it more satisfactorily than the others because
of my lack of bias. | didn’t have any axes to grind but
my own. (Then, of course, as | started to write things |
naturally discovered one or two new things as | went,
and now | am just as biased as anybody.)

But you asked about my original motivation. My
original motivation was to write a text about how to

write compilers, so | began drafting chapters. | was se-
riously planning to finish the book before my son was
born. (He’s a sophomore in high school now, so I'm
currently trying to finish before he starts writing his
own books!) | recently found copies of letters | wrote
in 1965 saying, “l wish | could come to visit your univer-
sity this summer, but | can’t because | just have to finish
this book-writing project.” It was going to be just one
book.

As | said, however, | started to get interested in
sorting, after | had been writing for a while. There were
so many interesting things on sorting. So the book was
growing rapidly.

| eventually wrote a letter to Addison-Wesley say-
ing:“Do you mind if this book s a little long? | would like
to give a fairly complete presentation of the material”
They said: “Don’t worry, go right ahead, write whatever
you want”” So | kept gathering more and more stuff. In
June, 1965, | had finally finished the first draft of the
twelve chapters. It amounted to 3,000 hand-written
pages of manuscript.

To me this was something of a longish book, yet
only one volume. | thought | knew about books, and the
printed letters in books seemed to be a lot smaller than
the ones I write by hand. So | figured that about five pag-
es of my handwriting would be about one page of book.
Then | went ahead and did Chapter One, typing it from
the handwritten manuscript and sent it off to Addison-
Wesley, just to see if it was okay. This was October, 1965.
They hadn’t heard from me for quite a while and were
wondering what was going on. | felt good, for at least
| had finished Chapter One. Incidentally, that Chapter
One was pretty much the same as the chapter that was
eventually published.

Immediately | got back a letter from Addison-
Wesley, from a person very high up in the company. It
turned out he was one of the people who had originally
talked to me in ‘62, but meanwhile he had been pro-
moted three times. From the length of Chapter One,
the book was now estimated to be almost 2,000 printed
pages, and they said: “Don, you said you might be writ-
ing a longish book, but do you realize that one and one-
half pages of typing is one page of book?”| thought to
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At the age of three, Don Knuth was already attracted to keyboards.

myself that it can’t be so.“I've read a lot of books; these
guys don't know what they’re talking about.” So | took
one of their books, Thomas's Calculus, and | sat down at
my typewriter and typed up a page of it. Lo and behold,
they were absolutely right! Then | knew why it had taken
me so long to get that first chapter finished—three and
a half years to write the first chapter is not too good.

It gradually dawned on me how large a project
this was going to be. If | had realized that at the begin-
ning, | wouldn’t have been foolish enough to start; |
wouldn’t have dared to tackle such a thing. But by 1965,
of course, | was hooked because | still felt the need for
these books, and I still felt the project ought to be done.

| still believed that | was fairly unbiased and could try
to be a spokesman for the people who were making
the discoveries. | had collected so much material that
| felt it was my duty to continue with the project even
though it would take a lot longer than | had originally
expected. | had done all of the background work and
it would have been very hard to transfer it to anybody
else.

Addison-Wesley took another look at the 12
chapters. At first it appeared that the material would fill
up two volumes, then three volumes. Publishers have
horror stories about ponderous tomes like that. So my
guess is that they showed these things to some con-
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sultants, and the consultants recommended that seven
of the 12 chapters would sell pretty well as individual
volumes. So they suggested combining the remain-
ing five chapters with the good seven, hoping to sell
seven books this way. | think this was probably the mo-
tivation for the present plan. At any rate | saw that it
was possible to reorganize the chapters so that they
would fit together reasonably well in seven separate
volumes.

Volume Two, for example, was the combina-
tion of my original idea for Chapter Two on random
numbers and Chapter Six, which was originally called
“Miscellaneous Utility Routines.” Suddenly I noticed that
all but one of these miscellaneous utility routines was
really about arithmetic. So | decided to call that chapter
“Arithmetic That little change in title suggested one or
two sections that | ought to add; and as | added them,
| came to a marvelous realization that there was this
book out there waiting to be written, bringing together
what is known about arithmetic from a computer sci-
entist’s point of view. As a result, that chapter almost
wrote itself, and led me to fascinating things in a vari-
ety of journals that had just never been put together
in book form. Having the title “Arithmetic,” and having
it bound in the second volume, is what turned out to
add a lot of unity to the subject, a unity that probably
hadn't been realized before. Most of the articles | found
in the literature were written by people who were not
aware of many of the other journals, nor of the relation
between their ideas and others.

| got so excited about writing Volume Two that |
started working day and night on it. As a result, | got a
serious attack of ulcers, and had to change my whole
life style. By the middle of Volume Two | kept thinking
| was going to finish it soon, and | had something of a
breakdown of my health in the summer of 1967. About
the middle of Euclid’s algorithm is where | broke down.
That happened on what is now page 333 of Volume Two
out of 688 pages. So | still had a lot to go at the time. |
knew it, but | wouldn’t admit it to myself.

| always underestimate time, too; otherwise,
| never would have started writing these books. If only
| had a better estimator of time! Because of my writing,

| have now resolved not to give any lectures away from
Stanford until 1990. All of book writing comes out of
spare time. When | go on a trip to give a lecture, one
day wipes out at least five days of book writing because
when | come back I still have to do everything else that
| was supposed to have done when | was gone. So the
spare time disappears.

MP: Your field, computer science, has been growing at
great speed. Is it still possible to capture it? Is it growing
faster than you can write?

Knuth: Yes, perhaps. I'm thinking of the novel Tristram
Shandy, a fictional autobiography whose supposed au-
thor goes through Volume One of his memoirs covering
just the first year of his life. But | still believe it will be
possible for me to finish. Volume Four, Combinatorial
Algorithms, has exploded the most. Volume Four is
the one that I'll return to immediately after | finish my
typographical research. | think it is going to become
Volumes 4A and 4B.

MP: So it really is exploding?

Knuth: In fact, the chapter called “Combinatorial
Algorithms” that | planned on that first day in 1962 was
thrown in almost as an afterthought. There were very
few combinatorial algorithms at the time, but I liked
that sort of programming so | thought it would be nifty
to have a chapter about it. Almost none of the present
material in Volume Four was known then. So when peo-
ple talk about“combinatorial explosion”the words have
a significant double meaning for me. At one point, three
years ago, | think seventy percent of the journal articles
being published in computer science were about com-
binatorial algorithms. Volume Four will surely be the
hardest, because of the explosion.

MP: |s the organization you worked out twenty years
ago still pretty well holding its shape?

Knuth: There are new topics, but | won't live long
enough to include those. For example, | never prom-
ised to write about operating systems. Therefore, I'm
very happy whenever | get a journal in the mail, if most
of its articles are about operating systems.



The Discipline of Writing

MP: How do you combine the discipline of writing with
spontaneous creativity?

Knuth: When I'm writing a book, | surround myself with
that subject and nothing else. | read exhaustively on
one area, and then after | finish that section, it goes out
of my head, and | bring in another. That’s what comput-
er science calls “batch processing,” as opposed to con-
tinual “swapping in and out” or “thrashing”

[ don't read the literature as it happens. | only read
the titles and abstracts to know where | can put articles
on the agenda of things to read later. | do the same
thing with quotes. | file the quote. Here is a wonderful
one from a Beatles’ song: “There’s nobody in my tree!”
That's just perfect for branch-and-bound methods. |
hope to live long enough to finish just because | have
so many quotes on file that are great.

When I'm working on a topic, | may have to read
60 papers on one subject. The first two I'll read slowly,
but with the next 58 | know what to do already. When
| read the first two, | use the strategy of trying to figure
out the problems before | look at the answers. Then |
am ready for the vocabulary and ideas that are going to
be occurring in the other papers.

| keep a little notebook, too; every day | write a
summary of what I've worked on that day. It helps me
to schedule myself a little bit and it helps me to real-
ize how hard things are so that | can plan ahead. If too
many days go by where | said | was just too tired and
went to bed, or if it reads, “Today | goofed off," then it
helps me to make a little more rational schedule.

For the seven-volume book project, | have to
cross a threshold every day to get started when | am
writing. | have to get psyched up for it. It is a long, on-
going process; and | know that even after the end of the
day | won't have finished. Every morning | wake up and
say: “Another day, and the book isn't finished." | still feel
a strong need for the book in the world, and that it is
filling a necessary role, but all these logical arguments
aren't going to make me get started. On the other hand,
once I've started, then I'm excited about it, and it’s hard
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for me to stop again. | have to force myself to stop and
not just stay up all night. So | always read a variety of
things—detective stories, or more serious works of fic-
tion, or history, sort of rotating between them—at bed-
time.

MP: Do you do most of your writing at home?

Knuth: Yes, always; it is not part of my Stanford job. It's
all spare time.

MP: Do you doitin long hand?

Knuth: | can't compose at a typewriter. | can't even
compose a letter to my relatives on a typewriter, even
though I'm a good typist. | went to secretarial school
during the summers of my high-school years, and |
learned to type 80 words a minute. | learned machine
shorthand, and | learned Gregg shorthand. But | can't
compose in any of those modes.

MP: Why would a prospective physics major take those
courses in high school?

Knuth: 1 had summer jobs doing secretarial work, and
| thought it would help me in college taking notes. But
all I learned were the abbreviations for “Dear Sir” and
“Yours Very Truly,”and that didn't help very much in my
chemistry class. | kept making up new abbreviations,
sitting in the back of the class with my stenograph ma-
chine; afterwards | couldn't figure out what | had put
down, so | gave it up.

The Roots of METAFONT

“Mathematics books and journals do not look as beau-
tiful as they used to.” With those words, Don Knuth in-
troduced his 1979 article, “Mathematical Typography,”
to readers of the Bulletin of the American Mathematical
Society. His statement clearly reveals an aesthetic con-
cern about the physical appearance of mathematics.

This concern has resulted in his inventing TeX
and META-FONT. TeX is described by C. Gordon Bell,
Vice President of Engineering, Digital Equipment
Corporation as follows:

Don Knuth’s Tau Epsilon Chi (TeX) is potentially the
most significant invention in typesetting in this
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century. It introduces a standard language for com-
puter typography and in terms of importance could
rank near the introduction of the Gutenberg
Press.

METAFONT is a system that makes use of classi-
cal mathematics to design alphabets. Knuth’s aesthetic
concern is clear when he says: “Of course it is necessary
that the mathematically-defined letters be beautiful ac-
cording to traditional notions of aesthetics. Given a se-
quence of points in the plane, what is the most pleasing
curve that connects them? This question leads to inter-
esting mathematics, and one solution based on a novel
family of spline curves has produced excellent fonts of
type in the author’s preliminary experiments. We may
conclude that a mathematical approach to the design
of alphabets does not eliminate the artists who have
been doing the job for so many years; on the contrary,
it gives them an exciting new medium to work with.”

Four years after he had started his research on
METAFONT, Don’s mother sent to him the alphabet
book that he had enjoyed as a boy of two or three. A
page from that book is reproduced on the facing page.
Note the x’s that Don placed by each serif in the K and
L. The 7 inside the K is a count of the serifs of that let-
ter. Clearly, his aesthetic and mathematical interests in
alphabets go back to his early childhood.

Surreal Numbers
MP: How did you come to write Surreal Numbers'?

Knuth: | wrote it in one week, while on sabbatical in
Oslo, Norway. It hasn't been a best seller, but it's been

1 In 1974, Addison-Wesley published a novelette by Don Knuth.
Its title is Surreal Numbers: How Two Ex-Students Turned on to Pure
Mathematics and Found Total Happiness. It contains a development
of a remarkable new way to construct numbers. The new con-
struction had been found by John Horton Conway of Cambridge
University. One day over lunch in 1972, Conway briefly explained
his system to Knuth. Knuth was so taken by this revolutionary ap-
proach that he was motivated to write a book about it. Martin
Gardner says:“| believe it is the only time a major mathemati-
cal discovery has been published first in a work of fiction”

In a postscript to Surreal Numbers, Knuth explains his pur-
pose in writing the book:". . . my primary aim is not really to teach
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steady and translated into lots of languages. I'm glad
for that. Writing Surreal Numbers was probably a once-
in-a-lifetime experience for me. | got inspired to do it,
and | guess there was a muse sitting behind me telling
me what to write. The book just fell together, and | don’t
think | could do it again. That week was one of the most
exciting periods of my life.

It was December, 1972, and | was in the midst of
writing The Art of Computer Programming, when sud-
denly | got the idea for Surreal Numbers in the middle
of the night. | woke my wife and | said, “Jill, you know
how this series of seven volumes—the books | started
on after we had been married for only six months—is
affecting our lives? Well, it turns out that there'’s an-
other book | would like to write too. But | don't think
it will take me very long to finish this new one!" | said
that | thought | could write this other one in about a
week, if | just worked on it and nothing else. To my great
pleasure, she was also delighted by the idea. She said,
“This is the best time in your life for you to do such a
project”

We planned it so that after the new year | would
get a hotel room in downtown Oslo near where lbsen
wrote his plays, so that | might be able to pick up some
of the nuances of his art. Then | could work on this book
and also she would come to meet me twice. (We always
wanted to have an affair in a hotel room.)

During the three weeks or so before | started
Surreal Numbers, as | would be walking along or skiing,
| would be going through the first page or two of the
book in my mind. But | didn't go any further than that,
at the time, because | wanted the rest of the book to be
fresh as it was being written. | wanted it to be a faithful
recording of mathematical discoveries, so | didn’t want
to do any of the mathematics in advance. | only vaguely

Conway'’s theory; it is to teach how one might go about develop-
ing such a theory. Therefore, as the two characters in this book
gradually explore and build up Conway’s number system, | have
recorded their false starts and frustrations as well as their good
ideas. | wanted to give a reasonably faithful portrayal of the im-
portant principles, techniques, joys, passions, and philosophy of
mathematics, so | wrote the story as | was actually doing the re-
search myself”
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remembered what John Conway had told me at lunch
a year before.

| got to the hotel and started to work. Fortunately,
| didn’t go through the scene you frequently see in the
movies where the guy types the title of the book, stares
at the page for awhile, and tears it up. | didn't have to go
through that. | could write out the first page and most
of the second, since | had that memorized.

l i

~

¥

-~

P |
o
A

N

N

3

v
\

b

Every day of that week had pretty much the same
scenario. | would start out in the morning with a very
leisurely breakfast. Students from Saint Olaf College
happened to be staying at this same hotel, and | eaves-
dropped on their conversations to see what phrases
they were using. Then | would go to my room and work
for about three or four hours. Then | would get to some-
thing | wouldn’t know how to handle, and | wouldn’t

Knuth working at the computer terminal in his study. He refers to his study as his “book factory.”



have any idea what to do next. So | would go for a walk
around Oslo for about two hours. Maybe I'd go to the li-
brary, but usually I'd just walk around watching people.
Then the solution to the problem would present itself.
| would go back to the hotel, and after two more hours
of work, | would get over the hump, and | would magi-
cally be able to move a little further. Then | would have
a nice relaxing dinner, watch Norwegian television for
about an hour, go back to the room, write some more,
and put out the light.

The reason | think | had this muse was that the
book would seem to write itself and fall into place.
Things seemed to work out too nicely. | am, of course,
very biased. But after | turned out the light, the next
page would flash into my head, and | would have to
get up quickly and write it down. The thoughts would
come so fast that | would only have time to write the
first letter of every word. Then | could turn out the light
and sleep like a log. The next morning | would have to
figure out what the first sentences were from the first
letters of all the words. Every day the same pattern
repeated.

The day | finished was the happiest day of my life.
Oslo was so beautiful; there was a hoarfrost on all of
the trees, more than an inch thick. | walked around in
the gardens of the king's palace after having been to
a movie with my wife. The frost-encrusted trees by the
palace were magnificent. The midnight sky was a per-
fect, deep blue. | spent an hour gaping upwards in the
park, marveling at the patterns of trees against the sky,
and then went back to the hotel. That was one of the
greatest times | can remember. | knew that | was just
one or two pages away from the end of the book. Then |
finished the final chapter, except for a few unimportant
mathematical details that | knew | could work out, and
| relaxed into sleep.

The writing of Surreal Numbers had taken six days;
so on the seventh day I rested. In fact, | still had the sev-
enth day to tidy up the last page, which I did. Then |
wrote “The End.”

| couldn’t write a word after that. | tried to com-
pose a letter to Phyllis, my secretary at Stanford, telling
her how | wanted this book to be typed. | would get
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into the middle of a sentence, and | could not figure out
what verb to use. Suddenly, | couldn’t even put simple
things onto the page. | had just gone through a week
where everything was sort of flowing out, and all of a
sudden it was gone! That’s why | love this book. It was
a part of me that had to be expressed. | wish everyone
could have a chance like this—some inspiration that
could touch them.

MP: At the conclusion of Surreal Numbers there is a
“dear teacher” letter, in which you suggest that stu-
dents using the book for a course should do a project
and write it up. In your last paragraph, you say that two
of the major problems in teaching mathematics are a
lack of experience in writing and also a lack of experi-
ence with creative thinking. Do you feel the same way
today, several years later?

Knuth: Oh, absolutely. | try to do that with our gradu-
ate students in computer science. We try to minimize
the competition. We encourage working together on
problem-solving, and discussing problems with each
other. Creativity seems to be encouraged until about
the fifth grade, at least in the education of my children.
There were a lot of creative things that they once were
asked to do; but after fifth grade, schools seemed to
say: “We haven't got time for that anymore, no time for
you to discover anything for yourself. From now on you
will have to absorb all this information the world has
been developing.”

That's wrong. We should teach people things with
an emphasis on how they were discovered. I've always
told my students to try to do the same when reading
technical materials; that is, don’t turn the page until you
have thought a while about what’s probably going to
be on the next page, because then you will be able to
read faster when you do turn the page. Before you see
how to solve the problem, think about it. How would
you solve it? Why do you want to solve the problem?
All these questions should be asked before you read
the solution. Nine times out of ten you won't solve it
yourself, but you'll be ready to better appreciate the so-
lutions and you'll learn a lot more about the process of
developing mathematics as you go.
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| think that's why | got stuck in Chapter One all
of the time when reading textbooks in college. | always
liked the idea of “why?” Why is it that way? How did
anybody ever think of that from the very beginning?
Everyone should continue asking these questions. It
enhances your ability to absorb. You can reconstruct so
much of mathematics from a small part when you know
how the parts are put together. We teach students to
derive things in geometry, but a lot of times the exer-
cises test if they know the theorem, not the proof. To do
well in mathematics, you should learn methods and not
results. And you should learn how the methods were
invented.

Artificial Intelligence

MP: Occasionally today we have been getting close to
the burgeoning area called artificial intelligence. Has
your attention been attracted to that area at all?

Knuth: | enjoy reading about it. Many of the algorithms
in Volume Four are used in artificial intelligence to solve
interesting problems. They turn out to be in one-to-one
correspondence with things that electrical engineers
use for other purposes, and again | enjoy bringing to-
gether two literatures that are talking about the same
thing. The shortest path problem, for example, is some-
thing that arises in many different disguises. In artificial
intelligence, we find algorithms for theorem proving
and problem solving, expressed in a different language
than other people will be using for the same kind of
problems that they are encountering in electronics for
wire routing, or something like that.

I'm not a specialist in artificial intelligence, but
| think the most interesting thing about it is some-
thing that | can paraphrase from a book by Pamela
McCorduck.? She points out that the question used to
be“Can computers think?” By now, however, everything
that has been associated with thinking has been done
by computers; and the only human accomplishments
that computers can’t do well are things that people do

2 Machines Who Think, Second Edition, A K Peters, Ltd., Natick,
MA, 2004.

without thinking! This is so true. The things we do with-
out thinking are the things that computers have never
done or hardly done, like walking. To control a robot
to walk like an ant walks, or to program a computer so
that it will recognize a face when someone has grown
a beard, is extremely difficult. Children can speak lan-
guages; computers can't even translate languages very
well. All the things we do subconsciously are the things
that artificial intelligence hasn't been able to do. That's
the most striking thing about the subject now. The big
mystery is what goes on when we are not thinking. How
do ants do such complicated things with no leader tell-
ing them what to do? How do their small brains come
to the decision of how they are going to communicate
with each other and solve problems? That’s way beyond
what we know now. | am fascinated by that, but | never
promised to write a book on it.

MP: You're not terribly optimistic then?

Knuth: | believe the study of artificial intelligence is re-
ally important in that we learn much more trying to find
out how these things are done than we actually do by
having a computer system doing them. Trying to auto-
mate something is a great scientific achievement. After
you automate something, the important thing is what
you learned in the process, not really that the computer
can now do a complex job.

While you're trying to explain something to a com-
puter, you have to understand it so well that it's even
better than the understanding you get by teaching it to
somebody else. The old saying is:“You don’t learn some-
thing until you have taught it to someone else” Today's
saying is: “You don't really know something until you
have taught it to a computer” That's the secret of learn-
ing. The computer is really a good test of understanding.
It doesn’t allow you to wave your hands and say: “Now
you use some common sense.” You have got to under-
stand it clearly—there’s no room for wishy-washiness.
That's why | believe computer science impinges on edu-
cation. If students can teach something to a computer,
then you know they have got it in their heads.

MP: How long have you been working on TEX and
METAFONT?



Knuth: Spring of '77 is when | started, so it will be four
or five years by the time I'm done. | thought it would be
a one-year project.

MP: Do you think it was time well spent?

Knuth: Yes, | think the things I've learned are really ex-
citing, and they are causing a lot of good waves in the
printing world. | think it happens fairly often that a per-
son from one field, say a mathematician, will stumble
into anotherfield. He'll have a different background than
the people in the other field, and so he can contribute
new insights. Sometimes such people will change fields
and change their life’s work. Sometimes they just make
the contribution. For example, | have heard that Larry
Shepp’s daughter developed cancer of the brain. He
got interested in that problem, and worked on a tech-
nique for locating cancers that’s actually turned out to
be an important breakthrough. You'll see this happen
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a lot of times for one reason or another: A mathema-
tician will wander into some other area, and he’ll see
from what he knows that it is possible to apply ideas to
that area right away, and that will help those people a
lot.

In my own case, some of the things | learned
about typesetting seem to be important enough that
I've really gotten excited about them, and that is why
it is taking me four or five years instead of one. If the
ideas hadn't worked very well, | would have just kept
them to myself and not bothered telling anybody any-
thing about them; | would just have used them for my
own purposes, and that would have been enough. But
several ideas from mathematics and computer science
now seem important to typography, so | want to do my
best to refine them and explain them well. At the same
time I am anxious to return to Volume Four before it be-
comes too big to write.



Solomon Lefschetz: A Reminiscence

By Albert W. Tucker



olomon Lefschetz is the mathematician | have

known best, and perhaps because | have known
him best, admired most. But it is very difficult for me to
talk about Lefschetz in a way that | feel will do justice to
the tremendous respect, admiration and affection that
| have for him.

| don't know of any other mathematician whose
career has been so intertwined with another’s as mine
has been with Lefschetz’s. | did my Ph.D. thesis with
him, and it was understood when | joined the Princeton
faculty that | was going to work with him in my re-
search. Then in 1945, when he succeeded Eisenhart as
chairman of the department, | was his lieutenant for all
undergraduate departmental administration. Lefschetz
retired in 1953 and | succeeded him as chairman, which
was clearly his wish. But when he retired, this was only
a formal thing; he kept coming to Fine just as much as
before.

We were very close friends. | was one of the few
persons who was frequently in the Lefschetz home. By
and large they didn’t have parties or invite people in a
formal way to their house. But often | would give him a
ride home, or walk with him, and then he would invite
me in. In a very real sense | regarded him as a parent,
someone | had the same regard for as for my father,
but of course someone | was able to talk to much more
readily than my father.

Lefschetz's research accomplishments are very
wide-ranging. He started in algebraic geometry, earn-
ing his Ph.D. from Clark University in 1911. Within a few
years he perceived that the things he was trying to deal
with in algebraic geometry were really problems of to-
pology. He wrote a monograph on the relationship be-
tween the two which was given the Bordin Prize in Paris
in 1919. From that he moved into topology. He pub-
lished in 1926 his famous paper on the Lefschetz fixed
point formula. | already talked about how he introduced
the terms topology and algebraic topology. Also, he
had some remarkable students, Paul Smith, Steenrod,
and Fox among them. The so-called Princeton School of
topology was his doing. Alexander was a help; it was he
who brought Lefschetz to Princeton from Kansas. But
Alexander was reserved and didn't find it congenial to
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work with students, whereas Lefschetz was very gregar-
ious and was always the center of a group of people.

Later on he made another switch. This came
about during World War Il, when he was asked to be a
consultant to the Navy on problems of nonlinear differ-
ential equations. He went on from that to make another
career in that area, especially studying global proper-
ties. Much of this work was done after he retired.

He worked very hard at his mathematics. He
did most of his work early in the morning. He would
get up at 5 Am.,, work to 10 or 11 A.m at home, and then
come in to the office.

He was very outspoken; indeed, many people
found him quite offensive, and sometimes this had un-
fortunate results: several graduate students at Princeton
left because of the harsh talkings-to he gave them. He
meant well, but he usually spoke really without think-
ing. As he said once, people first have to make up their
minds and then find their reasons. That was so typical
of Lefschetz himself: he made up his mind very impul-
sively and then he gathered various arguments.

He was very quick and very imaginative. But he
had great difficulty making a rigorous argument. I've
heard it said that any proof Lefschetz would give would
be wrong, but any result he would announce would be
right. He had a tremendously sound intuition, but he
was just so restless and impatient that he wouldn't take
the time to make rigorous arguments.

Another thing about him: even when he knew he
was wrong, he would never admit it, at least not then
and there. We had some very fierce arguments and |
would go away thinking | hadn’t gotten anywhere at
all with him. But a day or so later | would find that he
had accepted the argument | had made and was go-
ing ahead with that. But he never said that he agreed
with me! The one way | realized, years later long after
Lefschetz retired, that he was getting old was that |
could win an argument from him in one day!

| guess one of the reasons | got along with him
so well, when many others did not, is because we were
both direct and stubborn. My first brush with Lefschetz
occurred quite early on in my first year as a graduate
student. | was taking his course in topology from which
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he was writing his first book. He had given a proof of
something, and | had the temerity to speak up and
challenge his proof. So he invited me to go to the board
and give my proof, which | did. Then he proceeded to
heap all sorts of scorn on what | had said. This made
me wonder; after all, | hadn’t had very much experience
with people such as Lefschetz. But at the next class he
began by saying that he wanted to go over something
from the previous time. He proceeded to give exactly
the proof | had given, and then went on. He made no
reference at all to me, but all my fellow graduate stu-
dents knew that it was my proof. This experience some-
how gave me the courage to stand up to him when |
thought he was wrong. That was something Lefschetz
certainly liked with people. People who would give him
back as good as he gave impressed him; the people
who just curled up under the rather harsh things that
he often said, he had no respect for.

So, Lefschetz was emotional and quick on the
trigger, but | felt that in all the dealings | had with him
that he was extremely fair, and on important issues he
took an objective, balanced view.

| also want to say that Lefschetz had a great dis-
ability in that he had artificial hands, and yet he never
complained. He would never refer to his artificial hands.
He would never say, “You'll have to do that for me, | can't
do it” Instead he made a simple polite request for any-
thing he needed to have done:“Please cut my meat,” or
“Please open that door.” The courage that he had—he
would go into New York by himself and ask strangers
in the subway to take a token out of his pocket and
put it in the turnstile. He wouldn’t say he had artifi-

cial hands, but would simply repeat the request until,
just by the power of his persistence, he would get this
done.

Let me end with the following story about
Lefschetz. | tell it as a mathematical joke, but it also il-
lustrates very nicely some of the things | have said.

On one occasion during World War I, there was
a one-day meeting of the AMS held in New York City,
and Lefschetz and | and Oskar Zariski, who happened to
be at the Institute for Advanced Study at the time, trav-
eled into New York together on the train. Lefschetz and
Zariski were talking about a certain paper, which had
recently appeared in algebraic geometry, which they
thoughtwasa very good paper. Lefschetzremarked that
he wasn't sure if he would classify the paper as algebra
or topology. You see, Lefschetz took the view that alge-
braic geometry was part of topology, and Zariski that it
was part of algebra. So Zariski, to tease Lefschetz a bit,
asked, “How do you draw the line between algebra and
topology?” Quick as a flash, Lefschetz came back with,
“Well, if it's just turning the crank, it's algebra, but if it's
got an ideainit, it's topology!”

Now please keep in mind, I'm telling you this
as a joke. I'm not expressing any opinions. Whether
Lefschetz was expressing an opinion is another matter.
[ think he was partly telling it in fun, but also to express
in some way his own ideas.
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Benoit Mandelbrot

Interviewed by Anthony Barcellos



Benoit Mandelbrot is the great champion of fractals,
and currently holds the position of IBM Fellow at
IBM’s Thomas J. Watson Research Center. The span of
his interests is best illustrated by listing some of the
positions he has held: Visiting Professor of Economics,
Applied Mathematics, and Mathematics at Harvard,
of Engineering at Yale, of Physiology at the Albert
Einstein College of Medicine, and of Mathematics at the
University of Paris-Sud. Fractal geometry has been the
unifying theme in all of his work.

Fractal geometry is one of the major develop-
ments of twentieth century mathematics. Its character-
ization of fractional-dimensional objects permits a
systematized and unified approach to irregularities in
nature. Clouds, coastlines, and fluid turbulence are ex-
amples of natural phenomena which are best discussed
in the language of fractal geometry.

MP: Were any people or events particularly influential
in your choice of mathematics as a career, and the high-
ly individualistic manner in which you have pursued
it?

Mandelbrot: The most influential person was an uncle.
His being a prominent professional mathematician af-
fected me in contradictory ways. The most influential
events were the disasters of this century, insofar as they
repeatedly affected my schooling. It was chaotic much
of the time.

In 1929, when | was five, my uncle Szolem
Mandelbrojt became professor at the University of
Clermont-Ferrand, and | was thirteen when he moved
up to the top, as the successor of Hadamard and the
colleague of Lebesgue at the Collége de France in Paris.
Therefore, | always shared in my parents’ (surprised)
awareness that some people lived by and for creating
new mathematics. Hadamard, Lebesgue, Montel, and
Denjoy were like not-so-distant uncles, and | learned
to spell the name of Gauss as a child, by correcting by
hand a misprint in a booklet my uncle had written. At
twenty, | did extremely well in mathematics in the big
French exams, despite an almost complete lack of for-
mal preparation, and my uncle took it for granted that
his gifted nephew would follow right in his steps.
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However, we had entirely different tastes in
mathematics. He was an analyst in a very classical style
(he had learned French by studying Poincaré’s and
Hadamard’s works, and he had come to Paris because
it was the cradle of classical analysis), and | call myself
a geometer. For him, geometry was essentially dead
except in mathematics for children, and one had to
outgrow it to make a genuine scholarly contribution. It
seems | did not like the idea of growing up in this fash-
ion. Therefore, my uncle’s plans for me backfired. While
he never ceased to wonder what “had gone wrong”and
took no interest in my work, we remained friends. But
he had a largely negative influence on my work, there-
fore on my life.

At this point, the influence of my father became
dominant. He was very proud of having already helped
raise my uncle, who was his youngest (sixteen years
younger) brother. My father was a very scholarly person,
and the descendant of long lines of scholars. In fact, it
often seemed that everyone in the family was—or was
expected to become—a scholar of some sort, at least
part-time. Unfortunately, many were starving scholars,
and my father—being a practical man—saw virtuesina
good steady job. His own work was to manufacture and
sell clothing, which he did not enjoy, yet he strongly be-
lieved in the notion that a scholar’s independence and
happiness had better hinge on a steady income from a
very different source, preferably one that would not be
overly sensitive to the world’s catastrophes. Thus, in the
wake of 1914-1918, he had hoped that his gifted broth-
er would go into the desirable field of chemical engi-
neering (John von Neumann'’s father had also wanted
him to go into chemical engineering). Again, in the
wake of 1939-1945, my father feared my uncle’s suc-
cess was a fluke, and preferred to see me make a living
as an engineer. Because of my distress at the reported
“death of geometry,” and because of my distaste for the
obvious alternatives in science, | accepted my father’s
argument, and in particular let myself drift farther and
farther away from mathematics.

Eventually, | came back. In fact (most unexpect-
edly), | made good use of the classical analysis | had
read under my uncle’s prodding. However, | was never
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Benoit Mandelbrot, age five, 1929.

imprinted with the normal way of being a mathemati-
cian, a calling whose rules exist independently of what
any individual can do, and which provides peers or suc-
cessful living role models to whom to conform. Those
who accept such a calling perceive the normal unpre-
dictability of life as unwelcome perturbations whose
effects must be compensated for; it takes more than
even a war or other similar catastrophe to change their
way of operating. To the contrary, as | allowed myself
to drift, | soon came to view the normal unpredictabil-
ity of life as contributing layers or strata of experience
that are valuable, demand no apology, and add up to
a unique combination. Hence perhaps the impression
that | encounter more than the customary amount of
randomness! Looking back | must agree that it is hard
to see how | managed to survive professionally and ac-
cumulate the proper school ties, without ever settling
down in an established career. | made several attempts
to settle down, but then accepted the inevitable: none

of the existing careers fitted my growing cocktail of
interests.

A Fractal Orbit

Of course, the reason why you sought me out for this
interview is that | brought my interests together even-
tually, in a way that is attracting attention: | conceived,
developed and applied in many areas a new geometry
of nature, which finds order in chaotic shapes and pro-
cesses. It grew without a name until 1975, when | coined
a new word to denote it, fractal geometry, from the
Latin word for irregular and broken up, fractus. Today
you might say that, until fractal geometry became or-
ganized, my life had followed a fractal orbit.

Ultimately, the surprise is not that my manner of
practicing mathematics should seem individualistic,
but that | should be generally recognized as a math-
ematician. But | am a physicist also, and an economist,
and an artist of sorts,and . ..

MP: What was the actual course of your studies?

Mandelbrot: Without ever trying, | did very well at
avoiding being imprinted by schools. It all began way
back, by my not attending grades 1 and 2. My mother
was a doctor and afraid of epidemics, so she was try-
ing to keep me out of school. Warsaw, where | was born
and lived, had been hard hit by the depression, and my
uncle Loterman, who was unemployed, offered to be
my tutor. He never forced me to learn the whole alpha-
bet, nor the whole multiplication table, but | mastered
chess and maps, and learned to read very fast.

We moved to Paris in 1936, and by 1937, when |
entered the Lycée, | was 13 instead of 11 years old. The
Lycée was the secondary school that prepared for the
universities. Then World War Il came, and we went to
live in central France, at Tulle near Clermont-Ferrand. To
an older boy from the big city, the Lycée de Tulle was ri-
diculously easy, but several marvelous teachers from fa-
mous schools were also stranded there, and they gave
me hard work to do. In effect, they tutored me, mostly
in French and history. By the end of high school, | had
caught up with my age group, which moved on to rath-
er intensive mathematics with a first-rate teacher.



Mandelbrot, rear center, age thirteen, with his school class
and teacher.

Then, poverty and the wish to keep away from
big cities to maximize the chances of survival made me
skip most of what you might call college, so | am essen-
tially self-taught in many ways. For a while, | was mov-
ing around with a younger brother, toting around a few
obsolete books and learning things my way, guessing a
number of things myself, doing nothing in any rational
or even half-reasonable fashion, and acquiring a great
deal of independence and self-confidence.

In French education, attendance was not that im-
portant, but exams were vital. So when Paris was lib-
erated in 1944, | took the entrance exams of the lead-
ing science schools: Ecole Normale Superieure (Rue
d’Ulm) and Ecole Polytechnique. Normale, which was
exclusive and tiny (a class of thirty, half of them in the
sciences), prepared university and high-school profes-
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sors. Polytechnique had classes of about 250 (one out
of ten applicants), and led to the top technical posi-
tions in the Civil Service and to other extremely diverse
careers.

The two sets of written and oral exams take a
solid month—a test of physical stamina. | passed both
very handily; in fact, | was ranked very near the top in
each case. Everybody else had spent two or more years
in special preparatory classes, a kind of cramming col-
lege, but | had only a few months of that drill, so my
passing was considered very unusual.

| did not do well because of my skills at algebra
and complicated integrals—in fact, these skills demand
training and | had had little formal training—but be-
cause of a peculiar inborn gift that revealed itself in my
mid-teens, quite suddenly. Faced with some compli-
cated integral, | instantly related it to a familiar shape;
usually it was exactly the shape that had motivated this
integral. | knew an army of shapes I'd encountered once
in some book or in some problem, and remembered
forever, with their properties and their peculiarities.
More generally, | could find instantly geometrical coun-
terparts for almost any analytic problem. Having made
adrawing, | nearly always felt a kind of esthetic lack to it.
For example, it would become nicer if one were to add
its symmetric part with respect to some circle or some
line, or if one were to perform some projection. After
a few transformations of this sort, the shape became
more beautiful, more harmonious in a certain sense; the
old Greeks would have called it more symmetric. At this
point, it turned out usually that the teachers were ask-
ing me to solve problems that had already been solved
by just making the shape more harmonious. Classmates
and teachers who watched me play my tricks told me
later that it was a strange performance.

You might say this was a way of cheating at the ex-
ams, but without breaking any written rule. Everybody
else took an exam in algebra and complicated integrals,
and | managed to take an exam in translation into ge-
ometry and in thinking in terms of geometric shapes.
Besides, it did matter to my overall ranking that | was
skilled at drawing and that | could write good French,
so it did not matter that the answers in physics and
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chemistry could not be guessed. That's how | got away
with my “legal cheating.”

At this point, my uncle had returned from the
USA, where he had spent the war years, and family and
friends held agonizing discussions about which career
| should choose, and which school | should go to. We
were surrounded by the ruins and the hunger of 1945,
which figured significantly in my decisions. | started
Ecole Normale (ranked first among those who entered),
but with the intention of avoiding my uncle’s kind of
mathematics.

Unfortunately, the only alternative was to follow
“Nicolas Bourbaki” In the 1920s, my uncle had been
among the bright young iconoclasts who founded
Bourbaki as a pleasantly jocular club; they planned to
write together a good textbook of analysis (to replace
the aging treatises of Picard and Goursat). But he did
not rejoin them in 1945, when they started a dead ear-
nest drive to impose a new style on mathematics, and
to recreate it in a more autonomous (“purer”) and more
formal (“austere”) form than the world had ever known.
Thanks to my uncle, | knew they were a militant bunch,
with strong biases against geometry and against every
science, and ready to scorn and even to humiliate those
who did not follow their lead. Bourbaki was one of sev-
eral conflicting social movements that flourished after
the War, when the yearning for absolute values was es-
pecially strong and widespread.’

Anyhow, having no taste for Bourbaki, | gave
up on Normale after a few days, and went over to
Polytechnique. My father was relieved. Since there
were to be no electives, | was receiving the gift of time:
it seemed that the need to make a firm choice was post-
poned until graduation, but in fact | was to be never
forced to choose.

MP: Why was that?

Mandelbrot: Initially, because of a legal mix-up.
Polytechnique offered well-defined numbers of several

! See Jean A. Dieudonné, “The Work of Nicholas Bourbaki,” American
Mathematical Monthly 77 (1977), 135-145, and Paul Halmos,
“Nicholas Bourbaki,” Scientific American 196 (1957), 81-89.

favored positions to its graduates, and the students
chose a life career on the basis of their weighted grade
point average over two years. Everything was graded,
or so it seemed. The competition for the top slots was
ferocious and left no time off. (If France wants to domi-
nate world chess, the easiest approach may be to teach
chess at Polytechnique!) | would have competed for the
top slot, but the school’s legal people thought—wrong-
ly, as it later turned out—that there was a Catch 22 that
disqualified me from competing. (To explain it would
require a lecture on law and history.) Since my rank did
not matter, | allowed it to erode slowly by not studying
enough for a few dreadful exams. Instead, | felt a free
man. A friend initiated me to classical music—which,
he said, | absorbed like a big dry sponge. And | did lots
of interesting reading of every kind. Many course notes
had lots of appendices that no one else could afford to
study.

The Influence of Lévy

Today, Polytechnique is without a permanent staff, and
it borrows professors from outside, mainly from various
universities. The same has long been true of Normale.
But in 1945, Polytechnique had its own professors cho-
sen by its own committees. The pattern was that some
were moonlighting scholars from the University, for ex-
ample, Gaston Julia, some were alumni who had never
done any research, and some were research people
picked outside of academia’s mainstream, for example
Louis Leprince-Ringuet and Paul Lévy. Julia was a bril-
liant teacher, but well past his research prime. | spoke
to him once; no one could have predicted that thirty
years later | was to help revive his theory of iteration of
functions so that it might reach full glory. The professor
| was most aware of was the Professor of Mathematical
Analysis, Paul Lévy. He was lucky that Polytechnique
had hired him for life, when he was a promising scholar
in the early 1920s, because his way of doing mathemat-
ics and his choice of topics had been becoming less and
less popular in the mainstream. He had an extremely
personal style, even in his basic analysis course. The
course notes given to the students were at the same



time rather leisurely and surprisingly brief, and they
were the despair of many of my classmates because
many facts seemed to be declared “obvious.”But | found
his course to be profound and in a way very easy; per-
haps | was the only one who liked it.

Paul Lévy was nearing sixty. Suddenly, he was be-
coming famous; it was being “discovered” that he was a
very great man in probability theory and that this new
field was a branch of mathematics. Its good fortune
was to be built on the great Norbert Wiener’s work on
Brownian motion, and to rest mostly on the shoulders
of two very different persons: Lévy and a man in the
middle of the mainstream, Andrei Kolmogorov.

Having learned the basic mathematical analy-
sis from Lévy, | was used to his style, and could read
his research papers much more easily than almost
anybody else. One had sometimes to guess what he
meant. Many major difficulties were not tackled at all
but swept under the rug more or less elegantly. Many
respected Ph.D. dissertations or articles consist in the
proper statement and proof of a single “obvious” fact
from Paul Lévy. Several years later, a would-be faculty
advisor recommended a Ph.D. of this sort, but | never
tried. Eventually, as fractal geometry came close to be-
ing implemented, | found myself fully involved in ob-
serving further “obvious” facts about diverse shapes
and configurations drawn by chance.

MP: Were you Lévy'’s student?

Mandelbrot: No. Several people later claimed they had
been his students, but Lévy specifically disclaimed
having had any students. Besides, it took years before
| came to be called a probabilist. Polytechnique re-
quires two years of study, ending roughly at the level
of a strong master’s degree in the U.S. During the last
term at Polytechnique, | kept looking for ways to use my
mathematical gifts and growing knowledge in dealing
with real concrete problems in nature. My hopes were
thoroughly romantic: to be the first to find order where
everyone else had only seen chaos. Someone who
heard me say so commented that my dream was to be
Johannes Kepler, but that the Kepler days were over.
Luckily, someone at Polytechnique felt ashamed about
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the Catch 22 that | have mentioned, and helped me
obtain French and American scholarships for studying
in the United States. Also, a professor suggested study
under Theodore von Karman, who was finding order in
the chaos of transsonic flight.

MP: |s that when you went to Caltech?

Mandelbrot: Yes, for two years. But | found that Kdrman
had left Caltech, and that the students of transsonic
flight had split into a group of engineers building big
rockets, and a group of mathematicians doing math-
ematics. Caltech was home to many people | admire
greatly, and many of my best friends are people | met
there. But there was nobody at Caltech that | particu-
larly wanted to emulate at that time.

So | went back to France, first into the waiting
open arms of the Air Force, which kept me for a year,
and then to search for a suitable thesis topic. A book
review found in my uncle’s wastebasket started me on
a task which was extravagant in every way: to explain
“Zipf's law,” which is a surprising regularity in word sta-
tistics. To many people, this topic looked almost kooky,
but | saw a golden opportunity of becoming the Kepler
of mathematical linguistics. My explanation of Zipf’s
law received much praise, but a few years later | aban-
doned this line of work, and later watched it go into a
deadend, while mathematical linguistics developed in
a different direction.

My doctoral thesis at the University of Paris was
defended in December, 1952. It had been written with-
out anyone’s assistance—and was poorly written. The
mathematical linguistics in the first half was formally a
very exotic form of the statistical thermodynamics in
the second half (thermodynamics in a space of trees).
Some people described the combination as being half
about a subject that didn't yet exist (they were right),
and the other half about a subject that was no longer
part of active physics (they were ill-informed). As the
thesis had to be pigeon-holed, we decided to say it was
in mathematics, but it was obviously very far from the
reigning pure mathematics. For reasons linked to my
official advisor’s personal ambitions, the committee
chairman was Louis de Broglie.
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The title was Games of Communication, largely
because for several years before and after my Ph.D. |
was very much influenced by the examples of John von
Neumann and Norbert Wiener. Indeed, Wiener's book
Cybernetics and von Neumann and Morgenstern’s book
Theory of Games and Economic Behavior had come out,
and they were very precisely what | wished to emulate
one day. Each seemed to be a bold attempt to put to-
gether and develop a mathematical approach to a set
of very old and very concrete problems that overlapped
several disciplines.

Unfortunately, cybernetics never really took off,
and game theory became yet another very special top-
ic. Colossal claims had been made when there was little
to support them, and they had avoided being shrugged
off only because of the authors'renown based on earlier
and very different work. It soon became good manners
in academia to laugh when someone mentioned “in-
terdisciplinary research!” To my bitter disappointment,
I had to agree that there was good reason for laughing.
| wondered whether things would have been better if
von Neumann and Wiener had had the desire and the
ability to take an active interest in their progeny.

John von Neumann

| was the last man whom von Neumann sponsored at
the Institute for Advanced Study in Princeton, in 1953-
1954. It was a marvelous year, and again | made many
life-long friends. | became aware of the computer—but
years were to pass before | became fully involved with
it. Unfortunately, von Neumann was not there very of-
ten. He was becoming more concerned with defense
than with science. But it seemed that he was living
proof that one could do science without really belong-
ing to a “guild.” In fact, he was under extreme pressure
at Princeton. From there, he went to Washington and
was not planning to return.

Luckily, von Neumann had realized that by hav-
ing failed to claim admission to any guild, | was leading
a very dangerous life, and a foundation executive told
me much later that he had asked him specifically to
watch after me and to help in case of trouble. | hope it
was a true report.

The papers | wrote during these years were
praised individually, and many anticipated later de-
velopments in diverse areas. They had a recognizable
common style, but they failed to add up, even in my
own eyes. Every so often, | was seized by the sudden
urge to drop a field right in the middle of writing a pa-
per, and to grab a new research interest in a field about
which I knew nothing. | followed my instincts, but could
not account for them until much, much later. Anyhow,
to work in many fields was not harder than to work
in “only” two. | had returned to France, then married
Aliette in 1955, and moved to Geneva to attempt a col-
laboration with Jean Piaget, when the French universi-
ties suddenly started expanding very fast and looking
for applied mathematicians. They gave me this label,
and a professorship at Lille; in addition, Lévy sought
me out to help at Polytechnique. But Lévy was about
to retire, and Bourbaki was to take over. It seemed | was
about to be crushed between them and other big aca-
demic blocs that could only think of their own narrow
interests.

MP: |s that when you left academia for IBM?

Mandelbrot: Yes. | was there as a faculty visitor in the
summer of 1958, and decided to take the gamble of
staying a bit longer. My wife was not enthusiastic at all,
but she agreed to this gamble. | wrote to the Ministry
of Education in Paris to request a leave of absence for
one year. They failed to respond to my letter, and later
told me that my request had arrived a few days before
my tenure was to be granted in writing, so they simply
dropped me off their lists. They said they would take me
back if | wished; nevertheless my “leave” had become
open-ended.

It took my wife and me a long time to accept the
fact that | had been lucky, and that as an environment
to pursue my devouring yet ill-defined ambition, IBM
Research was far better than any university department
in either country. Much of the practical consulting | did
was informal, and some was very exciting and had far-
reaching consequences, for example, my work with Jay
Berger on transmission errors in telephone links be-
tween computers.



In academia, on the other hand, Bourbaki was
only the extreme form of a generalized phenomenon.
Each of the old departments was working hard at that
time to “purify”—that is, to narrow down—its scope,
and each of the newly established departments was
working hard at finding criteria to define yet another
narrow combination of skills which could be rewarded
in grown-ups, trained in the young, and endowed with
a slice of the job market. The emergence of “pure ap-
plied mathematics” and “pure mathematical statistics”
brought special discomfort to my life, at times. Finally,
each field acted as if it were destined to live forever. For
all these reasons, the notion of an academic activity
that voluntarily reduces to one man’s fancies had be-
come inconceivable.

Everybody’s ideal seemed to be sports.
Competition is important in life, hence in science, but
why should science embrace being dominated by situ-
ations such as that in track, where the mile race and the
1500 meters race (only 7.3% shorter!) are often won by
different champions? To make things worse, the decath-
lon survives as an Olympic discipline, but the scientific
decathlon that | seemed to praetor was not acceptable
in academia. The granting agencies were divided in the
same fashion. An energetic young fellow could always
find support. But mavericks develop gradually and
slowly, and maverick enterprises are better off if they
develop slowly and solidly. Unfortunately, there was no
room in academia for a gradually developing maverick
enterprise.

For many years, every group | knew viewed me
as a stranger, who (for reasons unknown) was wander-
ing in and out. Luckily, the striking (and often shock-
ing) news | was bringing could not pass unnoticed, and
| was acquiring a kind of fame. | became very popular
in many diverse departments as a visiting professor,
but no major university wanted a permanent professor
with such unpredictable interests.

The IBM Fellowship

On the other hand, Ralph Gomory took the gamble of
sheltering my one-man project when he joined IBM
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shortly after me, as the manager of a small group, and
again when | returned after two years at Harvard and he
became departmental director. Eventually, he assigned
a programmer to my project. Then—when Gomory
had become Director of Research and my 1975 French
book was nearing completion—I was made an “IBM
Fellow” and given a small staff. A few dozen IBM’ers are
designated as IBM Fellows “in recognition of outstand-
ing records of distinguished and sustained technical
achievement in fields of science, engineering, program-
ming and systems. They are given freedom to choose
and carry out their work in areas related to their spe-
cialization in order to promote creative achievements.”
Thus, it was stated officially that my work had become
widely respected, and that | could proceed in my very
own way.

MP: You said that your whole life has followed a“fractal”
orbit until fractal geometry became organized and you
mention some of the turning points in the epilogue of
your 1982 book. Could you tell us these milestones?

Mandelbrot: My wild gamble started paying off dur-
ing 1961-1962. By then, there was no question in my
mind that | had identified a new phenomenon present
in many aspects of nature, but all the examples were
peripheral in their fields, and the phenomenon itself
eluded definition. To denote it, the usual term now is
the Greek “chaos,” but | was using the weaker-sounding
Latin term “erratic behavior” at the time. The better
word “chaos” came later from others, but | was the first
to focus on the underlying notion, and to specialize in
studying the erratic-chaotic. Many years were to go by
before | formulated fractal geometry, and became able
to say that | had long been concerned with the frac-
tal aspects of nature, with seeking them out and with
building theories around them.

But let us go back to the year 1961. Starting in that
year, | established that the new phenomenon was cen-
tral to economics. Next, | established that it was central
to vital parts of physical science, and moreover that it
involved the concrete interpretation of the great coun-
terexamples of analysis. And finally, | found that it had
a very important visual aspect. | was back to geometry
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after years of analytic wilderness! A later turning point
came when | returned to questions of interest to those
in the mainstream of mathematics.

Economics is very far from what | had planned to
tackle as a scholar. However, after | had become bored
with the Zipf’'s law of linguistics, | proceeded to read
Zipf's works and became acquainted with Pareto’s law
of income distribution. | believe my work contributed
to the understanding of this topic, but this interest was
also giving signs of becoming exhausted when | visited
Hendrik Houthakker at Harvard, and saw on his black-
board a diagram that | had already encountered in the
study of incomes. On the grounds that such geometric
similarity was bound to be the visible symptom of an
underlying similarity of structure, | inquired about the
problem that had led my colleague to the diagram in

Mandelbrot, age thirty, 1954.

question, and was told that it referred to the variation
of stock market and commodity prices. | became fasci-
nated with this topic because it involved marvelous ex-
amples of unquestionably important quantities whose
variation is very erratic, very irregular . . . chaotic. | soon
came to distinguish two syndromes in price variation,
sudden jumps and non-periodic “cycles,” which | later
denoted by the expressions Noah and Joseph Effects.

Price variation was becoming a source of worry
to a few economists, because it was resisting being
squeezed into the accepted econometric mold, which
had simply been copied from the physics of a gas in
equilibrium. On the other hand, | pioneered a radically
different alternative approach, based upon self-similar-
ity. This is a widely familiar notion today, largely due to
the physicists’ work on critical point phenomena, but
that work came much later. | showed that the stochas-
tic process obtained via self-similarity generates sam-
ple functions that are very rich in configurations, and
can account for a great part of observed price variation.
During this period, | was doing things analytically, with
very few diagrams. The most influential of these dia-
grams has already been mentioned.

The next major series of related developments
concerned noise, then turbulence and galaxy clusters.
My investigation of the so-called “excess noises” started
with a very practical problem at IBM, but continued
long after the problem was settled. Again, my solution
was grounded on postulated self-similarity; it neces-
sarily involved random forms of the Cantor set, and its
description demanded Hausdorff-Besicovitch dimen-
sion. A friend, Henry McKean, Jr., had written his thesis
on the Hausdorff-Besicovitch dimension of certain ran-
dom sets, when we both lived in Princeton. Otherwise
I might not have encountered this notion. It was very
rarely used at that time, but | discovered that it had an
essential application, first to noise, then to turbulence,
next to galaxy clusters, and so on to fractals in general.

Incidentally, | met Edward Lorenz in 1963. His
work on chaotic behavior in deterministic systems had
just been published, but had yet not drawn much at-
tention. Erik Mollo-Christensen predicted that it and
my early papers would turn out to concern two faces



of the same reality. This hunch is in the process of being
confirmed.

In the mid-sixties, however, my message was not
getting through well enough to satisfy my ambition.
Each context in turn elicited a complaint | had often
heard in economics. “Granted that such and such sta-
tistical expression is known to converge in all the other
fields of science, how can it be that my field (my inter-
locutor would complain) is alone cursed by the neces-
sity of facing divergent statistical expressions?”“When
all the other fields of science can be tackled by proven
mathematical methods from familiar textbooks, why
should my field necessitate newfangled techniques, for
which the only references are dusty tomes written in
French, or even in Polish, or incomprehensible modern
monographs?”

One had to agree that these situations were para-
doxical, but | thought this could have a very different
origin. | kept observing that, in many applications, these
familiar and unquestioned statistical and mathematical
techniques had been oversold: in fact, they had failed
to come to grips with the truly important problems, as
they were perceived by the brilliant but nonmathemat-
ical practitioners whom | trusted. This failure could be
accounted for, if the “ills” | had already diagnosed in a
few fields were in fact of wide occurrence.

How Long Is the Coast of Britain?

In any event, noise, turbulence, and clustering are
complicated phenomena, and the repeated experience
of unvarying resistance to my increasingly unified ap-
proach, and in particular to my use of Hausdorff dimen-
sion as a concrete notion, made me wish and search for
a simpler illustration. | stumbled upon coastlines, and
proposed that the irregularity of a coastline be mea-
sured by its Hausdorff dimension. A few (astonishingly
few!) scholars had noted in passing that the notion of a
coastline’s length is meaningless, but no one had done
anything about it. Perhaps the finding embarrassed
them (for example, Lewis F. Richardson’s thoughts on
this topic were found after his death among irrelevant
unpublished drafts).

Benoit Mandelbrot © 221
MP: Could you elaborate?

Mandelbrot: The question | raised in 1967 is, "how long
is the coast of Britain,” and the correct answer is “it all
depends.’ It depends on the size of the instrument used
to measure length. For example, look at this picture
(Figure 1). It does not represent a true coastline but a
fractal fake, made (years later) as a “model” sharing the
significant properties of a coastline. It is clear that, as
measurement becomes increasingly refined, the mea-
sured length will increase. Thus, all the coastlines are of
infinite length in a certain sense. But of course some are
more infinite than others. To measure their degree of
infinity, | thought of Hausdorff dimension, and indeed
| was able to show that the notion of dimension of a
coastline is meaningful, and that its value can be mea-
sured quite accurately. This is how | came back to my
true love, geometry, and went on practicing it in a very
strong and intense fashion.

MP: Do you have any opinion of the way geometry is
handled in schools and in research?

Figure 1. An artificial fractal coastline, from The Fractal Geometry
of Nature by Benoit B. Mandelbrot.




222 o Mathematical People

Mandelbrot: Oh, very much so. The old French fashion
required years and years of high-school geometry. |
found that totally intuitive and childishly easy, which of
course is why | considered going into mathematics as a
career. So | am distressed by how little geometry there
is in American high schools.

For quite a while, geometry was in effect banned
from university curricula. Now the availability of com-
puter graphics and, to some extent—I think even to a
large extent—my work has made many people realize
that geometric intuition can enter into seemingly very
abstract domains, like the theory of Kleinian groups or
the theory of iterations of mappings in the complex do-
main. In both fields | discovered a number of facts using
geometric intuition and computers.

We have entered a period of intense change in
the mood of mathematics; increasingly many research
mathematicians use computer graphics to enhance
their geometric intuition, others cease to hide from
outsiders (or even from themselves) that they had been
practicing geometry. This return of geometry in the
frontiers of mathematics and of physics should have
an effect on the teaching of geometry in colleges, high
schools, and even in elementary schools, because so
much geometry which was before quite impractical
now can be easily done with the help of computers.

MP: It's rather curious that high-school geometry in
America was advanced, for the most part, as being
good logical training for the mind, emphasizing the de-
ductive process rather than anything having to do with
images or visual intuition.

Mandelbrot: That's also the way it was described in the
old French curriculum, but for me geometry was some-
thing entirely different. Perhaps | should be careful to
use always the leaden expression “geometric intuition,”
but it would be better to take “geometry” back from
those who really do not care about it.

Furthermore, school geometry did instill disci-
pline, but | doubt its value as logical training. To a stu-
dent, the reduction to the axioms is largely a matter
of satisfying the teacher. We were told that certain ar-
guments were “okay” and that others had to be trans-

formed to be made “okay.” | never had the feeling that
this “okay” was intrinsic, much less that it was the last
word in logic, but achieving it gave me good grades,
while | was engaged in the truly important task of
training my gift to be able to think directly in terms of
shapes.

The Rebirth of Geometry

In any event, the geometry of yesterday has become
dull and dry, but a combination of Greek and fractal ge-
ometry would be alive, attractive, and very useful. The
young are very much dominated by the eye, through
media like TV and computer games, and a combined
geometry would be a way of getting to their minds be-
fore one tries to expose them to dry logical constructs.

Establishing such a curriculum will be a very com-
plicated thing, and | don’t have precise constructive
thoughts, but the main value of the Greek geometry |
learned in France was that the problems were hard, but
not abstract. When friends ask me whether their four-
teen-year-old wonder kids should first take calculus or
number theory, | put in a word for old-fashioned books
on geometry written about 1900.

Anyhow, | think it is a fact that some people think
best in formulas, and other people think best in shapes.
A hundred years ago, this was almost a platitude among
mathematicians, but people who think in formulas now
run the show in every branch of science, and for a while
they could not tolerate even one person who proclaims
he thinks in shapes.

It may have become true that people who think
best in shapes tend to go into the arts, and that people
who go into science or mathematics are those who
think in formulas. On these grounds, one might argue
that | was misplaced by going into science, but | do not
think so. Anyhow, | was lucky to be able—eventually—
to devise a private way of combining mathematics, sci-
ence, philosophy, and the arts.

Let me try out a simile. Imagine that 130 years
ago a pandemic virus had wiped out man’s ability to
sing, but left him with the ability to write music. Great
opera scores remained widely available; they became
an object of cult and intense study, and great new



scores were written by Verdi (Wagner, if you prefer).
Generations later, one person, then a few persons, were
born, who found they were immune to the virus, and
eventually everyone was reminded that if Verdi can in-
deed be read, he can also be sung. Everyone rejoiced!
Well, one of the privileges of fractal geometry has been
to make the classical hard mathematical analysis of
Verdi’s time sing out at long last.

MP: Now that fractal geometry is, as you have written,
“taking ominous steps toward becoming organized,” at
what level of the school curriculum would you consider
its introduction appropriate?

Mandelbrot: Fractals should be introduced first in the
presentation of the derivative. This notion first bothered
me when | started calculus, and many people should
understand calculus far better if they know at the very
outset that a continuous function need not have a de-
rivative. Until recently, the only counterexamples were
artificial and contrived. One could not bother young
minds with Weierstrass functions. But | have shown that
non-differentiable functions are essential in very funda-
mental parts of natural science, and it has become easy
to tell a student that a coastline has no tangent and
that the components of the motion of a particle along
a coastline have no derivative. It is desirable to intro-
duce such notions very early. They will serve as antidote
against the ridiculous idea we have already discussed,
that the study of geometry is primarily a form of logical
training and not a way of learning to reason on shapes.

Secondly, fractals should be taught early in fields
like physics and in geophysics, where they are impor-
tant. For a first step, the best is to try out several short,
specialized courses entirely devoted to fractals; this is
being done in several places. Later, one will see how
fractals should be added to the basic courses on math-
ematical methods. To my pleasure and surprise, un-
dergraduates accept this stuff very well. Another place
where fractals are becoming important is in teach-
ing computer graphics. It seems that every computer
graphics demonstration includes fractals.

As to the place of fractals in the training of math-
ematicians, it raises two distinct questions. Falconer’s
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forthcoming Geometry of Fractal Sets is very welcome,
but it is a conventional mathematical monograph: its
topics are suggested by needs created by my work, but
the style is dry, as usual. It will not be.the last math-
ematical monograph on these and related topics, but
one cannot make any prediction about the teaching
of advanced mathematics, because there are few ad-
vanced students at present, and the instruction they
receive depends on fashion and the instructor’s taste.

A much greater change would occur if the train-
ing of mathematicians were to go back to leaving some
room for geometric intuition. Fractals may be taught
around the theory of Kleinian groups or the theory of
iterations of rational functions. These theories became
unmanageable quite a long time ago, at least in part
because of the lack of intuitive aspects to them. But
with the advent of fractals, large parts of these theories
become quite easy and widely attractive. They show
very graphically how one can or should concentrate on
thinking of shapes as live “wholes,” and learn to modify
an algorithm to affect the shape it generates.

MP: Geometric shapes are being introduced through
computer graphics in quite a few elementary schools
through such things as Seymour Papert’s LOGO and
turtle graphics. What do you think of such things?

Mandelbrot: | have only a very superficial familiarity
with them. It seems that they too overemphasize the
algorithmic aspects. For me a circle is not primarily
something which is traced by a turtle running a certain
course, but above all it is a circle! However, according to
friends, it is easy to draw fractals using turtle geometry.
This is very welcome and to the advantage of the field.

Computer Graphics

MP: What role does computer graphics play in your
research?

Mandelbrot: It plays two major roles: to help my work
develop, and to help it become accepted. To take an
example, | had long known of a very simple algorithm
which generates distributions of points in space, and |
proposed this algorithm to model the distribution of
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galaxies, and of clusters and superclusters of galaxies.
The first tests, both numerical and visual, were amaz-
ingly satisfying. But a long look at these distributions
revealed discrepancies that had been much less obvi-
ous to the other students of the field, who used ordi-
nary analytic methods. To try to improve the fit, | did
not scan any repertory of alternative models, but my
repertory of alternative shapes.

The virtue of computer graphics is that it makes
it easy to compare a model’s imitations to the natural
shapes from many viewpoints simultaneously, includ-
ing some viewpoints that had not yet been formalized
or recognized. | encountered the first example when |
was interested in the long-term persistence that is ob-
served—since the Biblel—in the discharges of rivers
like the Nile. A statistical theory was of course available
to represent this phenomenon, but no one had actu-
ally thought of looking at the sample functions which
this theory generates. It turned out to be surprisingly
easy to convince every hydrologist that these sam-
ples did not look at all like the records of river levels,
whereas the corresponding curves drawn according to
my alternative recipe could not be told apart from the
real ones, even by the experts, unless they knew the
particular river intimately. Thus, computer graphics al-
lowed the elimination of certain theories simply on the
basis of the obvious unreasonableness of the shapes
they generate. The same trick worked even better with
coastlines and mountains. Graphics techniques gradu-
ally became better and better, and we could afford to
do some fancy stuff.

One must say “we,” because | do not program
computers myself, but have found ways of working
very interactively with several outstanding people: stu-
dents and assistants, but also colleagues like Richard F.
Voss. As a matter of fact | developed a skill for helping
“debug” programs that | cannot read, by analyzing the
wrong pictures these programs produce.

MP: Did computer graphics play a role in your work on
turbulence?

Mandelbrot: No, but geometry has been essential. The
big question in the study of turbulence is: how does

turbulence arise from the differential equations for
the flow of fluid? The literature on partial differential
equations is tremendous, but it never got even close
to tackling the questions raised by turbulence. In 1963,
the situation was that Kolmogorov (and other Russian
scholars) had written down formulas concerning the in-
termittency of turbulence. With hindsight, one may say
that they were only one step removed from introduc-
ing Hausdorff dimension, then fractals. But they failed
to take these steps, in fact they resisted them for a while
after | took them. At the very same time, and quite in-
dependently, | had tackled intermittency in the context
of noise, and had developed a very geometric mental
picture of it. Upon seeing the facts about turbulence,
at a seminar Robert Stewart gave at Harvard in the fall
of 1963, | found it obvious that my methods could be
translated wholesale in these new terms. Then | tried
to explain the validity of the translation. This led me to
conjecture that turbulence represented a singularity in
the flow of fluids, and that this singularity is concen-
trated on a fractal. To form my intuition, | had looked at
paintings and photographs of turbulence, had looked
at records of velocity, and even listened to them (af-
ter transposition into the audible range), and used the
summaries of measurements (such as power spectra) as
further evidence.

This was an entirely new approach to the prob-
lem: for many years it was viewed as exotic and even
bizarre, and it took ten years to be published other than
in abstracts or via allusions. But my hunches on the
Hausdorff-dimensional properties of the singularities
are in the process of being confirmed in several differ-
ent ways. It was quite beyond my skills to prove them,
and to guess what had to be proven was beyond the
geometric imagination of those who provide the dem-
onstrations. Very great minds had tried to tackle turbu-
lence by analytical techniques; they did not succeed,
while it seems | succeeded by looking at turbulence via
the shapes that it generates.

MP: Kleinian groups and iterates of rational functions
were reputed to be highly technical mathematical top-
ics. When and why did you become involved?
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Figure 2. A Julia set and its interior for the map z->z? + ix. Variant of an illustration in The Fractal Geometry of Nature.
(Copyright by Benoit B. Mandelbrot.)
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Mandelbrot: In 1976, after | had read Hadamard's su-
perb obituary of Poincaré (which everyone will soon
be able to read—and should read—in an American
Mathematical Society book on Poincaré). This obituary
made it apparent that my work should be extended
beyond the linearly invariant fractals, to which | had
restricted myself up to that point. Indeed, the limit
sets of Kleinian groups and of groups based upon in-
versions are fractals also; the latter could be called
self-inverse. This forthcoming extension of self-similar
fractals was mentioned in a last-minute addition to the
1977 Fractals, and then | set out to work, namely to play
on the computer in order to acquire a “hands-on” intu-
ition. The payoff comes very quickly, in the form of an
explicit construction algorithm for the self-inverse limit
sets. It took me longer to ascertain that, to my surprise,
| had solved a problem that had stood for one hundred
years.

A short step then brought me to some old work of
my former teacher Gaston Julia, and of Pierre Fatou. My
uncle had once lent me the original reprints of Julia’s
paper that everyone called “the celebrated Prize Essay”
and of Fatou'’s equally long work on the iterates of ra-
tional functions. The “Julia set” of a rational mapping
of the complex plane is the repeller set of this map-
ping, that is, the attractor set of its multivalued inverse.
| started playing with fairly complicated mappings, and
was amazed to discover that sets that Julia and Fatou
had characterized negatively, as being pathologically
complicated, were in fact of extraordinary beauty. As
they emerge on the computer screen, they seem to-
tally strange for a moment, but one soon comes to feel
one had always known them. (An example is shown in
Figure 2).

MP: What about the “Mandelbrot set?” Is it also a
fractal?

Mandelbrot: Yes, it is. A few months of mindless fun
with complicated mappings had prepared me for a de-
tailed study of iteration. The best was to start with the
simplest mapping, which is the second order polynomi-
al. There is only one significant parameter, and to each
parameter value corresponds a Julia set. | drew the set

of parameter values such that the corresponding Julia
set is not a “Fatou dust,” but a connected “dragon.” To
paraphrase the famous words that J. C. F. Sturm is said
to have used when he could find no way of avoiding
mentioning the Sturm (-Liouville) equations, this is the
set of which | have the honor of bearing the name. My
study showed that this set is an astonishing combina-
tion of utter simplicity and mind-boggling complica-
tion. At first sight, it is a “molecule” made of bonded
“atoms,” one shaped like a cardioid and the other nearly
circular. But a closer look discloses an infinity of smaller
molecules shaped like the big one, and linked by what
| proposed to call a“devil’s polymer” Don't let me go on
raving about this set’s beauty.

Old Fractals and New Names

MP: Such things as the Cantor set and nowhere differ-
entiable functions have long been important examples

Figure 3. The Mandelbrot fractal set of the map z->2* + iu.
From The Fractal Geometry of Nature. (Copyright by Benoit
B. Mandelbrot.)



in analysis and topology. Is your term “fractal” well ac-
cepted by now?

Mandelbrot: Yes, but with exceptions. Some mathema-
ticians speak of my work as “generalized Cantor sets” or
“concrete applications of the counterexamples of anal-
ysis"—these terms underrate the drastic novelty of my
endeavor, and really imply that there is no unity to it.

MP: They still regard them as pathological?

Mandelbrot: That's one part of it, but mathemati-
cians’ lack of perspective can be breath-taking. Some
would go so far as to call the whole of physics “a con-
crete application of harmonic analysis and differential
equations”!

One must also be aware that mathematicians
have a strange traditional way with words. Indeed, take
the theory of “strange” attractors (which are a kind of
fractal). To my great surprise, this use of “strange” does
not bother anybody. Mathematicians like to take a fa-
miliar term, to turn it around, and to use it with a very
different meaning. For example, the vocabulary of
mathematics is full of terms like “ring,”“field,”“complex,”
or “imaginary.” The words “distribution,” “irregular,” and
“singular” are used with hundreds of different mean-
ings. Mathematicians rarely coin new words, and the
new words they coin are hardly ever graceful.

This may also be why the word “fractal” is already
being used in meanings different from mine, and which
my books call confusing. For example, a topologist like
James Cannon needs a clearly different notion, but the
word “fractal” exists, so he uses it. | fear that when this
word is accepted it will be as ambiguous as “irregular,”
but not much can be done about it. One must just let
time take its course.

MP: Despite the resistance to fractals that still exists in
certain quarters, they've clearly been accepted and ap-
plied in many different fields. You yourself have been in-
volved in most of these branches from the outset. Have
there, nevertheless, been recent developments which
have surprised even you?

Mandelbrot: | would say—with regret!—that there
has been no major surprise since my work on Kleinian
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groups and iteration in 1978-1979. What is surprising is
the fact that fractals have attracted few crackpots, the
quality of the applications, the rapidity of their devel-
opment after the inevitable initial resistance is broken,
and the total absence of outright failures. Additional
phenomena that were clearly worth looking into but
could have been complicated and messy are tackled
and prove to be comparatively civilized. Fractal geom-
etry works, which must be a reason why it is becoming
so popular. But no new application seems to come out
of the blue.

A second negative surprise is that the additional
techniques and concepts which are needed keep com-
ing in the same sequence in each study. For a long time,
the role of fractal dimension had to be emphasized
because it was the principal concept, and | was gloss-
ing over difficulties that require additional parameters.
Then | introduced a second parameter, “lacunarity.” It's
very surprising that in many fields the demand for lacu-
narity materializes shortly after dimension has been
fully understood. In this sense things have proceeded
alike in different fields. As a matter of fact, scientists’ re-
actions to fractals, both positive and negative, seem to
be very much the same in all fields.

MP: In addition to providing useful tools in various
fields, haven't fractals become a field in their own
right?

Mandelbrot: My work was inspired by a strong belief
that the division of science has been extremely harm-
ful. On the other hand, new fields keep being created
for serious reasons for survival. We must wait and see.

The Antigeometry of Bourbaki

MP: You mentioned that you weren't attracted by
Bourbaki’s antigeometric approach toward mathemat-
ics. Did you find that the Bourbaki influence posed
a significant obstacle to acceptance of your fractal
approach?

Mandelbrot: They mattered greatly in my life in 1945,
when | left Normale, and again in 1958, when | left
France, but very little since then. They did not prevent
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me from doing my thing, and for many years my audi-
ences were sheltered from their influence or did not
know they existed. After the study of turbulence had
inspired me to an isolated bit of “pure” harmonic analy-
sis, there was the right non-Bourbaki mathematician to
complete and continue that work.

Furthermore, by fluke, the timing of my books
was perfect. They came out when the feeling was be-
ginning to spread that the Bourbaki Foundations trea-
tise, like a Romantic prince’s dream castle, was never
to be completed, and that their old books would never
fulfill their proclaimed goal of becoming the universal
standard of mathematics. The Constitution phrased
to ensure that the group would remain eternally a co-
hesive young rebel was—of course—not working. In
a way, the whole enterprise had become boring. The
pendulum was therefore beginning to swing from this
extreme back to an uneasy but more reasonable bal-
ance in mathematics, and my manner was becoming
less threatening. If | had formulated fractal geometry
much earlier, Bourbaki could have been a major obsta-
cle. But today they do little beyond running a seminar
in Paris. As a matter of fact, | may have benefited from
the backlash against their old arrogance.

Besides, one of the current leaders of Bourbaki,
Adrien Douady, has spent the last several years devel-
oping ideas on iteration that | had pioneered; to wel-
come him has been a treat. Finally, one of the founders
of Bourbaki, Jean Dieudonné, has published various
demonstrably wrong statements about the meaning of
mathematics, which were of great help in making some
of my main points. For example, he wrote that a Peano
curve is so counterintuitive that only logic can com-
prehend it and no intuition can be used to understand
its properties. That was demonstrably wrong. Today
the Peano curve is viewed as completely intuitive, be-
cause my work made it so. And | have the feeling that
Dieudonné is not hostile but amused.

The Fractal Manifesto

MP: Why did it take you so long to get what you call
your “fractal manifesto”in print?

Mandelbrot: Today, when the status of fractal geome-
try is compared with that of other maverick enterprises,
like cybernetics and game theory, one is tempted to
think that mine has benefited from having developed
slowly—granted that | am alive and well to watch its
coming of age. Of course, | had intended otherwise, but
science is organized into tight branches, and the only
assured way to leave a mark on a branch is to visit it in
person, so to speak. This demands adaptability on the
part of the visitor, and takes enormous amounts of his
time.

Linguistics allowed me to mention thermody-
namics, but only because linguistics was not yet orga-
nized as a modern profession. When working in eco-
nomics, | was similarly dying to be allowed to make it
known in my research papers that my methods were
part of a general philosophy, of a certain approach to
irregularity and chaos, and that they also mattered in
physics. Invariably, the referees asked me to take these
statements out, and ultimately | decided to comply.
Later on, | went on to study turbulence (which had to
resemble the stock market, because the weather and
the stock market are equally unpredictable), and again
| wanted my papers to appear in the most prestigious
specialized journals. Again, the editors forced me to cut
out what they scorned as “dubious philosophy,” and to
give more formulas and more details on the manipula-
tions. In each case, | was pretending to be a technician
in the field, which was never completely successful be-
cause | always kept a strong “foreign accent,” but was
necessary and sufficient to get my papers accepted by
the good journals.

These papers were excruciatingly hard to write,
nevertheless in many cases my foreign accent gave
them the reputation of being difficult to read. Also,
| did not really learn to write English until tutored by
my IBM office neighbor Bradford Dunham in 1968.
Anyhow, interpreters invariably followed with their
own renderings of my ideas. (One of them called him-
self a“master at repackaging,’and all did very well in the
process.)

In the meantime, turned-down, would-be pref-
aces to my papers were piling up. Moreover, several
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A fractal representation of Benoit Mandelbrot.
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papers failed to gain acceptance by referees, and the
hassle made me accumulate drafts that did not seem
worth finishing. Many come in handy these days: when
the scientific public becomes interested in a new topic
concerning fractals, | often have an old draft that can
be revived into a paper. But it is too bad | failed to pub-
lish the “tentative fractal manifesto” read at the 1964
Congress of Logic and the Philosophy of Science in
Jerusalem. It would have appeared in an unsuitable
place, but it should have been in the record. (PS. | was
lately asked to publish it in Interdisciplinary Science
Reviews.)

Friends started telling me that | could not contin-
ue in this fashion: contrary to the cliché, | would perish if
| continued to publish as | had done. Moreover, my work
on galaxies was not to become acceptable until it was
known, and would not become known until it was ac-
ceptable.Ten years ago, | was fortunate to be on sabbat-
ical in Paris and my uncle had retired, so it had become
proper to ask me to give a major talk at the Collége de
France. | saw a golden opportunity to present a general
manifesto, and to explain how my different interests fit
together. Preparing this talk revealed that my work was
already more complete and more homogeneous than |
had myself known it to be! My lecture of January 1973
was described by a friend as the most autobiographical
scientific talk he had ever heard. It was received with
much praise and no hostility at all, which made me real-
ize that my years in the wilderness were about to end.
To denote my unified approach, | soon coined the term
fractal, and the expanded text of this lecture in Paris be-
came my French book, published in 1975 and soon to
be reissued in a slightly refreshed second edition.

To summarize, until 1973-1975 my “political”
situation as an outsider in all the fields in which | was
working was not strong enough to allow me to assert
my philosophy and my interdisciplinary approach.
Circumstances made me play games which | didn't be-
lieve in. The French book marked the change from this
piecemeal approach to the present unified approach.
Soon afterwards, fractal geometry became organized.
My way of life changed profoundly. You may say | have
become the slave of my creation.

New Fields to Conquer

MP: It seems to me that fractal techniques have been
embraced fairly readily in the natural and physical sci-
ences like fluid mechanics, astronomy, physics, and
geomorphology, but what about other places where
you have pointed out applications, like economics or
linguistics? Are those techniques being used today by
practitioners in those fields?

Mandelbrot: In linguistics, fractals will not revive. My
early work was important to me but was peripheral
to the field. However, the mathematical procedures |
devised for this purpose continue to survive in other
guises.

But in economics, the revival and blooming of
fractals can only be a matter of time, because the main
two questions which | tackled and discussed in out-
line are truly unavoidable and cry out for more work.
Poincaré wrote that some problems are man-made
and other problems pose themselves. Well, the role of
discontinuity in economics and the degree of reality of
business cycles are problems of the latter variety that
will not disappear until they are answered. When a frac-
tal theory really starts moving by itself | tend to become
technically under-equipped to continue to participate,
and it becomes wise to move on. But in economics it
is clear that | did not stay long enough. If | come back
and show it can be done, this application ought to start
moving again.

MP: You are often referred to as “the father of fractals,”
and you have been called “tirelessly imaginative.” You
have, however, always taken great pains in your work to
give complete citations to all earlier research which was
connected in some way to fractals. One could perhaps
obtain from your style of reference the impression that
you are cataloguing old results rather than creating
new ones. What is your reaction to those who think that
you merely pour old wines into new bottles?

Mandelbrot: This impression is totally without merit,
but | understand how it can come to be held by some
very casual readers. | also understand why it is held by
some mathematical extremists who refuse to acknowl-



edge that to build new physics upon existing mathe-
matics is a very creative occupation and not merely an
exercise in relabeling. There is a price to pay for being
called a mathematician, hence for being judged in part
by mathematicians.

Allow me a homey comparison. Nearly every the-
ory in my books can be regarded as an evolved model
of a “machine” that | conceived. When designing and
building the first model of each of these machines, | act-
ed like any other tinkerer, very happy to be able to use
many, many existing “spare parts,” hardly any of which
was to serve the purpose for which it had been listed
in the catalogs. Furthermore, many of my contraptions
had precursors, in the sense that the legendary Icarus
was the precursor of the airplane!

Given the fierce competition that prevails among
scientists, the custom under such circumstances is to be
content with a casual footnote acknowledging that “an
idea—or a tool—somewhat analogous to the author’s
had also been used for a different purpose in Refs ...."
But my upbringing and my years in the wilderness—
when | had no roots in the present, only unconfirmed
roots in a distant past—led me to make an arrogant
choice. | decided to buck the custom, and to give full
catalog references. Of course, these may fail to indi-
cate the ultimate sources, yet | think that giving them
helps establish that science is—after all—more than a
fast-buck business. Furthermore, | do not mind being
a scavenger, and | seek original references for parts |
had—quite literally—picked from shelves of remain-
dered books and from other trash bins of science.

| am pleased to report that the new models of my
machines mainly use specially designed parts, and that,
among the many reviews my books have won, only one
or two brief ones are by casual readers who misinter-
preted my gratitude for suppliers of reusable parts.

MP: 1t seems that you have not done much work on
topics that are not related to fractals.

Mandelbrot: This is largely correct. The only major ex-
ception was work in the statistical foundations of ther-
modynamics, which | should one day take up again and
make better known.
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Clearly, this unity of purpose could not have been
planned in 1945, or in 1952, or in 1962. Also, everyone
has fallow years every so often, and | may have been
tempted on occasion—just to keep going—to fol-
low the lead of some other drummer. But | was never
tempted; | wonder why.

You must know the line by the Greek poet
Archilochus that “The fox knows many things, but the
hedgehog knows one big thing."The actual meaning of
this line being lost, it is quoted in many contexts. Thus,
before a recent lecture, the chairman introduced me
as being the hedgehog par excellence. | found this very
touching and very appropriate.

One should also note that, within this unified
thrust, my work has bucked the custom, and has be-
come increasingly more “technical” in many ways. My
old works seem somehow “lighter” than the more re-
cent ones.

MP: Do you have any favorites among the fractals, ex-
amples that you particularly like?

Mandelbrot: The unavoidable example is that of
coastlines (Figure 1), and my line that “Clouds are not
spheres, mountains are not cones, coastlines are not
circles and bark is not smooth, nor does lightning travel
in a straight line” has gained the supreme accolade of
becoming an instant cliché.

The fractal structure of the blood vessels is also
a fact that people first find quite astonishing and then
very natural. And many people have quoted my asser-
tion that “Lebesgue-Osgood fractal monsters are the
very substance of our flesh.”

The self-squared dragon curves bring in best the
fundamental and amazing discovery that extreme com-
plexity can result from very simple formulas.

Butldon'thaverealfavorites, becauseltinkered with
each of my machines very hard and for a very long time.
It's like with one’s children. One may be proudest of those
who bring the widest renown to the family, but each of
my intellectual children has brought equal renown to the
fractals family in its part of the scientific world. Anyhow,
one can love different children for different reasons, but
one cannot really have absolute favorites.
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Henry Pollak

Interviewed by Donald J. Albers and Michael J. Thibodeaux



enry O. Pollak is Director of the Mathematics and

Statistics Research Center of Bell Laboratories. He is
responsible for research on the mathematics of physics
and networks, communication theory, discrete systems,
statistics and data analysis. As Director, he administers
a remarkable group of highly skilled mathematicians
who not only create beautiful mathematics but who
are remarkably adept at drawing inspiration from and
linking mathematics to real-world applications.

Pollak is a strong advocate of incorporating ap-
plications into the mathematics curriculum at all levels
of education. For more than a quarter century, he has
worked very hard to improve mathematics instruction.
Despite his heavy administrative responsibilities at Bell
Laboratories, he has found time to serve professional
mathematics associations in this country and over-
seas. Most recently, he was Chairman of the Fourth
International Congress on Mathematical Education and
President of the Mathematical Association of America.

Dr. Pollak was closely associated with the School
Mathematics Study Group (SMSG), a major mathemat-
ics-education reform program that was launched in the
late '50s. In the interview that follows, he reflects on
both the successes and failures of SMSG, which was one
of the first “new math” programs in this country.

After earning his Ph.D. degree from Harvard
University in 1951, Dr. Pollak went directly to Bell
Laboratories. Since then he has authored over thirty-
five technical papers on analysis, function theory, prob-
ability theory, and mathematics education. He holds
a patent for his work on Interconnected Loop Digital
Transmission Systems.

He has been honored for his technical work
and his work in mathematics education. He has been
awarded several honorary Doctor of Science degrees
and was elected a Fellow of the American Association
for the Advancement of Science in 1971.

Since the time this interview was held, the break-
up of the Bell System has become a reality, and Bell
Laboratories is being split along with it. Pollak has left
Bell Laboratories to become Assistant Vice President for
Mathematical Communications and Computer Science
Research for Bell Communications Research, Inc. Ron
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Graham has become Director of the Mathematics and
Statistics Research Center at Bell Laboratories.

The Roots of Pollak

MP: How and when did you choose mathematics?

Pollak: 1 began in it. | got interested in mathematics ap-
parently at a very early age. | say apparently because
my memory is very peculiar—I| have absolutely no
memory at all of myself before the age of five or six, not
even isolated scenes, and very little before the age of
ten. People tell me that's unusual, but that's a fact. In
my attic, there are a lot of old papers, and among them
is a composition | wrote in German, in the fourth grade.
This composition says, “My father wants me to become
a lawyer, but | want to become a mathematician.” | was
nine years old at the time. | am told that in my parents’
diaries there is evidence of my having pattern-search-
ing instincts before going to school. | am told that |
would do things like look at a newspaper before being
able to read numbers and say, “Hey, the numbering in
this must be wrong. It doesn’t follow the right pattern.”|
don't know about that, but | certainly know that by the
vicinity of fourth grade, | knew that mathematics was
what | liked. | don't think I had much of an idea of what
it was, but whatever they were teaching in school that
was called mathematics was nice stuff.

MP: Was mathematics what you started out with as a
major?

Pollak: Yes. What makes you think differently? | never
had any doubts in my undergraduate years that | was
going to go into mathematics. It is true that | had an of-
fer to do graduate work in Germanic Literature near the
end of my undergraduate career, but | didn't do that. It
is also true that | enjoy classics very much. | took Latin
all through high school and tried to take Greek, but the
public school felt that there were too few customers for
that, and they couldn't afford it. In my freshman year
of college, | took first-year Greek and fifth-year Latin;
and in my sophomore year, | took second-year Greek
and sixth-year Latin. In my junior year, when | signed
up for Latin, Greek, and Sanskrit, somebody in the
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Mathematics Department at Yale called me in and said:
“Pollak, you have got to quit circumequining (which is
from the Latin and means horsing around). You are go-
ing to take one of those three, and you are going to take
complex variables.” So, | took the third year of Greek,
and | didn’t get my seventh year of Latin, which | regret-
ted because that’s when you get to the stage where you
can read it at 20 to 25 pages an hour, which | never did
get to, and | never have learned any Sanskrit.

MP: Other mathematicians have exhibited strong inter-
ests in both languages and mathematics. Do you think
there is a connection—a talent for languages and a tal-
ent for mathematics?

Pollak: | don't know how serious a connection there
is; | always have felt a whimsical connection in that |
have maintained that Latin is an excellent mathematics
course because if anybody can learn to live with and
obey the consequences of that ridiculous axiom sys-
tem, they can do any mathematics you could imagine.

Mathematical Heroes

MP: This question is a little on the schmaltzy side
perhaps, but do you have any mathematical heroes,
dead or alive, who have influenced you in one way or
another?

Pollak: Schmaltz of course, means goose grease; you
aren’t supposed to put that on a baseball when you
throw it, and you have thrown a curve ball with some
extra schmaltz on it. As | think about people, | believe
that probably the effects on me that | am conscious
of are much stronger in the education process than in
the research process. | certainly remember a number
of teachers and professors and particular points from
them that came through, either directly or subliminally,
that made a lot of difference to me.

| had a junior high-school teacher of algebra in
Stamford, Connecticut, by the name of Mrs. Shahan,
who had a particular pedagogic technique that was
very good for me. She had developed a very thorough
ability of lip reading. When she gave work for the class to
do, she had the problem of keeping the fastest students

amused; and how does one keep them active without
spoiling the lessons for the slower ones? The way she
solved that problem is that when you thought you
had the answer you could mouth it. Nobody else was
good enough at lip-reading to be able to read it in the
classroom, but she would nod her head and say, “Yes,”
and you could go on to something else. She also kept
me amused by teaching me the old-fashioned method
of extracting nth roots. We did have the old method
based on the binomial theorem for taking square roots,
although it was never explained why it worked. She
taught me the method of extracting the cube roots
and fourth roots, and this was good because that cer-
tainly allowed me to understand what the square root
rule was. | enjoyed that. It was very good for me to get
that additional work and built up in me a feeling that |
have always had: Enrichment is better than acceleration
if you have a choice between the two, although that’s
not something that everybody will agree with, or that |
might agree with myself on another occasion.

Mr. Farrell taught me high-school geometry, and |
learned something else from him. He used a particular
device to keep me quiet: He had a habit of asking stu-
dents to go up to the board to do a particular geometric
proof. | didn't realize it right away, but | did afterwards.
With other students he would give them problems, let
them sit in their seats for a moment, and then have
them go up to the board to work. With me, he would
tell me to come up to the board and then tell me what
problem he wanted me to do. That was a technique
that | appreciated—afterwards.

My second-year algebra teacher’s technique was
to provide you with a choice. You could work with the
regular class and cover the year’s material at the pace
that she set; or if that was too slow for you, you could
study a chapter on your own. For every chapter, she had
three 5” X 7" cards. She would give you one of those,
and that was the test on that particular chapter. Then
if you did that successfully, you could go on to the next
one. You could either stay with the class, or run at your
own pace. Incidentally, success meant that you had to
get 100% on the test for that particular chapter. If you
didn’t get 100% on the first card, you could try the sec-



ond one. | finished the year’s work in a quarter by that
particular procedure, and then they had to find some
other things for me to do. They gave me some ad-
vanced algebra and various other things. That was an
experience that | remember.

Cross-Country Mathematics

At the college level, | certainly remember Ed Begle.
What | remember, particularly, and | don’t know how
to put it in the very positive sense in which | felt it, is
that he came to class sometimes not completely pre-
pared. You had a very interesting time watching him

Henry Pollak as a Harvard graduate student, 1950. Left to right: Alex Blair, Pollak, Bob Osserman, and the late Bill Turanski.
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struggle, inventing the proofs and trying to think about
the right way to do it. | learned a lot more mathemat-
ics that way than | might have if it had been a perfectly
polished lecture; and | think already at that time | devel-
oped my feeling that | like cross-country mathematics.
Mathematics, as we teach it, is too often like walking
on a path that is carefully laid out through the woods;
it never comes up against any cliffs or any thickets; it
is all nice and easy; there are beautiful views, and at
five o'clock every day, you come to a well-stocked hut
where you stay overnight and start out on the path the
next day. | like cross-country mathematics from time to
time. You take a rough compass heading, and you get

'
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lost. | learned the excitement of that because Ed, inten-
tionally or otherwise, occasionally did that.

Another experience that | remember, as a gradu-
ate student at Harvard, was Georges de Rham teaching
a course on distributions on manifolds. In the first lec-
ture, he defined continuity of one of these currents as
they were called then. He went on for 20 minutes or so
and proved various things about them and then came
up with something that was pretty absurd—some
property that just didn't make much sense. Of course,
we realized at that point that it was the wrong defini-
tion of continuity.

The counterexample gave you the idea of how
you wanted to change it, and the other definition is
what we worked with ever after in the course. Now that
kind of open-ended teaching was undoubtedly done
to me many times, but that’s the first time | noticed it,
and | say that’s a good way to teach. You get something
across that way, and you understand something that
way, but | certainly wouldn’t have understood it as well
if he had just started out with the right definition of
continuity the first time around.

Pollak as Teacher

MP: Your interest in mathematics education is remark-
able among applied mathematicians. What prompted it
and what keeps it going?

Pollak: It is basically like hit-and-run driving. In the real
world hit-and-run driving is illegal, but | can come out
of industry and pontificate about teaching, and never
have to face up to anybody about it. | never have to
listen to my dean in the morning about what horrors |
said about teaching, and | just go away again and have
some more fun.

MP: Have you ever thought seriously about being in a
university as a teacher of mathematics and mathemat-
ics education?

Pollak: The last time | thought seriously about teaching
was when | taught, which was in my last year of gradu-
ate work at Harvard in the academic year 1950-1951.

That experience convinced me that there was no way |
wanted to be a teacher of mathematics.

MP: What convinced you not to become a teacher?

Pollak: As a graduate student, | had a class of 25 stu-
dents, and there were usually 25 ridiculous, arcane
reasons why they didn’t understand what | was saying
at the moment. If | had had several hours apiece with
those students, one at a time, | could have dug back
into their backgrounds and probably have found out
what was misunderstood, what was missing, and what
would then get them over a particular difficulty. It was
also quite clear that the university educational system
was not at all interested in my spending three to five
hours per student, trying to do this sort of thing. They
might say they are paying you for teaching, but they
really are paying you for research. If you spend that
amount of time with students, you are never going to
get to first base. | think the system was calculated to
keep me from doing the kind of job | felt was appropri-
ate to do as a teacher. But I still have a lot of opportunity
to do teaching in industry.

Teaching in Industry

MP: Do you get to do that kind of individualized teach-
ing at Bell Labs?

Pollak: The big difference between industry and uni-
versity is not whether or not you teach. The difference is
that in industry you typically have more students who
want to learn. You've got people who are coming to you
to discuss mathematics. They need help on problems
and want to get ideas on how to solve them. They re-
ally want to do it. So often (in academe) you get stu-
dents who don’t want to learn mathematics. They are
there because they have to be. At Bell Labs we offer an
enormous number of internal education courses, which
provide me with teaching opportunities. Another big
difference is that, at a higher level, I've got no graduate
students—I've got no slave labor. If there’s a problem
which I'm pretty sure can be done, and quite sure it's
worth doing, but it's not as important as some other
problem that | want to work on instead, | haven't got



anybody whom | can force to do it. We have excellent,
new people who come in, but they are full of their own
good ideas. Why should they work on mine? If | had
graduate students, they would have to do that prob-
lem, but that’s the major difference—how to get some-
thing done that you don't want to do yourself.

Missed Opportunities in
Continuing Education

MP: Now we know why you don't want to teach in a
university. Why are you so involved with mathematics
education?

Pollak: | simply am interested in education. | made the
quite unconscious decision more than 20 years ago that
| was going to spend much of my discretionary time at
Bell Labs on mathematics education. | have done that
and it has led into a lot of things in that area. It ended
up with my being President of the MAA at one time, and
Program Chairman of the Fourth International Congress
on Mathematical Education at Berkeley, Chairman of the
Advisory Board of the School Mathematics Study Group
and many other things. And | say it was unconscious.

MP: How important is continuing education to Bell
Laboratories?

Pollak: 1t's very important! Over the years, the educa-
tional pattern in Bell Laboratories has changed a good
deal. One thing that a high-technology industry like
ours understands is that you cannot expect that the
education which employees bring with them will be
enough for a lifetime career. We have available to ev-
eryone a very large internal continuing education pro-
gram. Of course, in recent years, it has been more com-
puter science than anything else.

Now outside Bell Laboratories, in the larger na-
tional context, continuing education in this country is
in some sense a crime, how little and unsystematic it
is. Opportunities are being missed. If you want to make
comparisons, you might look at the Open University of
England—a national system of opportunity via televi-
sion, first-rate courses with first-rate people. People
watch courses at home on television and go periodi-
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cally to centers where they can meet with instructors
for help and homework. It's a tremendous system.

This country is full of industries that would be
very happy to get help with their continuing educa-
tion programs. You may have to go on their own prem-
ises. Engineers and other people who have been out of
school for 10 or 15 years may not want to go back to the
campus and compete with the kids there, but you can
put on the programs and the courses where they work
or somewhere else.

Model Building in the Schools

MP: What are your current thoughts on the state of the
undergraduate curriculum in mathematics?

Pollak: My own feelings about the undergraduate cur-
riculum are pretty heretical. It seems to me that our
basic obligation is to provide people with the funda-
mentals in mathematical sciences, that is, the basics of
the various fields that are going to come up in whatever
careers they undertake as a result of their undergradu-
ate education in mathematics. They certainly will have
to teach these things if they end up as college teachers.
It seems to me that the fundamentals are the calculus,
linear algebra, probability, statistics (as a separate dis-
cipline with a separate ethic from probability), basic
computer science, and some experience in modeling.
| should probably include as a seventh one in this list
some discrete mathematics such as combinatorics or
algorithms.

MP: What do you mean by model building and applied
mathematics?

Pollak: Applied problems—problems that use words
from other disciplines and pretend to be applied math-
ematics in the textbooks—are usually pure frauds. The
idea that seems to pervade much calculus teaching is
that as long as you can learn how to say “moment of
inertia,”“center of mass,”and “pendulum” with a straight
face, that's all you have to do. | often have the impres-
sion that the meaning of these things and how in the
world you get from the physical idea to the mathemati-
cal formulation of it, seem quite unnecessary to the



240 o Mathematical People

teacher. My favorite caricature of the teacher of math-
ematical physics is: “Okay folks, today we're going to
study the Coriolis effect. Consider the following partial
differential equation.” The student probably has abso-
lutely no idea as to what that means and where you got
it, what the variables are, what you kept and what you
threw away in making this model.

So, what is applied mathematics? It really is start-
ing out with a situation in some other field you're trying
to understand. Then you try to formulate a mathemati-
cal problem that will help to shed some light on the
situation you are trying to understand. If you succeed
in formulating a mathematical problem, you then go
ahead and solve that problem if you can, and, of course,
in all honesty, you go back and forth many times, from
the question and its formulation to the question and
the solution.

Then you see what you have learned. What does
the solution say about the original situation in the
outside world? With a very high probability, the first
time around you will find that the interpretation in
the original situation is garbage; it’s wrong, it doesn’t
make sense. So you say, well, we must have formulat-
ed it wrong, and we go through this loop many, many
times. Now, that’s what really happens, and | don't think
you capture that by mouthing words from some other
discipline. | think students should have model-building
experience of this sort.

MP: How do you go about implementing model build-
ing in schools?

Pollak: If you are talking about changing curriculum
and putting in some new things, the easiest place to do
it is perhaps the elementary school. The next easiest is
the university, and the most difficult is the high school.

MP:  Why is the high-school level the most difficult?

Pollak: In elementary school, generally speaking, there
is nothing whatever expected in the way of science
education. There are no elementary science require-
ments in most states that | know of. So there is a certain
amount of time there with which you can do anything
you want. And if you've got some ideas about trying

math and science and social science together you can
getitin there by calling it elementary science.

At the college level, | think a lot of people can
be persuaded that experiences in applied mathemat-
ics are important. It's a part of the total experience in
mathematics that a student should have. You can ar-
gue it either way—philosophically or practically. You
can argue that a part of becoming literate and knowl-
edgeable in mathematics is to know how mathemat-
ics is used and how it is connected with the rest of the
world. That's one end of the argument. The other end
is to grab a student by the scruff of the neck and say:
“Look, if you want a job, you have to know something
about how mathematics is used.” I'm not proud, I'll take
either argument.

Teacher Pollak with students at a National Science Foundation
Institute in Atlanta, 1974.



The trouble with high schools is that you've got
entrenched departments and entrenched require-
ments. If you were to try to put in an applied mathe-
matics or model building course, everybody would say:
“Whose time is it going to come out of? Not mine!” It's
got to be done jointly by science, social science, and
mathematics people, and | don't think we'll get to first
base. The structure of the high school is harder to crack
than either the structure of the elementary school or
the structure of the college.

MP: Wasn't that structure cracked in a big way during
the Sputnik years?

Pollak: Not the structure—the content. The fact that
there is a chemistry course, a physics course, a biology
course, and a math course every year—that structure
didn’t change at all. It was decided at the beginning of
SMSG' that in order to have any chance at all of reform-
ing the curriculum, we had to use the existing structure
and the existing kinds of allocations of time, and just do
it better. So, the first SMSG materials produced were a
first-year algebra course, a geometry course, a second-
year algebra course, and a half-year course in elementa-
ry functions. The one structural change that was made
was to incorporate the solid geometry with the plane
geometry. For nearly everything else, including the ju-
nior high materials, there was no major attempt to shuf-
fle the time and the years and to reorder the materials
in a major way because of the difficulty of getting that
kind of thing accepted.

SMSG and the New Math:
Reflections by One of the Pioneers

MP: You were deeply involved with the School
Mathematics Study Group (SMSG) from its inception.
What was it about the SMSG experience that was so
enriching for you? Beyond that, what has been its
long-term impact on mathematics education in this
country?

! During the late ‘50s, the School Mathematics Study Group
(SMSG) was formed as part of a national effort to upgrade
school mathematics.
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Pollak: That's a very big can of worms you are open-
ing here, and | suspect they are going to be slithering
out for the next half hour. As you may recall, Ed Begle
was the first director of SMSG. | was an undergraduate
at Yale in the mid '40s and | took Ed Begle’s year-long
point-set topology course. | started at Bell Labs in 1951
and occasionally went down to some of Al Tucker’s
combinatorics seminars at Princeton. When Ed Begle,
with the advice of Al Tucker, planned the beginning of
SMSG and the list of whom to invite, they invited me.
Our first meeting was a four-week session at Yale. Our
instructions were to start from the work of the College
Entrance Examination Board and try to start outlining
and gradually writing curricula. Initially, | was very du-
bious about the whole project. The people at Bell Labs
said it was perfectly okay that | should go off to that first
SMSG writing session, but | remember leaving a mes-
sage with my secretary to call me after a few days and
tell me that there was an important crisis or something
in case | needed an excuse to go home. However, | en-
joyed the first days of it very much. The crisis didn't turn
out to be as bad as | had expected, and | stayed for the
full four weeks of that initial writing session.

One of the people at that meeting who had a
great influence on all of us was Martha Hildebrandt.
She was head of the department at Proviso High School
at Maywood, lllinois, and had been President of NCTM.
The first thing she said to me was: “Now remember,
Pollak, you can't teach anything after April.” She was let-
ting me in on one of the truths of what actually hap-
pens in the classroom. Spring fever comes, and the
kids just don't listen anymore. | learned a tremendous
amount from her. | found, as did many other mathema-
ticians who came to that meeting, that the questions of
what to teach, how to teach it, in what order, how to say
it, and how to combine skills and understanding were
tremendously interesting, difficult issues.

The problem of putting together a high-school
course was not a triviality; there was a very real intel-
lectual challenge to it. We were faced with questions
such as these: What do you really mean by variables?
What do you really mean when you say you're going
to solve an equation? What do all those “simplify” ex-
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ercises in the textbook really mean? How do you know
when you are done? When is one thing simpler than
another? How in the world are you going to teach word
problems? All of this had lots of meat to it. That's how |
gotinvolved in it.

MP: What is your evaluation of the SMSG experience?

Pollak: One of the things that | was by no means clear
about in those early days, and that I'm not happy about,
is that | didn't think hard enough about the place of ap-
plications and about the way that applications of math-
ematics ought to be interacting with the rest of the
curriculum. That wasn't really faced squarely until the
second round of SMSG, which began in the late 1960s
and never really got done because the funding started
to run out.

The Second Round of SMSG

There were some very beautiful things written in the
second round of 7th and 8th grade materials, which
hardly anyone has ever seen, in which applications
were much more intelligently interspersed and worked
in and became a fundamental principle. But in the first
round, we didn’t do that very well. We put in a great
deal of interesting mathematics which could and can
still be beautifully justified and worked up on the basis
of applications, but we didn't do it, and we've suffered
because of it. That is 20-20 hindsight.

The second-round materials of the SMSG con-
tained beginning work on computing, applications, and
probability. Those materials were written somewhat
closer to the English style of teaching in that different
parts of mathematics were intermingled rather than
presented as a solid year of algebra or a solid year of
geometry. In the first round, the spiral approach, which
had been preached for everything else, was used with-
in each individual course, but not the intermixing of the
different parts of mathematics. In the second round, we
wrote totally different seventh and eighth grade books.
Then we came to the conclusion that it wasn’t possible
to finish a total rewrite of high school mathematics, and
if | remember correctly, there was a bridging volume

written to take students from these new seventh and
eighth grade materials back to a more traditional cur-
riculum in the senior high school.

Failure of SMSG at the
Elementary Level

MP: How successful was SMSG at the elementary
level?

Pollak: The elementary effort was probably not the
success it could have been. The number of secondary
teachers of mathematics in the United States is about
one hundred thousand, and an effort was made to reach
every one of them with a summer institute or something
like that. The total fraction of teachers that was reached
by the summer institutes was around two-thirds. While
the institutes covered a lot of different things and pos-
sessed varying degrees of quality, they did provide a
sense of vitality and of thinking about the problems,
opening up to new arrangements and new pedagogy.

The number of elementary teachers of mathemat-
ics is about one million, rather than one hundred thou-
sand, and the people who made the decision threw up
their hands at that and said:“Look, it can’t be done; we'll
try to write good teacher’s commentaries and guides,
but you can't possibly try to reach one million elemen-
tary teachers.”

Now the problem with the new curricula was
that the pedagogy was meant to be different from
what was sometimes done. There was supposed to be
an open-endedness; there was supposed to be a spi-
ral approach, in which one did not teach for mastery
of things the first time around; ideas would come back
many times. It was difficult because of the way in which
elementary teachers had been trained themselves and
the experiences they had had in many cases. The result
is that they taught things for mastery that no one ever
intended to teach for mastery, like how to do division in
base 8, to caricature it.

There was a failure to reach the elementary teach-
ers. It could have been done; one could have insisted
on at least a paid week’s work in the summer with the



elementary teachers so that they might get an idea
of what people were trying to do and why. That was
not done, and we paid the price of putting the whole
process in disrepute. One reason for thinking about
that so hard right now is that there is a certain amount
of danger that the same kind of thing will happen
again.

Facts versus Opinions on
Mathematical Education

We have been talking a lot about my opinions, impres-
sions, and prejudices as far as mathematics education
is concerned, and | do think there is something impor-
tant to say here. It is something that you find particularly
in the writings of Ed Begle, for example, in his posthu-
mous book, Critical Variables in Mathematics Education,
and something that you have always got to remember:
Mathematicians have very strong opinions about math-
ematics education. They instinctively think they know
what'’s right and what'’s wrong, and they don't hesitate to
tell you with the highest powers of certainty at their com-
mand. Ed Begle, | think, particularly pointed out that they
were not always right and perhaps were quite frequently
wrong when you put all of these things to experimen-
tal test. | think the many opinions that mathematicians
have about teaching, which we don’t mind pontificating,
need to be examined experimentally. We have instinc-
tive ideas about innumerable aspects of the teaching of
mathematics, both in those levels that we teach and the
levels that we don't. | think those ideas deserve to be lis-
tened to, but they also deserve to be tested.

MP: 1t's very difficult to test opinions on the teaching of
mathematics, isn't it?

Pollak: The answer to that is yes and no; that's compli-
cated. The bulk of research in mathematics education
has traditionally been done in doctoral dissertations
in mathematics education. These are typically, by their
very nature, studies done in a relatively short time with
a relatively small number of students. | think you are
very lucky if you get somebody to spend a year or two
examining a particular question with as many as a few
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hundred people. Many doctoral dissertations don’t do
that well. The statistical results of doing something like
that are almost always suggestive rather than defini-
tive. If you look at Ed Begle’s book, Critical Variables in
Mathematics Education, the typical kind of result you
will find, and | don't think | am going to be caricatur-
ing this very unfairly, is this: On a particular point there
have been 110 studies, and 60 found that A worked bet-
ter than B, 35 found that B worked better than A, and
15 found no difference between the two. Evidence in
mathematics education does not typically come from a
single study designed so carefully, massively, and long
enough in time, that it has a chance of really settling
a problem. Our evidence comes from a large number
of studies on a particular point, each of which is itself
only suggestive and not at all definitive. Therefore, in
that sense, you are right. How are you ever going to get
at all close to assurance on these matters?

On the other hand, it is also possible to do some-
thing like NLSMA, the National Longitudinal Study on
Mathematical Abilities, that was done in the '60s and
which followed 50,000 kids for five years. What was typ-
ically found in that study was that in fact many cause-
and-effect relationships that mathematicians would
naturally have suspected and then asserted as fact
were not true. At least, they certainly were not proved.
NLSMA did find that the textbook made a difference in
the gains by the students between pretest and posttest.
It did show how to test for understanding and transfer
using multiple choice tests.

Let me mention one other problem with the
picture of research in mathematics education. We do
have a large amount of research going on, much of it
in small studies, typically at the elementary and sec-
ondary level. One of the major interests of NCTM is to
support research in mathematics education, to pub-
lish it, and to devote sections of their meetings to it. |
know of practically no research in mathematics educa-
tion at the college level. It is something that the MAA
has not been willing to get interested in in any serious
way, and | don’t think that NCTM has either. In the col-
lege area, you are absolutely right; we know just about
nothing.
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Do Mathematicians Suffer from
Reality Anxiety?
MP: In one of your papers, you close by saying that
the only thing that would prevent a curriculum rede-
sign that incorporates applications would be control by

those people who went into mathematics teaching be-
cause they wanted to avoid the real world.

Pollak: 1 believe that mathematics education at all lev-
els has more people in it than we care to admit who
went into mathematics teaching because it was a way
of making a living and avoiding the real world. This is a
serious factor in the difficulty of getting applications of
mathematics into our schools and colleges. There are
not many teachers of mathematics who say explicitly:
“Showing students how mathematics is used is bunk.
The purpose of teaching mathematics is simply to get
the mathematics across, and nothing else matters.”Very
few teachers say that openly. So you have meetings
and everyone will agree that you ought to have appli-
cations. You look again a year later when the smoke has
cleared away, and nothing has happened; and you do
have to keep asking yourself why. If everybody agrees
that connecting mathematics with the real world is a
good thing, why doesn't it happen in the classroom?

International Activities

MP: You have been extremely active in mathematics
education, not only at the national level, but also at the
international level. How did you get into mathematics
education beyond the borders of the United States?

Pollak: | think it happened in the same way in which
| got into things in the U.S. | had been a student of Ed
Begle and thus was in on the beginning of SMSG, and
through that also on the beginning of CUPM. So | be-
came known as a noisy fellow, and | was invited to go
to several meetings in foreign countries. Remember
that curriculum reform in the United States really came
before that sort of activity in most other countries, and
they were very eager to hear about our reform efforts.

MP: So they were drawing on the experiences of SMSG
and CUPM to some extent and hoping to learn from

a1
Pollak greeting guests at the Fourth International Congress
on Mathematical Education, Berkeley, 1980.

what had been happening in the United States. Did
they learn?

Pollak: Yes. There was quite a bit that happened in
Europe. They certainly didn’t copy the United States.
That would have been very much the wrong thing to
do. However, generally speaking, citizens of any coun-
try believe that its own students are likely to be smarter
than those of any other country. When they hear what
any other country is doing, they know they can do bet-
ter! So they did get a lot of things started, and that's
very valuable because in recent years, when there has
been no large scale, organized support for curriculum
work in the United States, we have been learning a
great deal from the Europeans, and much of the ma-
jor systematic activity in curriculum thinking is now in
other countries. They started later and kept going after
we stopped.

MP: What's been able to sustain them?

Pollak: | haven't seen any general pattern of what's
been able to sustain them. They’'ve got some very good
people. | think that they certainly haven’t developed
any prejudice against national thinking. Remember



that thinking about the curriculum nationally in this
country and trying to do projects with federal funding
were really quite new ideas, and fell into relative disfa-
vor in the '70s. Education is basically a local affair in the
United States. In European countries, it is no surprise to
do work on education on a national scale. It’s all done in
the central Ministry of Education. If the central Ministry
of Education says let’s keep looking at this, it will hap-
pen. There have been a lot of exciting initiatives and
good ideas in other countries. For example, in the area
of technology interacting with education there is more
going on in a systematic fashion in England and France
than in the United States.

MP: You were in charge of the International Congress
on Mathematical Education that was held in Berkeley in
1980. What did you learn from that Congress?

Pollak: 1t was very clear at the Berkeley Congress that
the United States had more to learn than to give at that
point in time. That was not true of earlier congresses. |
suspect | ended up as Program Chairman and Chairman
of the Executive Committee for the Congress at Berkeley
because | had been to all of them: Lyon in ‘69, Exeter
in '72, and Karlsruhe in '76. There was a great deal of
exporting of U.S. ideas still going on at the earlier con-
gresses. It was disappearing by '76, and by ‘80 we were
learning from everybody else.

MP: Then you approve of international congresses de-
voted to mathematics education.

Pollak: | think we have an awful lot to learn and we
have a lot to give in various ways.

MP: How can one learn more easily about develop-
ments in mathematics education elsewhere?

Pollak: That's an interesting question. One of the things
that doesn't exist and that should exist is an interna-
tional clearing house for mathematics education. We
don’t even have a single library in the world which gets
all curriculum materials and all work in research and de-
velopment in mathematics education. There is such a
library for the social sciences in Boulder, Colorado, but
there is none in mathematics.
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Bell Labs: Managing Mathematicians

MP: Your job at Bell Labs is Head of the Mathematics and
Statistics Research Organization. What does that entail?

Pollak: Like all middle management at Bell Labs, | spend
a lot of time doing committee work and managerial
matters for the company—matters that cut across the
whole organization. | also read every memo and paper
from my department before it goes out. That takes a lot
of time. The total number of papers runs around 200 a
year. So it is pretty close to one a day that comes in. |
read every one of them, make comments if | have any,
make suggestions on exposition, pose questions on the
mathematics or other aspects of the problem, and just
plain proofread. It is a major way that | keep informed of
what everybody is doing.

Part of the job of a middle manager at Bell Labs,
which is quite different from the department chairman
at a university, is the requirement that you must know
about, be able to understand, and describe in some de-
tail the work of every individual in your organization.
That's vital if you are to evaluate people and determine
who should get big raises and who should get small
ones.

Itis really a part of the responsibility of everybody
in the organization as well as mine to look around to
see if you're doing the most interesting things that you
might be doing at the moment. At Bell Labs people
do change what they do fairly often. The department
heads within mathematics who report to me and with
whom we do much of the planning also have this sort
of responsibility.

MP: Many people, particularly those in mathematics
and the hard sciences, regard Bell Labs as a very special
kind of place, a place of great excitement. What makes
it special in your view?

Pollak: Bell knows what sort of working conditions
to provide for mathematicians and scientists. That's a
much trickier problem than people realize. To carica-
ture it, some technological organization that one hears
about might say: “Oh, yeah, mathematicians are a good
thing to have. Okay, let’s go out and hire some and give
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them some office space, some blackboards and tables.
We will waive the usual rules about having them punch
a time clock. We will just have them sitting around do-
ing mathematics because we have heard that if they do
that then some valuable results will come of it Typically,
what happens (and remember this is all a caricature)
particularly after a few years, is this: There is a slight re-
cession, the company looks around at where it can save
some money, for something that it's paying for thatisn't
contributing anything to the company, and discovers
this nest of parasites sitting there. Outthey go.

What happened was that you didn’t provide for
interaction between the mathematicians and the rest of
the company. Mathematicians do not automatically do
valuable things. They have to be motivated; they have
to interact; they have to get good ideas from chatting
with and living in the middle of lots of other people. So
the next time you hire a mathematician, and you put
him in a large room with 100 engineers, and tell them
all to interact. The mathematician who tries hard and is
honest about it, will interact a great deal and will prob-
ably leave at the first opportunity because there’s no
chance to sit back and think. There’s overstimulation.
What you need is an opportunity to interact with every-
body else and to be stimulated by them. At the same
time, you need to have a group of colleagues, enough
to have critical mass, and the ability to pull back and
think quietly without any unreasonable pressures. The
proper balance between stimulation and protection is
difficult to learn to achieve.

The great strength of Bell is that it has had a math-
ematics research organization since 1925 when Bell
Laboratories was formed. There is an established un-
derstanding of how people work, and management’s
confidence that this succeeds because it has succeeded
continuously for fifty years. You have the freedom to
work on a great variety of problems and to work at your
own pace and your own time. Since performance is mea-
sured over very long time periods, this freedom requires
enormous responsibility, to think all the time about what
you ought to be doing and what'’s the most interesting
thing to do next—including the responsibility to get out
of an area when it has passed its peak. But you can do

this with assurance and a feeling of security because the
place has learned over 50 or 60 years that this works.

Grading at Bell Labs

MP: What does it take to be a success at Bell Labs? How
does one decide if someone has been productive?

Pollak: Well, the thing you look for basically—
and it is easier to say in words than to carry out
quantitatively—is how much of a difference that per-
son’s existence makes to research, to the company, to
the country. There are many different ways in which
one can make a difference. By opening up interesting
new directions in some part of mathematics, by giv-
ing good consulting advice to people, or by running
a good computer center, to give just a few examples.
But basically, you see how wide a swath a person cuts.
How much would things change if that person were
not there? Once a year, the department heads within
mathematics and | get together for several days to ar-
gue about performance, to look at each individual and
try to understand about how much difference it makes
that this person exists and does what he or she does.

Then, | get together with directors of several oth-
er centers or laboratories consisting of people working
in economics, in computer science, in psychology, hu-
man factors, and acoustics. We argue about the mer-
its across this whole large organization, which is the
Division. This, in turn, means that | know something of
what these other people do, and they know something
of what the mathematicians and statisticians do. Finally
our boss does the same thing with the Vice President of
Research.The success of this sort of pattern depends on
a maximum advance and continuing flow of informa-
tion, on the opportunity to know as much as possible
about what everybody else is doing.

Advice to Academicians on
Keeping People Happy

MP: Bell Labs seems to be a place that contains a lot
of exciting, very different people with strong personali-
ties. How do you keep all of them happy?



Pollak: 1 think the fundamental issue in keeping
people happy is to understand and appreciate their
work. The critical thing is to keep open your under-
standing of what value is. Again, my prejudice is
that mathematics departments would be very well
served by working hard to maintain a broad view of
what constitutes achievement in the mathematical
sciences.

Take the problem of trying to house pure and ap-
plied mathematics in the same department. Consider
an individual who takes a situation in some other
field that has never before been successfully analyzed
mathematically. By “success in analyzing” | mean that
the model turns out to have interpretive understand-
ing and maybe even predictive power. Let’s assume
this person takes a situation in engineering, or history,
or economics, or physics, and he manages to make a
mathematical model that is complicated enough to say
something about the real world but simple enough to
do something with the model—and he does this suc-
cessfully from the point of view of the applied disci-
pline. That, to me, is a successful job of applied math-
ematics. Furthermore, it is a success in applied math-
ematics regardless of whether the mathematics itself
that was done in the middle of this job was new or old.
If the problem turns out to be one in combinatorics or
complex variables or linear algebra or topology that
has been done before—great. The only trouble is that
many mathematics departments will not say: “Great.”
They'll say: “You haven't done anything”What can hap-
pen if you insist on the novelty of the mathematics it-
self is that the person will then complicate the model,
unnecessarily from the point of view of the application,
but necessarily in order to do some new mathemat-
ics in the middle of it. You insert some stuff you really
don't need in order to make it look mathematically new.
Now maybe your pure mathematics colleagues will feel
better about it, but you have loused up the job. So it’s
necessary to keep a pretty broad appreciation of what
is success. | myself think it is a shame that there are so
few departments in which pure mathematics (whatever
that is) and applied mathematics, statistics, and com-
puter science can all coexist.
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Airplane Problems

MP: You are regarded as an excellent problem solver.
You have described some problems as being airplane
problems, meaning problems upon which significant
progress can be made during a lengthy airplane flight.
Do you have a favorite airplane problem or two for us?

Pollak: In fact, | have an airplane problem about air-
planes. It started about two years ago when | flew from
New York to Columbus for Bell Labs, to Raleigh-Durham
for the state of North Carolina, to Tampa to visit my wife
who was taking care of her mother, and to Washington,
D.C., for the National Science Foundation. Bell Labs was
willing to pay for a round-trip to Columbus, the state
of North Carolina was willing to pay for a round-trip to
North Carolina, | was willing to pay for the round-trip
to Tampa, and the National Science Foundation was
willing to pay for a round-trip to Washington. If | made
them all pay for a round-trip, that would give me much
more money than the cost of the trip. The question is:
“What is a fair way to divide up the cost of the trip?” |
didn’t see how to do it, and | sat down to chat about it
with Peter Fishburn, who had worked in areas of this
sort. We made various models showing that if you put
all sorts of conditions on it, various contradictions arise.
This problem is going to result in a paper or two.

MP: How about another airplane problem?

Pollak: A number of years ago | was in charge of the
UNICEF Collection for my church, and so | ended up
late in November with, | think, around 8,000 pennies.
It was part of my job—with considerable help from my
daughter—to count them. So | decided that we would
not only count them, but look at their dates because of
my curiosity about the decay rate of pennies. That is, it
is clear that you don't see many 1909 Lincoln head pen-
nies around or even many pennies from the '20s or '30s.
So we took the data, counting how many there were
from each year. Then Ed Gilbert, one of the mathema-
ticians in Bell Labs, took the results and worked up a
model. He found two interesting things: First, the expo-
nential decay rate fits the existence of pennies very well.
The half-life is on the order of six years. The second thing
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that we wondered about was the degree of mixing. In
the East where | am, you would expect to see mostly
Philadelphia coins, and you wouldn’t expect to see as
many coins from Denver and San Francisco. How many
years does it take, if at all, before the proportion of coins
you see from Denver and San Franciscois not lower than
you would expect, by decay rate and amount that was
minted, than for those from Philadelphia? The answer
to that was three years. Fitting the exponential to the
data was a very good fit; it fit beautifully, except for one
point which was off by a factor of five. It was that much
lower than the amount you would have expected. Can
you guess what year that would have been? Well, those
are the 1943 steel pennies. This occurred because the
banks at one point, about 1965 or so, were trying very
hard to get rid of them and get them out of circulation.
Their number really fell below what you would have ex-
pected. That was kind of a nice problem, and Ed wrote
a nice paper on it.

Is Applied Math Bad?

MP: You once said that in the case of John Horton
Conway, although he is a pure mathematician, applica-
tions caught up with him. Do you think they will ever
catch up with someone like Paul Halmos, who in a re-
cent interview said the following about applied math-
ematics: “There is a sense in which it's just plain bad
mathematics. It's a good contribution on the one hand;
it serves humanity; it solves problems about water-
ways, sloping beaches, airplane flights, atomic bombs,
and refrigerators; but just the same, much too often it is
bad, ugly, badly arranged, sloppy, untrue, undigested,
unorganized, and unarchitectured mathematics.”

Pollak: Although | consider mathematicians to be cra-
zy, they are not suicidal. So I'm certainly not going to
attack Paul. My serious reaction to his comment is that
it may be fundamentally derived from the feeling that
applied mathematics consists of mathematical physics.
His initial examples from which he obviously drew both
his instincts and adjectives were physical examples. It is
perfectly possible for people not particularly to care for
mathematical physics and not to care for what looks like

a great mess and the complication that comes out of it.
The first thing in thinking about what Paul has said is
to remember that applied mathematics consists of a lot
more than classical analysis applied to classical physics
in many different ways. It consists of a great many other
fields of mathematics applied to a great many other
fields of human endeavor. To make a gingerly counterat-
tack, | would comment that | recently chatted with Paul
Halmos about the problem of division of costs of an air-
plane trip and that Paul asked if this could be submitted
to the Monthly. So this problem at least wasn't as bad
as some of the other things that he was talking about.
Quite often it is true in applications of mathematics that
there is a problem that needs work done on it, and you
need some numbers and you need some answers. And
often they are very sloppy, and dirty, and you work very
hard, and you get very little aesthetic satisfaction. But
the job needs to be done, and it gets done.

Pollak giving the Michigan Mathematics Contest Awards
Lecture, 1963.



If you are doing applied mathematics on a slightly
more fundamental level, and living in an environment
like Bell Labs where lots of exciting things are going on,
and ask yourself why this, and how come that, and so
on, then you can get much satisfaction from formulat-
ing the problem as distinct from having to slug through
what somebody else has formulated. You are much
more likely to find a good-looking structure. We need
to remember that many of the beautiful structures that
mathematicians like Halmos work on so successfully
have their roots not only in the generalization and un-
derstanding of other simpler mathematical structures,
but also in the behavior of the physical, economic, and
psychological world. Nice mathematical structures do
come out of the real world. In fact, it often happens that
the axiom system you get driven to naturally and the
kind of questions you get driven to naturally in the real
world are pretty nice, and are more successful math-
ematical structures than some of those you dream up
sitting at your desk. | think Paul may owe more to the
questions that come from outside of mathematics in
the formulation of the structures that he works on than
those he mentioned in that particular quotation.

Mathematics: Invented
or Discovered?

MP: You said that there are some problems that give
you a certain amount of aesthetic joy as well as the joy
of having completed a particular problem that has a
need for an immediate answer. In your own career, are
there some problems that you can describe in fairly
general terms that stand out as being especially nice
from both standpoints?

Pollak: These are the ones that you are likely to talk
about when you get a chance to talk to students or at
a mathematics meeting. When mathematicians in in-
dustry (or any other mathematicians) talk about math-
ematical work, they use their own selection bias. They
pick the things that are nice to talk about. The same
is true in mathematics itself. If you start working on a
problem, and at the end of a year you have 200 meth-
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ods that will not solve the problem, you don't get a
Ph.D. for that, and you don't talk about it very much.
Now in the same sense, the problems that turn out to
be particularly pretty are the ones that you are much
more likely to talk about.

There are three problems from my own research
that stand out in my memory: First is band limiting, the
work on concentration of signals, which | did with Dave
Slepian and Henry Landau. (It has become a pretty big
theory and has had lots of interactions into other fields
of applications and into mathematics itself. That turned
out to be a very exciting structure.)

Mathematicians often argue whether mathemat-
ics is discovered or invented. | certainly had the feel-
ings in that particular case that | was discovering it and
not inventing it. After struggling for years, the insights
eventually came to me that made it all fall into place.
It all hung together in an incredible way—every loose
end had its own natural location. When we looked at
the end result, we realized that we had been luckier
than we had any right to expect.

We couldn’t have invented all that. We had dis-
covered a structure that must have been there. At least,
that’s the feeling | had; it hung together too well. If
you invent something and you put in n features, then
if you're lucky, you've got a right to expect n+ 2 or n +
3 nice properties to come out, but not n?. The feeling is
similar to that in the development section of a good so-
nata movement, where you have had your first theme
and a couple of minor parts of that, and the second
theme, and then comes the development, and all of a
sudden these things dissect each other, and get played
against each other, and interact with each other, and
you realize how it all fits together. That's the feeling you
getin a major mathematical development. As | say, | get
the feeling that | didn't invent all that.

Next is the loop switching problem that Ron
Graham and | worked on. It started when John Pierce,
my boss, walked into my office and said: “I've invented
a new system for data transmission, and everything is
clear except how the messages are going to figure out
where to go. See if you can figure something out"That’s
how that particular problem started. It turned out to
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be a very exciting graph-theory development. We had
to consider the properties of the distance matrix of a
graph. People had only studied the adjacency matrices
of graphs before. The distance matrices of graphs had
fantastically interesting properties that were a solution
to this addressing problem that John was interested
in. It has led me to some very nice mathematics. The
paper that Graham and Lovacs wrote, going beyond
what Ron and | had done, was one of the most beautiful
mathematical papers | have ever seen—the complete
analysis of distance matrices of trees and the character-
istic polynomials of distance matrices of trees.

The third area that comes to mind that | have had par-
ticular fun with is the area of shortest networks, mini-
mal trees in various matrices, the Steiner problem in
various topologies, and so on. That started with us as
a financial problem, as a problem of accounting and
pricing that came from Long Lines, and we have been
running with that problem for 25 years and through a
half dozen changes of what the problem was. We have
learned a tremendous amount of mathematics. That for
me is a good problem.

MP: What branches of mathematics attract you most?

Pollak: | started out as an analyst. My background is in
complex variables, and | probably like complex vari-
ables better than anything else in some sense, although
| have done a lot of other things. My experience is that
if you're going to work on a problem in complex vari-
ables, you need large chunks of concentrated, intense
time. For me, analysis requires nearly continuous work
for months in order to be successful. You've got a much
better chance of attacking combinatorial problems on
an airplane. You don't have to keep as many fundamen-
tals and as many angles in mind at once in combinator-
ics as you do in analysis.

MP: Is that a function of the newness of combinatories?

Pollak: 1 am simply giving you an observation of my
own way of working. Some people who dislike com-
binatorial analysis have the impression that it's an
isolated bunch of tricks without a general structure.
That’s no longer true. But maybe the extent to which

it once was true has something to do with what | just
said.

MP: You've done many things. You've worked in math-
ematics education to an extent, which is most unusual.
You've done some exciting mathematics of your own
for many years. You've worked with some very interest-
ing people. What have you gotten the most fun out of?

Pollak: It's hard to say. | get a great kick out of what-
ever | am doing at the moment. When I'm involved in a
mathematical discussion of a particular problem, | love
it; and when I'm involved in some work in running the
department at Bell Laboratories, that's fine; and when
I'm involved in some work in mathematics education,
that's fine. | just plunge into it and do the best | can.
I'm managing to be the old fogy by now both in the
Labs and in mathematics education. “l did this so long
ago | have forgotten why it is wrong” is what we say
about mathematicians. This is probably true of me by
now. It's hard to picture yourself getting old in that way,
but | got a Ph.D. very young at the age of twenty-three.
By the time | was thirty, | had begun to be involved, in
addition to research, in both the administration at Bell
Laboratories and in mathematical education in the
United States. So | really have been doing all of these
things now, all together for 25 years, and that’s a very
long time to keep remembering things which for their
own reasons worked or didn’t work at a particular time,
and that can be an awful wet blanket on other people.
It's no good having somebody around who remem-
bers that long. Dick Hamming has said: “The best thing
that ever happened in the world is the burning of the
Library in Alexandria, because it removed a millstone
from around people’s necks” They didn’t have to keep
going back to check to see if it had been done before.
It's a great nuisance to have somebody around who
knows what was done before.

MP: Which of the things that you have done has given
you the greatest sense of satisfaction?

Pollak: In the fall of 1968, Gail Young and | were sent by
the State Department to Africa to take a look at the ef-
fects of the Entebbe Project in English-speaking Africa.



| remember being in a large room in King Menelik II
High School in Addis Ababa in Ethiopia. That day they
were showing a locally made film that was part of the
local adaptation of the Entebbe Project, and by gum
there on the screen was something that | had put into
the SMSG Algebra course ten years earlier. In the mid-
dle of Africa, surrounded by junior high students learn-
ing English at the same time as mathematics! That was
a strange experience. It represents one of the major rea-
sons why | went into industry in the first place. | wanted
to be able to see something done with my mathemat-
ics. | wanted to be able to say: Here is something done
better because of some mathematics that | had found,
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and that has happened at the Labs in my research, but
it has also happened in that funny way in that assembly
hall in King Menelik Il High School.

Postscript

In 1993 Pollak received the Gung Hu Award for
Distinguished Service of the Mathematical Association
of America in recognition of his contributions to math-
ematics and mathematics education. Since retiring
from Bell Telephone Laboratories in 1996, he has been
Visiting Professor at Teacher’s College of Columbia
University.



George Polya

Interviewed by G. L. Alexanderson



n December 13, 1977, George Polya, Professor

Emeritus of Mathematics at Stanford University,
celebrated his ninetieth birthday. To mark the event,
the Department of Mathematics at Stanford gave a din-
ner at the Stanford Faculty Club to honor him. Many of
Professor Pélya’s friends and former students attended
and tributes to his work were given by Dean Halsey
Royden of Stanford, a former student of Pélya; Professor
Donald Knuth of the Computer Science Department at
Stanford; Professor Peter Lax, Director of the Courant
Institute at New York University and president-elect
of the American Mathematical Society; Jerzy Neyman,
Professor of Statistics at Berkeley; and Felix Bloch,
Professor Emeritus of Physics at Stanford, Nobel laure-
ate, and aformer student of Professor Pélya’s at the Swiss
Federal Institute of Technology. Professor Gabor Szeg6,
his long-time coauthor and colleague at Stanford,
though in poor health, was also able to attend.

The audience’s diversity was indicative of the wide
influence of Professor Pdlya on mathematics and edu-
cation: research mathematicians who knew Professor
Pélya as a colleague and collaborator, two-year and
four-year college teachers who knew him for his math-
ematics, his work in mathematics education and from
his long association with the MAA, and high-school
teachers whom he taught in many teacher institutes at
Stanford. Cited on this occasion were his many mathe-
matical discoveries which as Dean Royden pointed out,
will be studied by graduate students for many years to
come. These discoveries span an impressive range of
mathematical fields: real and complex analysis, prob-
ability, combinatorics, number theory, and geometry,
among others. For these contributions he has been
made a member of several national academies, includ-
ing the prestigious Académie des Sciences, Paris.

Professor Neyman pointed out that Pélya’s How to
Solve It has been translated into fifteen languages and
his Mathematical Discovery into eight. Teachers associ-
ate Pdlya’s name with these and his many other writings
on problem solving and teaching using mathematical
discovery, so that “in the Pdlya style,”“the Pélya meth-
od” and such are well-defined phrases to mathematics
teachers everywhere. His writings have a clarity and el-
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egance seen all too seldom in the profession, making
his books and papers a great joy to read. His choice of
topics in mathematics and his choice of problems show
rare good taste.

A few days after the birthday dinner in his honor
he was interviewed. The following are excerpts from
that interview.

MP: Looking over your mathematical work one is struck
by the wide range of mathematical questions you have
investigated and the many fields in which you have
made significant contributions. This is not the usual
record for many mathematicians, no matter how able.
How did it happen? How did you find so many good
problems in so many fields?

Pélya: | was partly influenced by my teachers and by
the mathematical fashion of that time. Later | was in-
fluenced by my interest in discovery. | looked at a few
questions just to find out how you handle this kind
of question. | was influenced also—this is farther
away—because | did not come straight to mathemat-
ics. | was influenced by the tortuous way | came to
mathematics.

Mathematics Is Between
Philosophy and Physics

MP: Through philosophy and physics?

Pélya: No, even more complicated. | started study-
ing law, but this | could stand just for one semester. |
couldn’t stand more. Then | studied languages and lit-
erature for two years. After two years | passed an ex-
amination with the result | have a teaching certificate
for Latin and Hungarian for the lower classes of the
gymnasium, for kids from ten to fourteen. | never made
use of this teaching certificate. And then | came to phi-
losophy, physics, and mathematics. In fact, | came to
mathematics indirectly. | was really more interested in
physics and philosophy and thought about those. Itis a
little shortened but not quite wrong to say: | thought |
am not good enough for physics and | am too good for
philosophy. Mathematics is in between.
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MP: | can think of theorems of yours in probability,
combinatorics, geometry, algebra, number theory, and,
of course, function theory. Are there any mathemati-
cal areas in which you did not have any inclination to
work?

Pélya: Well, you didn't mention that | worked on the
fringe of mathematical physics. One of my books with
Szegd is on Isoperimetric Inequalities in Mathematical
Physics. This book reflects my old interest in mathemati-
cal physics. Oh, that is enough.

MP: It seems to me that some classical problems are
being examined again with renewed vigor. For exam-
ple, there are young mathematicians actively pursuing
the solution of problems like the Riemann hypothesis,
a problem that received a good deal of attention at the
Vancouver Congress a few years ago. Would you care to
comment on the direction of mathematics and mathe-
matical tastes in the '50s and '60s, and now in the '70s?

Pélya: Well, my comments are not to be taken seriously.
First of all, | haven't studied the latest mathematics and
I am biased. | was always interested in nice applications,
and it seems to me that, though this is perhaps not
true of those who really advance mathematics, several
of their followers at least are obsessed by the idea of
generalization. Everything should be generalized, and
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their ideal seems to be a mathematical theorem of per-
fect generality, of such a perfect generality that no par-
ticular consequence of it can be derived.

MP: Some years ago Hermann Weyl and you made a fa-
mous wager on questions raised by Brouwer’s ideas, so we
know you are a betting man. Would you care to quote any
odds on the proving of the Riemann hypothesis over the
next n years?

Pélya: | am not a betting man. On the contrary, | am
rather cautious, but if | have to make a bet | would say,
no proof in the next ten years. | know several people, very
good people, who work on the Riemann hypothesis, but |
would still bet—no proof in the next ten years ... if  have
to make a bet.

The Polya-Weyl Wager

Between G. Pdlya and H. Weyl a bet is hereby made, ac-
cording to the specifications below. Concerning the fol-
lowing theorems of contemporary mathematics:

(1) Every bounded set of numbers has a precise up-
per bound.

(2) Every infinite set of numbers has a countable sub-
set.

Weyl predicts:

A. Within 20 years (that is, by the end of 1937), Pdlya
himself, or a majority of the leading mathematicians, will
admit that the concepts of number, set, and countabil-
ity, which are involved in these theorems and upon which
we today commonly depend, are completely vague; and
that there is no more use in asking after the truth or fal-
sity of these theorems in their currently accepted sense
than there is in considering the truth of the main asser-
tions of Hegel’s natural philosophy.

B. It will be recognized by Pélya himself, or by a major-
ity of the leading mathematicians, that, in any wording,
theorems (1) and (2) are false, according to any reason-
able possible clear interpretation (either distinct such
interpretations will be under discussion, or agreement
will already have been reached); or that if it comes to pass
within the allotted time that a clear interpretation of these



theorems is found such that at least one of them is true,
then there will have been a creative achievement through
which the foundation of mathematics will have taken a
new and original turn, and the concepts of number and
set will have acquired meanings which we today cannot
anticipate.

Weyl wins if the prediction is fulfilled; otherwise,
Pélya wins.

If at the end of the allotted time they cannot agree
who has won, then the Professors of mathematics (ex-
cluding the bettors) at the E.T.H. and at the Universities
of Zirich, Géttingen, and Berlin, will be called to sit in
judgment; which judgment is to be reached by ma-
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jority; and in case of a tie, the bet is to be regarded as
undecided.

The losing party takes it upon himself to publish,
in the Jahresberichten der Deutschen Mathematiker-
Vereinigung at his own expense, the conditions of the
bet, and the fact that he lost.

Zirich, February 9, 1918
H. Weyl and G. Pélya

Mathematical Influences

MP: Which mathematician’s work influenced you most?
Why? Among your teachers, who influenced you most?
Why?

Polya: Well, if | have to, | have to name four names. |
was greatly influenced by Fejér, as were all Hungarian
mathematicians of my generation, and, in fact, once
or twice in smaller matters | collaborated with Fejér. In
one or two papers of his | have remarks and he made
remarks in one or two papers of mine, but it was not

Pélya in the classroom urging students to “Guess and Test”
when doing mathematics. Polya, through his writing and
teaching, has been a powerful influence on three generations
of teachers of mathematics. In his ninety-seventh year, he
remains active and just published his 250th paper.
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really a very deep influence. | was much more deeply in-
fluenced by Hurwitz. In fact | went to Zirich in order to
be near Hurwitz and we were in close touch for about
six years, from my arrival in ZUrich in 1914 to his passing
in, I think, 1919. And we have one joint paper, but that is
not the whole extent. | was very much impressed by him
and edited his works. | was also impressed by his man-
uscripts. And then there were Hardy and Littlewood;
that is laid down in our book. Hardy had a very great
personal influence on me. But the longest and closest
collaboration is with Szego. | wrote together with him
two books and a few papers, and it was a very close col-
laboration. Our interests were sufficiently similar and
sufficiently different. We were interested in the same
questions, but about some questions he knew more
answers, about other questions | knew more answers.
We completed each other, and that through books and
papers and over many, many years.

MP: What about earlier mathematicians, say, seven-
teenth- or eighteenth-century mathematicians?

Pélya: Yes, of course, among old mathematicians, | was
most influenced by Euler and mostly because Euler did
something that no other great mathematician of his
stature did. He explained how he found his results and
| was deeply interested in that. It has to do with my in-
terest in problem solving. | don't know all the works of
Euler. | know a very small fraction. His works fill around
seventy volumes of which | read only a small fraction. |
am not a good reader. A few of his works | studied very
intensively.

The Art of Problem Solving

MP: That brings up my next question. How did you
become interested in heuristics and the art of prob-
lem solving? Did anyone or any event influence you on
this?

Pélya: Well, | think | wrote it somewhere. In one of my
books it is mentioned. | came very late to mathematics.
| had an interest in biology, literature, and philosophy.
And as | came to mathematics and learned something
of it, | thought: Well, it is so, | see, the proof seems to be

conclusive, but how can people find such results? My
difficulty in understanding mathematics: How was it
discovered? And then | was deeply influenced by some
books. | wish to mention just two. One was the book of
Ernst Mach on the history of mechanics. For me person-
ally this was the most beautiful book | read. | read it at
the right time because | knew a little physics, but just a
little. | was just right for it. His main theme is: You can-
not understand a theory unless you know how it was
discovered. His best book and best-known book is on
mechanics, but he wrote also other books, on the the-
ory of heat and still others. But that was the main idea:
In order to understand a theory really, you must know
how it was discovered. So he came to heuristics. In fact,
in some of his other books there are a few direct re-
marks on problem solving. Then | thought about it and
| came across the Regulae of Descartes, which is really a
book on problem solving. That is not mentioned in any
history of philosophy, because those historians who
wrote about him didn't know about problem solving.
My interest in literature contributed a little. When | was
interested in literature, | was most interested in books
of Hippolyte Taine and he wrote about literature in a
quasi-scientific way. How in such a vague subject you
can bring in something that approximates science, that
deeply impressed me. It also contributed to my interest
in heuristics. It is essentially a vague question, and that
you can introduce something which has something to
do with science, that | think | learned from Taine. | was
also impressed by his style.

MP: How did you meet Gabor Szeg6 and how did the
Aufgaben und Lehrsatze' come to be?

Pélya: Oh,1am seven or eight years older, you see. | had
already my Ph.D. In fact | had a stipend to study abroad
and then | met him when he was a student. We had the
same interests. There was some special question: | had
some conjecture about Fourier coefficients, you see,
and he proved that.

MP: When was that?

' Problems and Theorems in Analysis, | and Il, Springer-Verlag, 1972,
1976.



Pélya: | cannot tell you exactly; that was around 1913.
MP: And where?

Pdlya: In Budapest. | was most of the time abroad, but
when | went back to Budapest | visited the University.
He was still a student when | met him and his future
wife.

MP: What was the reaction to those books when they
first appeared? They were different from the usual.

Polya: Yes, they were different. It was a good reaction.
Perhaps it was not sufficiently emphasized that they
were different, that is, a novum. There is something es-
sentially new in them: the problems are put together,
they are classified, not according to topics but accord-
ing to the method of solution. This was not recognized
right away. But there was a good reaction from various
sides.

MP: That came out in 19257?

Pélya: Something like that.

The young P6lya and Szego (left) in Berlin delivering the man-
uscript of the famous Problems and Theorems in Analysis to
the publisher, Springer Verlag. Today (1984), more than 60

years later, it still is in print.
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How to Solve It

MP: With How to Solve It you explored problem solving
in a general way but it was with Mathematical Discovery
that you gave us a book with many examples of prob-
lems from elementary mathematics demonstrating
various patterns and principles. Earlier books had dealt
with more sophisticated topics.

Pélya: No, How to Solve It makes the fewest demands
on the knowledge of the reader. A reader who knows
very little mathematics can read it with some interest.
Perhaps he will miss a few points.

MP: But certainly the Aufgaben und Lehrsdtze and
Mathematics and Plausible Reasoning are more sophis-
ticated mathematically than Mathematical Discovery.

Pélya: Oh, yes, sure. Mathematical Discovery is between
the two others and How to Solve It, and | think for the
high-school level this is the most useful book. You see,
there are detailed examples the teacher can, almost
without change, use in his or her class. | think that is the
most useful at the high-school level.

MP: What | would like to ask about that, then, is: When
did you develop an interest in teaching at the earlier
levels and was this in any way related to your work
with secondary school teachers in the teacher institute
programs?

Pélya: No, | was interested in it fairly early. | have also a
teaching certificate, as | told you, for the lower classes,
in Latin and Hungarian. In fact | have a teaching cer-
tificate for all classes of the gymnasium in mathematics,
physics, and even philosophy, and in order to get the
certificate you must be a practice teacher. So | taught
in the high-school level. They call it gymnasium, for kids
between ten and eighteen, but it is different in several
respects from a high school. | was a practice teacher
for a year. So | had experience. | must tell you, How to
Solve It was written really twice. | wrote something, a
draft, in German while | was still in Zirich. Then | came
to America and in this respect, my coming to America
was, | think, useful, because here, in this country, there
is more interest in the “How to” books. And, by the way,
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Pélya in his study.

Hardy predicted it to me. When | told him about the
“How to” book, he said, “Oh, you must go to America.”
And then | rewrote it, it appeared in final form in English.
It is considerably different from my original German
version, and | think to its advantage.

MP: Are there any directions you would like to see
mathematics teaching take over the next few years?

Polya: Well, it is going already away from the “new
math” and it should go farther away. A French author,
| think René Thorm, called new math “a philosophical
and pedagogical error.”l don't question the good will of
the promoters of the “new math” but | think they are in
error.

MP: What have you enjoyed most? Teaching? Research?
Writing? Speaking?

Pélya: | don't know. | like all of them. Like you ask the
little kid, “Whom do you like more, Mommy or Daddy?”
He answers, “Both”

MP: Are there books and papers you would like to have
written and haven’t gotten around to yet?

Pélya: Well, | would like to write still an epilogue to my
work—it would be along the lines of this interview—
but | didn't find a sufficiently good plan for it.

Postscript

The Podlya interview was the first in the long series of
interviews that appeared in the College Mathematics
Journal, later collected together for this volume and its
sequel that appeared in 1990. Unfortunately Pélya died
the year Mathematical People was published. And it is
also unfortunate that this interview was the shortest
of all and at the same time an interview of one of the
most interesting subjects, someone who recalled per-
sonal contacts with many of our mathematical heroes
of the past. Looking back one cannot help but regret
that this interview did not examine further Pélya’s long
and fascinating career. Fortunately, | have transcripts
of conversations | had with Polya over the many years
| knew him and, delving into those, | can perhaps fill in
some of the gaps.

Polya was a bridge to the great period at
Gottingen, having known, as a postdoctoral student,
Klein, Hilbert, Landau, Carathéodory, Hecke, Toeplitz,
and Runge and, at Paris, Picard, Borel, Fréchet, E. Cartan,
and Lebesgue. With his Rockefeller grants to visit Oxford
and Cambridge and later Princeton, he got to know
some of the giants of British and American mathemat-
ics in the '20s and '30s, before emigrating to America in
1942. Pélya was also a natural raconteur (influenced by
Lipot Fejér, as we learned in the interview) and he loved
stories about mathematicians. He knew Einstein, but
since he arrived in Zlrich in 1914, the year that Einstein
left, he knew Einstein’s first wife and children (who had
stayed behind in Zirich) better than Einstein himself.
Later he served as dissertation advisor for Einstein’s son,
Hans Albert, who went on to become a member of the
faculty of the University of California, Berkeley. John von
Neumann took classes from Pélya at the Eidgendssische
Technische Hochschule in Zirich. Pélya recalled that he
once remarked in class that he thought a certain con-
jecture was true but he had not been able to prove it.
A few minutes later the young von Neumann raised his



hand and announced that he had a proof. He went to
the board and explained it. Pélya agreed that it was
correct, but he later remarked, “After that | was afraid of
von Neumann.”

Variations of Podlya’s stories of mathematicians
are now in the standard repertoire of modern math-
ematicians. Still, many can be traced back to Pélya who
brought them with him from Europe. Gottingen was the
home of Gauss, Riemann, and Dirichlet, but, of course,
he missed seeing them by a generation or two. Still
there were stories circulating about them in German
universities. Pélya told that Gauss, when his first wife
was on her deathbed, was reading some particularly
absorbing mathematics in the next room. As the end
approached, the doctor came out to tell Gauss the bad
news and to suggest it would be a good time to go in
to say goodbye. Gauss put his finger in the book to save
the right page, went in to see her but returned quickly
to his reading.

Richard Dedekind, a student of Gauss’s, in later
life read of his own death in the Jahresbericht of the
Deutsche Mathematiker Vereinigung. He wrote to the
editor, explaining with true mathematical precision, that
in the article, at least the year was wrong (in German
even more precise, since he would have referred to the
Jahreszahl).

When Pélya arrived in Gottingen Klein had just
retired so, though he learned from conversations with
Klein he never took courses from him, as he did with
Hilbert, from whom he took classes in mathematical
physics, differential equations, and the foundations
of mathematics. Friedrich | (Barbarossa), according to
legend, when he died in one of the Crusades, was ru-
mored to be alive but asleep in a cavern in Kyffhauser
Mountain. But people believed that when Germany
needed him he would awaken and come out of the
mountain to save Germany. Hilbert was asked what his
first words would be if he were to wake up hundreds of
years in the future. He responded, “Has anybody proved
the Riemann Hypothesis?” Like Hilbert, even when do-
ing work in parts of mathematics far removed from that
problem, Pélya kept thinking about it. A week or so be-
fore he died, Pélya asked me to look on his desk at home
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for some papers on which he said he had written down
some interesting ideas he had for proving the Riemann
Hypothesis. Of course | could find no such notes, but
until the day he died he was still thinking about that
famous problem.

On one occasion Hilbert was asked to speak at
the funeral of one of his students who died very young.
Standing by the grave site, Hilbert started off by saying
what a loss it was to mathematics that this young man,
who had such promise, had died so young. Hilbert
went on to say that this student had had some very
interesting ideas about the Riemann Hypothesis. “Yes,
it really was quite interesting.” There was a long pause.
“Yes, very interesting, let’s consider a function of a com-
plex variable ...

Polya’s first mathematical encounter in Paris was
with the formidable Emile Picard, who intimidated
Pdlya, a then young man who, by Paris standards, was
considered to be from the country. Continuing our fu-
nereal tone, we should note Pélya’s story about Picard’s
attending the funeral of the fourth wife of Joseph
Boussinesq, a physicist and fellow member of the
Académie des Sciences. As Picard was going into the
cemetery, following along behind the coffin, it began
to rain, and Picard was heard to remark to a colleague
with whom he was walking and who had offered him
the use of an umbrella, “Thank you, dear colleague. |
have observed that it often rains at the funerals of the
wives of M. Boussinesq.”’

Also in Paris he got to know Henri Lebesgue,
from whom he learned what turned out to be one of
Polya’s favorite ways of starting an after-dinner speech.
Lebesgue told of an afternoon’s entertainment at the
Colosseum where there was a gladiator in the ring and
the Emperor ordered that a ferocious lion be sent into
the ring as well. The lion roared and rushed up to the
gladiator, who leaned over and whispered something
into the lion’s ear. The lion suddenly became very docile
and crawled away. So the Emperor ordered that an even
more ferocious lion be sent into the ring. The gladiator
again whispered into the lion’s ear and the lion meekly
crawled away. After several iterations, the Emperor told
the gladiator that he would be set free if he would just



260 o Mathematical People

tell the Emperor what he was whispering to the lions.
The gladiator said, “Well, it's really quite simple. | just tell
them that after dinner they have to give a speech.”

Between 1931 and 1939, during what Pdlya
termed their Plutocratic years, the Pélyas had an Alpine
chalet at Engelberg and they entertained there regular-
ly. They kept a “Hiittenbuch” where visitors signed their
names, sometimes with greetings. In this guest book
one can read the names of some of the most important
mathematicians of the period—Hardy, Weyl, Plancherel,
Gonseth, H. Hopf, Fekete, Landau, Rosenthal, Hecke, R.
Nevanlinna, Schur, Ingham, Perron, Mordell, Siegel,
Pfluger, von Neumann, Behnke, some visiting on mul-
tiple occasions. Well-known physicists also visited the
chalet—Pauli, Zwicky, and Schrédinger, for example.
Had | known more of this at the time of the interview, |
would certainly have asked Pélya more questions about
these eminent scientists.

Readers interested in further stories of Oxford,
Cambridge, Princeton, and MIT may wish to ex-
plore Pélya’s article, based on a talk given at an MAA
Section meeting at Santa Clara University in February
1969, “Some Mathematicians | Have Known,” American
Mathematical Monthly 76 (1969), 746-753, or The
Random Walks of George Pdlya, (Washington, D.C.,
Mathematical Association of America, 2000).

Of course, Pdlya made it quite clear that he was
not confident that events described in the stories ever
actually took place. He was only reporting that these
were the stories that were going around in those early
years of the twentieth century. Many of Pdlya’s stories
circulated and evolved over the years so as to be al-
most unrecognizable at this point. A recent biography
of Norbert Wiener repeated a story about Wiener and
Pélya that simply could not be correct as stated—the
dates and places simply don’t make sense. Pélya’s ver-
sion, if not true, was at least plausible.

Being a student at Stanford in the late 1950s |
knew mainly of Pélya’s work with Szeg6 on the Aufgaben
und Lehrsditze aus der Analysis and their Isoperimetric
Inequalities in Mathematical Physics. | recall a com-
ment by Halsey Royden on the latter. He said that as
an undergraduate he was exposed to the isoperimetric

problems by Pélya and Szeg6 and found the solutions
elegant and economical. In graduate school at Harvard,
the same problems were heavy-going. He came to ap-
preciate the clarity and intuitive nature of the Pdlya-
Szegd approach. They did indeed, as Pdlya’s com-
ments in the interview imply, follow in the tradition of
Euler.

Being interested in combinatorics | did know
about the Pélya Enumeration Theorem, an essential
part of any beginning course in counting. These top-
ics were other fields. What | should have asked Pélya
about was his important contribution to the proof of
the Gelfond-Schneider Theorem. This was the solu-
tion of the seventh of Hilbert's 23 problems from the
International Congress in Paris in 1900. Essentially
Hilbert asked whether af is transcendental for rational
or irrational values of a and (. It boiled down initially
to determining whether 2% is transcendental. Pdlya
had proved in 1914 that entire functions giving integer
values for positive integer arguments, and under condi-
tions of limited growth, were just polynomials, not infi-
nite series. A. O. Gelfond was able to use this to develop
atechnique that C. L. Siegel could then use to show that
2% js transcendental, a result extended by Gelfond to
solve the general problem in 1934.T. Schneider worked
along similar lines. For Pélya to have come close to the
solution of one of the Hilbert problems would have
prompted me to ask some questions about it, had |
known enough at the time to do so.

What | could not have known much about is his
idea that led to what is now called the Hilbert-Pélya
Conjecture, that the nontrivial zeros of the Riemann
zeta function correspond to the eigenvalues of some
Hermitian operator. Both Hilbert and Pélya are reported
to have mentioned this in conversation between 1910
and 1920, but it appears that neither wrote it down.
We now know that a chance encounter between Hugh
Montgomery, a number theorist at Michigan, and the
physicist Freeman Dyson at the Institute for Advanced
Study in the 1970s resulted in their observing that there
appears to be a close connection between the zeros of
the zeta function and properties of random Hermitian
matrices studied in quantum mechanics. Given Poélya’s



passionate interest in the Riemann Hypothesis, it would
have been most gratifying for him to know that the
conjecture bearing his and Hilbert’s names may indeed
unlock some secrets about the zeta function. The study
of random matrices is now the subject of intense study
in number theory and is viewed as a very promising ap-
proach to the Riemann Hypothesis. | would have been
interested to know what he thought the prospects are
for this approach to pay off.

The interview does touch on Pdélya’s later books,
in particular the influence of Hardy on the choice of a
name for the ever popular How to Solve It. In the inter-
view that work is identified as having been translated
into 15 languages. The number of languages has now
grown to 22, with recent editions in Greek, Polish,
Korean, Turkish, and Malaysian. And in English it re-
mains a best seller, at least among mathematics books.
How To Solve It, like the Aufgaben und Lehrséitze and
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Inequalities (coauthored with Hardy and Littlewood in
1938), has never been out of print since its publication
in 1945,

Polya was a prolific writer—19 books and 301 ar-
ticles on mathematics and teaching—but he took great
pains to write them as clearly as possible. He thought
that if writing was worth doing, it was worth doing
well, so he took writing very seriously. But even for him
it was work. He was fond of quoting Beaumarchais, who
said, “Les livres sont comme les enfants des femmes—
congusavecvolupté, menés-a-termeavecfatigue, enfan-
tés avec douleur” The Aufgaben und Lehrsdtze remains
a classic and the pair of two-volume sets, Mathematics
and Plausible Reasoning and Mathematical Discovery
still have much to say to us today. Mathematicians have
been admonished to “read the classics,” certainly good
advice in any era and, in particular, when applied to
these works by Pdlya.
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Mina Spiegel Rees was born in Cleveland, Ohio,
on August 2, 1902. She went to New York City
public grammar schools, Hunter High School, and
Hunter College, where she began studying mathemat-
ics. In 1923 she graduated summa cum laude, having
been editor of the yearbook, president of the Student
Council, and a member of Pi Mu Epsilon and Phi Beta
Kappa. She received an M.A. from Columbia University
in 1925 and a Ph.D. from the University of Chicago in
1931, with a thesis written under the supervision of
Leonard Eugene Dickson. She taught mathematics at
Hunter College until 1943, when she was granted a
leave of absence to serve as technical aide and execu-
tive assistant to the chief of the Applied Mathematics
Panel, National Defense Research Committee, Office of
Scientific Research and Development. For this work she
was honored by both the British government (King’s
Medal for Service in the Cause of Freedom, 1948) and
the U.S. government (President’s Certificate of Merit,
1948). After the war she was invited by the U.S. Navy
to establish the mathematics research program in the
newly created Office of Naval Research. She served as
head of the Mathematics Branch (1946 to 1949), di-
rector of the Mathematical Sciences Division (1949 to
1952), and deputy science director (1952 to 1953).

In 1953 Mina Rees returned to Hunter College as
dean of the faculty. In 1961 she became dean of gradu-
ate studies of the newly created City University of New
York, established the Graduate Center of CUNY, and be-
came in succession its dean of graduate studies (1961
to 1968), provost (1968 to 1969), and president (1969 to
1972). Since her retirement in 1972 she has been active
as a member of several boards concerned with applica-
tion of research to social problems. She is a member of
the visiting committees of two universities and works
with various foundations concerned with improving
the effectiveness of the educational establishment.

In 1962 Mina Rees was the first recipient of the
Mathematical Association of America’s Award for
Distinguished Service to Mathematics. She was a
member of the National Science Board (1964 to 1970)
and since 1973 has been on the board of directors of
the Society for Industrial and Applied Mathematics's
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Institute for Mathematics and Society (SIMS). She has
been president (1971) and chairman of the board (1972)
of the American Association for the Advancement of
Science. She has been granted numerous honorary de-
grees and awards, including, in April 1983, the National
Academy of Sciences Public Welfare Medal. The award,
one of the most prestigious honors the academy can
bestow, was made for her contributions to the scientific
enterprise, especially in mathematics and computer
sciences, since World War 1.

In 1955 Mina Rees married Leopold Brahdy, a
physician who died in 1977. She lives on the East Side
of Manhattan and is actively interested in the arts, in-
cluding dance, painting, music and literature. She is an
accomplished painter herself (for a time she studied in
Mexico every year and nowadays goes to Maine for the
summer and paints at the shore).

A Woman in Mathematics

MP: You are very much a pioneer as a woman in math-
ematics—in leading the way and becoming an eminent
mathematician yourself and showing that there is ab-
solutely no contradiction between being a woman and
being a mathematician.

Rees: I'm afraid I'm not an eminent mathematician!
MP: But you are eminent!

Rees: Maybe | could be called eminent, but | am cer-
tainly not an eminent mathematician! There are some
women who are doing high-quality mathematical re-
search, but I'm not.

MP: There are women in mathematics today, but there
is still a very, very widespread feeling that it is some-
how or other strange and unusual for a woman to take
up mathematics—that maybe a woman who takes up
mathematics isn't quite as female as one would wish
her to be. All these prejudices exist in the minds of
young people.

Rees: That's important, of course. Julia Robinson has
been acknowledged to be the most significantly pro-
ductive mathematician among the women. One rea-
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son | was glad she got the MacArthur Award was that
| thought that this might make the public realize that
there are women who really are significant mathemati-
cians. She has had all the stigmata of eminence now.

MP: Did you encounter any difficulties because you
were a woman as you studied mathematics?

Rees: Yes, | did, but not in the beginning at all. When |
was in college—and this is still true to a lesser extent—
there was a group of colleges in the East that were col-
leges for women: they included Hunter, where | went,
the “Seven Sisters” (Smith, Wellesley, Radcliffe, Mount
Holyoke, Vassar, Bryn Mawr, and Barnard), and some
others. Now, by definition, a college has a mathemat-
ics department, so at a college for women, you have to
have women in mathematics! At those colleges, wom-
en were not discouraged from studying mathematics.
In fact, it was one of the most popular majors at Hunter
when | was there. Later, after | had my Ph.D. and was
teaching, | knew virtually all the women Ph.D.s on the
East Coast, and they were teaching at these colleges;
that’s where women Ph.D.s made their careers. So |
didn’t meet any discouragement at all when | was go-
ing into math. Indeed, | didn’t know it was a peculiar
thing to do. | did what everybody did: | picked the field
that | found most interesting and decided to major in
it. It never occurred to me that there was anything the
matter with that.

After | had my bachelor’s degree, | studied at
Columbia. When | had taken four of their six-credit
graduate courses in mathematics and was beginning
to think about a thesis, the word was conveyed to
me—no official ever told me this, but | learned—that
the Columbia mathematics department was really not
interested in having women candidates for Ph.D.s. This
was a very unpleasant shock. Of course, this is cer-
tainly not at all true of the mathematics department at
Columbia now.

| decided to switch to Teacher’s College and take
the remaining courses necessary for an M.A. there. A
few years later, after I'd saved enough money, | went to
Chicago. That was the only episode that raised a ques-
tion about the appropriateness of mathematics as a

field for women before | had my Ph.D. It was a really
traumatic affair for me. But, in fact, Columbia served
me well because by that time | had studied algebra us-
ing Leonard Eugene Dickson’s book, and | knew that |
wanted to work with him. So the change to Chicago,
where he was Distinguished Professor of Mathematics,
was really a welcome one.

MP: How did you get interested in mathematics?

Rees: | had had a regular course at Hunter High School
with no emphasis on anything in particular. | was a very
good student, valedictorian of my class, and | greatly
enjoyed math, which we studied for four years. When
| went to Hunter College, | found that the mathemat-
ics department was where | wanted to be. It wasn't be-
cause of its practical uses at all; it was because it was
such fun!

MP: Did you have any special teachers in high school?

Rees: No.The teachers were women who had been ed-
ucated at good colleges, knew what they had learned
originally, and continued to teach it. It was a classical
girls” high school that didn’t try to do any fancy busi-
ness. But | always had such a good time in math class
that that’s what | wanted to do.

MP: How did your family feel?

Rees: They didn't have the slightest opinion on the sub-
ject. They wanted me to be happy in whatever | wanted
to do. They never would have thought of intervening.

MP: What about your peers at that time?

Rees: A lot of them also went into mathematics. Don't
forget, we were in a girls'high school and a girls’ college.
Here is an interesting note. When | was in the eighth
grade in a public elementary high school, I had marvel-
ous teachers. One day one of my teachers, a man who
was my current hero, said to me, “Mina, you know, |
think you ought to take the admission test for Hunter
High School tomorrow morning.” | said, “Hunter High
School?” | had never heard of Hunter High School, but
if he thought | ought to take the test, | would go down
and take the test. | passed the test and was admitted.



It was a superior school for gifted girls, and of course
there was a mathematics department. And all the girls
studied mathematics.

MP: Did you have brothers and sisters?

Rees: | was the youngest of two girls and three boys.
The youngest brother, who was closest to me, was a
businessman and engineer and was gifted in that kind
of thing, but he was a very practical-minded soul. The
other brothers were not mathematicians, at all. We were
a family who didn't intervene in one another’s lives. |
certainly don’t have any impression that anyone in my
family really was concerned with my choice of subjects.
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Mina Rees and her husband, Dr. Leopold Bradhy, on the
steps at Delphi in 1963.
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MP: Some people seem to hold the view—almost as
a neurophysiological view—that there is some differ-
ence between the capacity of men and women to be
mathematicians, quite distinct from any environmental
influences. Do you have any views on that?

Rees: | don't believe that is true. The answer probably
requires a long wait and then a careful study. Until the
environmental influences have changed, | think it will
be impossible to get hold of it. | was recently talking to
Cathleen Morawetz about Julia Robinson and my hope
that Julia’s being singled out as much as she has been
recently would make her a kind of model for girls who
are considering mathematics as a career. | said, “l hope
that young girls will see that it is possible to be a seri-
ous mathematician—to be what a mathematician calls
a mathematician” Cathleen said, “Mina, | don't think
girls are prepared to give the kind of single-minded
devotion that you need if you are going to be a great
mathematician” That, | think, is an entirely different
question from the one you asked, except that it does
go back to social influences. The “eye on marriage” is
the background thing. In my family, that wasn't pres-
ent. There was absolutely no parental pressure for me
to marry. Each of us did what he or she pleased. That
was not typical of American society, | think.

Mathematicians and Public Policy

MP: You have been and continue to be involved to an
impressive extent in many significant ways with policy
making. It is my impression that in this respect you are
most unusual. Thatis, mathematicians generally confine
their activities much more closely to the world of math-
ematics. Have you found that being a mathematician
has been useful to you as a person in public affairs?

Rees: To a certain extent. | refer to activities in an aca-
demic environment, and public affairs do embrace that
to a certain extent. In dealing with academics, it is abso-
lutely superb to be able to say you're a mathematician!
Nobody dares to say mathematics is not important or
not significant. | have always found it was an advantage
when | was dean or president of a college. No discipline
surpasses mathematics in purely academic prestige.
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But in general being a mathematician is useful chiefly
because it is highly correlated with a well-organized
mind.

MP: Can you say that the discipline of mathematics, the
mathematical way of thinking, is in some way helpful
and relevant when you're considering issues of policy?

Rees: Unquestionably, but in the same sense that law-
yers have certain advantages when they’re considering
issues. If your habit is to organize things in a certain way,
the way a mathematician does, it is clear | think that you
are apt to have an organization that is easier to present
and explain. | find that there are occasions when that
irritates the people I'm dealing with. | can remember
someone once saying to me, “Don’t push me against
the wall!” | had to learn to be less aggressive in stating
what seemed to me to be the logic of a situation.

MP: You learned to ally your logical talents with
diplomacy.

Rees: That's it.

MP: Would you like to see more mathematicians in-
volved in policy issues the way you have involved
yourself?

Rees: | feel that my involvement in this kind of question
has been so time consuming that | haven’t had as much
time as | would have liked to do mathematics. There
was a period of time when | concentrated on mathe-
matics and participated a little in policy making. Then
| switched and spent a lot of time on policy making
and didn’t do very much mathematics. | think that has
been a deprivation for me; | have lost touch with things
| cared about in mathematics. So | don’t know that it's
something one should urge upon people, for there's a
real choice that has to be made. | don't think you can do
both very well. | suppose people who are more gifted in
mathematics than | am might be able to do both.

| think it would be helpful if there were more
mathematicians who did play a public role in order to
secure the continuing support of mathematics. When
| was in Washington, | felt that the most important
thing | did was to see to it that mathematics got its

share of support, chiefly by repeatedly demonstrating
its achievements. | got the support only by being on
hand all the time and being watchful. It doesn’t come
automatically.

MP: Do you regret making the choice you made? What
have you lost?

Rees: A possible mathematical career. I'm not sure that
| would have had it, but | might have. You cant do ev-
erything, though. | just lost track of things that | cared
quite a lot about and finally gave up because | wasn't on
top of things anymore.

MP: You couldn't have switched back?

Rees: | don't think it's possible once you have left math-
ematics to get back into it. You're just lost.

MP: It's bad enough to take on a chairmanship of a
department for three years. When, as in your case, you
really devote yourself to academic administration and
then to policy making in the larger context, it must be
terribly difficult. The subject moves so fast that it gets
away from you.

Rees: You just really have to make that kind of choice.

MP: Earlier, while talking about Julia Robinson, you
mentioned the “stigmata of excellence” What did you
mean by that in relation to her and in relation to your
own life?

Rees: | was referring to the things that happen in
mathematics. You're elected president of the American
Mathematical Society, you're elected to the National
Academy of Sciences, you give colloquium lectures of
the Society and so forth. There are certain things that
happen to somebody when he—in all other cases—has
been identified as one of the real mathematicians of the
time. None of these are relevant to me. Julia is the only
woman who has been elected in mathematics to the
National Academy of Sciences, and only a small number
of women have been elected at all.

MP: Do you have any advice for young women math-
ematicians on how to deal with men with these strange
attitudes?
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Rees: | want them to want to be mathematicians if they
like mathematics! That’s the thing that troubles me.
| don't care whether or not there are a lot of women
mathematicians, but if other girls have the same moti-
vations | had—and I'm sure they do because there were
so many of us at that time —I wish they wouldn't have ir-
relevant things interfering with their desires. It may well
be that in our society a woman must sacrifice too much
if she wants a career that’s offbeat. It didn't seem like
a sacrifice to me because | had plenty of men friends,
and | wasn't prepared to get married; that wasn't what
| wanted to do.

MP: When did you get married?

Rees: Not until much later—when | came back from
Washington.

MP: You've mentioned two choices now. You chose
the public policy over the mathematics, and earlier you
chose the mathematics.
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Rees: All this depends, | think, so much on the social mi-
lieu. I know that in Jewish families, girls are expected to
marry and are sort of driven to consider marriage their
first obligation. | saw this happen so much when | was
dean at Hunter.

Marriage was first on the agenda, and there re-
ally wasn’t much option for those girls. Really, the only
thoroughly successful women mathematicians that
| know are married to men mathematicians. | used to
tell students at Hunter that graduate scholarships and
fellowships at universities were a fine idea because uni-
versities were great places to meet the right man. If you
can meet somebody in the same discipline, you're apt
to be well taken care of later on.

MP: In another interview, you mentioned that when
you were at Chicago you found a lot of women there
had come from the South—where they were certainly
steered in traditional directions of marriage and fam-
ily—to study mathematics, and at Chicago they over-
came that influence and blossomed into excellent
mathematicians. Can you expand on that?

Rees: Chicago was a mecca for Southerners—and not
just in mathematics. | lived at the women’s graduate
dormitory, which had people in all disciplines, and
about half of the women there were Southerners. At
that point, there weren’t many real good universities
in the South; there were some pretty good ones, but
nothing like Chicago. It was fairly easy to come up the
Mississippi to Chicago. Not all of the women were there
for doctor’s degrees; most of them were there for mas-
ter's degrees. Many of them came in the summer—al-
most all were teachers. Now these girls were teachers
in high schools and in a few girls’ colleges in the South.
The typical summer visitors were from the high schools,
and the ones who stayed for the winter were from the
colleges.

There never was any discrimination that | was
aware of; | don’t know what the faculty said to one an-
other over at the Quadrangle Club, but | know that you
couldn’t feel any discrimination in the classroom.

MP: What about in terms of marriage? They got to
Chicago and no longer were under family pressures.
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Rees: There were a number of marriages; | don't be-
lieve family pressure was needed. Virginia MacShane
was a mathematics student there; she married Jimmy
MacShane. She didn't become a mathematician, but
she found her husband there! The girl who was the
secretary of the mathematics department—Tony
Killien—married Ralph Huston there. They got their
degrees considerably later than | did, so | wasn't there
for the marriage. Tony didn’t use her degree until after
Ralph died; then she took an appointment in the de-
partment at Rensselaer where he'd been teaching. It is
hard to name a woman mathematician who isn’t mar-
ried to a man mathematician, isn't it? | know of a couple
in Minnesota, and there’s Olga Taussky-Todd and Jack
Todd, the Lehmers, the Stones; Cathleen Morawetzis an
exception. She is married to a chemist—and an artist
who likes my watercolors!

MP: What did your husband do?

Rees: He was a physician. One night he gave me a pas-
sage from George Sarton's A History of Science: “The
mathematical and the medical minds are, if not an-
tagonistic, at least very different and sometimes poles
asunder”

Awards and Honors

MP: You have an enormously impressive list of awards.
First, your most recent award is the Public Welfare Medal
given by the National Academy of Sciences. Can you tell
us something about it?

Rees: When the award was established in 1909, George
F. Becker, who proposed it, wrote:

Patriotism and justice alike demand that certain
important public services involving the applica-
tions of science should receive a conspicuous
recognition for which in this country there is no
provision . . .. Such services in the application
of science might however be recognized by the
Academy in a manner that would be keenly ap-
preciated by the men [sic] honored and which
would command the respectful consideration
of the whole country . . . .To accomplish these
ends | propose that the Academy confer a medal

for eminence in the application of science to the
public welfare.

The reward is intended to focus on the benefit to the
country of the development of science and its applica-
tion. The award brings an “honorary” membership in
the National Academy of Sciences; it gives you all the
privileges of the academy except electing members.

MP: To go back to one of your earliest awards, you were
the first person to receive the Award for Distinguished
Service to Mathematics given by the Mathematical
Association of America, in January 1962. Can you tell us
about that award?

Rees: Of course, | was not privy to the discussions that
led to the award. Indeed, | didn’t even know it was go-
ing to exist. | think that it was largely a recognition of my
work with the Office of Naval Research and my continu-
ing work after | left ONR with mathematical organiza-
tions and with the National Bureau of Standards. When |
was with ONR, practically all the mathematicians—and
they were fewer in number in those days—felt that ONR
had done a fantastic job of reestablishing and strength-
ening their position in universities after the war, as well
as raising the general level of mathematical activity in
the nation. Both the American Mathematical Society
and the Institute of Mathematical Statistics adopted
resolutions of appreciation for my work in ONR when
| left Washington.

| think | ought to tell you a story that is related to
this. When | went to Washington after the war, | could
get no one to put my name on a waiting list for an
apartment. | was confronted with the very real prob-
lem of where to live. | shopped around Washington and
discovered a hotel that had been one of the great ho-
tels: the Lafayette near Lafayette Park. They would let
me live there for two weeks; then | had to go away for
a week, but after that they would take me back. And |
could park my things there while | was away. In mak-
ing a virtue of necessity, every time | had to leave for a
week | made a trip and visited leading departments of
mathematics. | saw virtually all the leaders of American
mathematics—a great number of the people who were
widely respected in American mathematics—and con-



sulted with them about how ONR could be useful, what
it could do that would really help mathematics. | felt
that this was an extraordinarily happy accident because
| never would have taken the time to make all those
trips if | hadn’t been thrown out of Washington. It really
meant that when [ finally came back to the Navy and
said, “This is the program | want,” it was one that | had
discussed with most of the senior people who were go-
ing to be affected by it. | had been worried that mathe-
maticians would be suspicious of a military organization
like the Navy supporting mathematics, but virtually ev-
eryone had been won over to accepting a contract with
the Navy to support his own research and that of his
students. ONR’s research program proved to be an ex-
tremely effective operation. In addition to supporting
faculty research, it gave support to young students who
were getting their doctorates. It gave secretarial help,
it gave travel opportunities; it helped Mathematical
Reviews; it did most of the things that mathematicians
felt had to be done. | think that virtually all mathemati-
cians felt that this was an extraordinarily helpful pro-
gram that had really saved mathematics and advanced
it and strengthened it. Of course, America became very
strong in mathematics in that period.

Mathematicians During World War II

MP: Since you referred to the Office of Naval Research
in those days shortly after World War II, I'd like to ask
you about your own knowledge and experience of
mathematics during the war. | know this is a delicate
subject. When we compare what you wrote in the
American Mathematical Monthly' with what Barkley
Rosser wrote,”> we see that you are more respectful of
the quality of mathematics that emerged from the war
than he is. Can you elaborate on some of the sources of
good mathematics during World War 117

Rees: Rosser’s report was largely concerned with the
work of mathematicians who were working within the

' “The Mathematical Sciences and World War Il American
Mathematical Monthly 87 (October 1980), 607-621.

2 “Mathematics and Mathematicians in World War Il Notices of the
American Mathematical Society 29 (October 1982), 509-515.
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military establishment. Of course, there were many
mathematicians doing that. It is much more likely that
mathematicians in that environment will be asked to
do mathematics to solve immediate problems and will
be expected to stick pretty close to the problem to be
solved. Much of the work of the Applied Mathematics
Panel was also of the kind Rosser reported on. But of-
ten a substantial background in a less familiar subdis-
cipline, or the mathematical way of thinking you talked
of earlier, would give our people a quick solution to
what might have been a difficult problem. For exam-
ple, in the article you refer to, | mention our use of an
1887 result of Lord Kelvin to determine the speed and
turning characteristics of Japanese ships in World War
[l. Moreover, the AMP was organized at universities.
Therefore, direction was always by a university head of
the project, and there was the kind of atmosphere that
a mathematician would feel it was important to have
if he was to do his best work. For example, some work
of extraordinary importance immediately after the
war—and now—came out of sampling inspection. The
origin of that whole project was a luncheon conversa-
tion between two academics who were very thought-
ful economists expert in the application of statistics.
One has since won the Nobel Prize for economics and
the other is at the moment an Undersecretary of State
for Economic Affairs. These two men were puzzled be-
cause a Navy captain with whom they had discussed
the problem of destructive sampling of munitions had
said that he didn’t see why he had to destroy so much
of the evidence—that there ought to be a way where-
by, after a while, an experimenter, like a savvy captain,
would know that this was a good batch or a bad one
and stop sampling. The academics thought that made
sense and did what a university person is accustomed
to do: they asked themselves questions that were di-
rected to the point the captain raised, and this led them
to formulate a tentative solution. Since they were un-
able to get anywhere with it because it required very
special mathematical skills, they took it to an outstand-
ing mathematical statistician who was associated with
them—Abraham Wald, an émigré from Hitler’s Europe.
He was intrigued by the problem and solved it by de-
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veloping a new technique in statistics that is now one
of great importance: sequential analysis. The essential
character of the new technique was determined in a
few days, and the method was actually put to use dur-
ing World War 1.

University people can act like that. It's very hard to
act that way when you're sitting in a military establish-
ment in wartime. | think that’s a partial explanation of
what happened. Another one is that some of the people
who headed our groups believed it was important to
develop new theory as well as to solve problems. One
of these was Richard Courant. He and Kurt Friedrichs,
who came from Gottingen together and often worked
together, developed a part of the shock-wave manual
during the war on the basis of war-related problems.
This manual has become important in aerodynamic
developments. They wrote the basic first book on it in
wartime. That would probably not have been done in
a military establishment. Courant always told me he
couldn't just do problems; he had to develop theory. Of
course, he did problems, too. That’s the point: in the war
you just worked day and night; you did everything.

MP: In the field of cryptology, which is still so sensitive,
of course, some very interesting mathematics was done,
and perhaps one day you will be able to talk about it.

Rees: We had an interesting experience in that field, too,
as part of the work on ONR after the war. In the course
of my stay with ONR in Washington, the naval security
group that became part of the National Security Agency
decided that they had some problems that obviously
needed mathematical analysis beyond what they could
do in the course of their regular work. They asked me if
| would set up a summer research project with people
cleared to work on segmented aspects of the work. They
formulated the problem to be pretty far removed from
the immediate uses. We had an extraordinary group at
UCLA including Barkley Rosser and Adrian Albert.

It was very amusing to me that Adrian always at-
tacked everything via matrices—and other people at-
tacked everything by their favorite form of mathemat-
ics. Anyway, he got going on this problem, and we be-
gan studying an approach to its solution through finite

projective planes. At the end of the summer we hadn't
solved our problem. One night some months later, my
husband and | were sitting here having dinner when
the phone rang. It was Adrian, telling me that a young
colleague of his had solved the problem. But it was a
completely abstract problem that had no connection
with NSA; it was just a mathematical problem that was
very important in its field. In the cryptology field, lots
was going on, at least in the parts | became acquaint-
ed with, much was nontrivial. We can’t be too specific,
except we can say that there was some very exciting
mathematics, much of which could not be published
in the form in which it was originally done because of
the context but did lead to publications after the war in
which the work was stripped of its security context.

Teaching versus Research

MP: Morris Kline, in some of the books he has pub-
lished, has very strongly argued that there is a funda-
mental antagonism between teaching and research.
That is, the research mathematician is impatient with
the restraints imposed by the necessity of giving under-
graduate courses and therefore will tend to neglect his
teaching duties or will only teach what he is particularly
interested in as a mathematician. | believe the opposite:
that, as a generalization, if you are going for the best
teacher, the only way to do it is to go for the best math-
ematician, and that means the mathematician interest-
ed in research. From all your years of research, how do
you feel about this very vexatious question, which has
undoubtedly been discussed in so many mathematics
departments?

Rees: Essentially, my position is with you. | am impa-
tient with the other point of view. On the other hand,
there are unquestionably very good research math-
ematicians who simply cannot communicate at all. The
only time they are really effective teachers is when they
are talking about the things they’re doing in their re-
search. They are effective with students who want to
work in the field that they're specialists in. There are
such people, and it’s silly to close your eyes to the fact:
those people cannot teach typical freshman! There are
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also people, and | think this is true very extensively in
mathematics, who do not have the gift of original in-
sight—of really original thought—but who nonethe-
less are devoted to mathematics and work very hard
and are up to date with what other people are doing.
| think that those people often can teach effectively. To
get the idea that you can learn mathematics and then
teach what you have learned at the university for the
rest of your life (which | think has happened in many
instances) is the really dangerous component there. |
think what Morris says has a tendency to lead people
to think that that’s what you do: you get a Ph.D., maybe,
and then you never pay any attention to new math-
ematics; if you do this, you can't teach! It’s a fraud on
the students. I'm sure that those who have no research
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program must keep up with the work of others, at least
in the fields they are teaching. There are lots of very ef-
fective teachers who really work very hard to keep in
touch with the way mathematics is growing, but who
could not help make it grow.

MP: 1t's only fair to say that Morris Kline does refer to
the scholar.

Rees: That's essentially what I'm saying.

MP: | entirely agree that if you can find those people,
they are wonderful teachers, but how do you find them
and how do you produce them?

Rees: | think I've known some.

MP: Oh, yes, they exist, but | don't know any form of
education or training that is designed to produce the
scholar as distinct from the research mathematician.

Rees: We had a long period of time when we consid-
ered a Doctor of Arts degree, and we had argument af-
ter argument about that. We would decide to go that
route and then decide not to. Some institutions tried it,
but then we didn't need any teachers for a while. And
it's all folded. That was an attempt in the direction of
developing scholars. | always felt it was a bad decision. |
think it will fail unless it does build in this desire to keep
up with the growth of mathematics, and | don’t think
that was put into most of the programs.

Mathematics and Aesthetics

MP: In a lovely article you wrote called “The Nature
of Mathematics” (Science, October 5, 1962), you say
several things, one of which is enormously appealing:
“Mathematics is both inductive and deductive, need-
ing, like poetry, persons who are creative and have a
sense of the beautiful for its surest progress.” Do you
think that we should, in teaching mathematics, explic-
itly try to make our students sensitive to the beauty of
the subject, not simply to its vast importance?

Rees: Yes. It seems to be so essential to the nature of
mathematics. The whole emphasis on elegant demon-
stration, which every mathematician feels, would be
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lost if one were not aware of that. That is the essence
of the mathematical approach to understanding. | get
so mad at people who talk about mathematicians as
practical people!

MP: Do you see any risk that the computer is going to
play so strong a role in the lives of our students and in
their motivations for studying mathematics that they
may lose some of their sensitivity to that aesthetic
aspect?

Rees: | may be quite wrong about this, but my hunch
is that the number of people caught up by computers
will be vastly more than the number of people who be-
come mathematicians. | think that most of the people

who are driven toward mathematics are driven toward
mathematics, and they are not going to be diverted by
the practical aspects of computers. They may be ab-
sorbed by the mathematical problems in computing or
by the use of computers in mathematics—that’s quite
different. But there will be many, many more people us-
ing computers for practical purposes than would ever
have gone into mathematics. The nature of mathemat-
ics requires this devotion, this essential quality, in my
judgment, sol dont believe that’s going to be changed.
But the problems that are worked on may incorporate
some of the things that are in computing. As we know,
there are many important problems now that are deep-
ly mathematical and must be handled by computers. Of



course, it was that aspect that | didn't see clearly years
ago. Although there are many aspects that | saw that |
think were not obvious, that made me feel that we had
to have a solid mathematical development while the
construction of computers was going on. In an article |
wrote for the Annals of the History of Computing on the
computing program of ONR (Volume 4, Number 2, April
1982, pp. 102-120), the important section was the part
on mathematics, but most people thought | was talking
only about computers!

MP: What are some of the less obvious aspects that you
saw?

Rees: The most important point was the need to revive
among mathematicians active research interest in nu-
merical analysis that had long been dormant. This need
was critical because as soon as computers became
operational, a whole new set of questions would be
faced. Familiar problems like the solution of simultane-
ous linear equations would require a machine-oriented
approach. Even Gaussian elimination was not well un-
derstood from this point of view. The Office of Naval
Research established an extensive program to begin to
meet this need.

There were other questions of a quite different na-
ture. In the Annals article, | mentioned the airplane-res-
ervation system, for instance. We saw all these vast uses
of computers that lots of professionals pooh-poohed. It
seemed pretty obvious that this was something com-
puters could do. Also, the problems of banks and insur-
ance companies—we had those problems identified as
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appropriate for computers long before most of the po-
tential users were interested. Again, we were just look-
ing at the types of things you had to do—not any de-
tails. In some problemes, like those involved in military
uses, some of the engineering problems turned out to
be extremely difficult, of course.

MP: Many people think that mathematicians are practi-
cal, dull, single-minded researchers. But your life certain-
ly contradicts that. You are interested in music, dance,
art. Here we sit surrounded by paintings, including some
you've done yourself. Have you always painted?

Rees: | always had so many other things to do that |
didn’t get to it. But during World War Il, we had no va-
cations at all, and after the European victory, a friend
and | decided to take a two-week vacation. We went
to the Museum of Modern Art and enrolled in a course
called “Understanding Painting through Painting,” with
a textbook called Get in There and Paint. During the first
class | painted New York Harbor. Then we went up to
Maine, complete with paint boxes, and my friend and |
painted in oils for two weeks. It was just wonderful, and
I've done it ever since.

Postscript

Over the course of her life, Mina Rees received 18 hon-
orary doctoral degrees from institutions in the United
States. In 1985, in recognition of her contributions to
CUNY and to the mathematics profession, the library
at the Graduate School and University Center of CUNY
was dedicated as the Mina Rees Library.
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Constance Reid was not trained as a mathemati-
cian, but she is well known for her books on math-
ematics and mathematicians. These include From Zero
to Infinity and A Long Way From Euclid (published by
Thomas Y. Crowell) and Hilbert, Courant in Géttingen
and New York, and Neyman—~From Life (published by
Springer-Verlag).

She is, however, a member of a mathematical
family. Her brother-in-law, R. M. Robinson, is profes-
sor emeritus of mathematics at Berkeley; and her sis-
ter, Julia Robinson, also a professor of mathematics at
Berkeley, is the only woman mathematician to have
been elected to the National Academy of Sciences.

Mrs. Reid majored in English at San Diego State
University, received a master’s degree at the University
of California at Berkeley, and taught in the San Diego
schools until her marriage in 1950.

Since the publication of her book on David
Hilbert, she has been invited to speak at a number of
mathematical meetings.

The Question That Everyone Asks

MP: | would like to begin, if you don’t mind, by asking
the question that everyone asks: How did a nonmath-
ematician come to write the life of the great mathema-
tician David Hilbert?

Reid: Maybe | should first tell you how | came to write
about mathematics at all. | had given up teaching when
| got married and had begun to do freelance writing.
One day my sister told me about a number theory pro-
gram that my brother-in-law had run on a computer.
At that time—it was 1951 or 1952—computers were
very, very new. | was fascinated by the idea that one of
them was being used to answer a question about num-
bers that the Greeks had posed—a question that even
| could understand. | wrote an article and sent it to the
Scientific American, which accepted it just after my first
child was born in October 1952.

MP: The article has quite a dramatic heading (reading):
“Perfect Numbers. Six is such a number: it is the sum
of all numbers that divide it except itself. In 2000 years
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only twelve perfect numbers were found; now a com-
puter has discovered five more.”

Reid: Yes. It was dramatic enough to be picked up by
Quick, a popular little get-through-the-week-at-a-
glance magazine. Robert Crowell, the president of the
Thomas Y. Crowell Company, saw the item, read the
article in Scientific American, and wrote me suggesting
that | write “a little book on numbers” for Crowell.

MP: You must have been surprised.

Reid: At first | thought it was quite a joke, since | had
never studied any mathematics beyond elementary al-
gebra and plane geometry in high school. But then—
all writers want to be published—I got the idea of a
little book with a chapter written around each one of
the digits. The chapter on “6," the first perfect number,
would be the article | had already published in Scientific
American. The Robinsons agreed to educate me. | think
they were rather intrigued. So | was on my way.

MP: That was From Zero to Infinity?

Reid: Yes. | wanted to call it What Makes Numbers
Interesting, because that was really the theme of the
book. But the sales department vetoed it.

MP: | think you mentioned once that there were read-
ers who objected to your article in Scientific American.

Reid: Not to the article. To me as the author. The article
was mathematically correct. After all, the Robinsons
had read it. But the readers (maybe, just one reader, |
have forgotten now) objected that articles in Scientific
American should be written by authorities in their fields
and not by housewives!

MP: Having written From Zero to Infinity, you just went
on writing about mathematics?

Reid: Well, Crowell and Routledge & Kegan Paul, the
English publishers, kept asking for more mathemati-
cal books by Constance Reid. It was dreadful. | felt like
a hoax.

MP: | remember you said in one of your talks that you
even considered studying more mathematics.
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Reid: Yes, but Raphael—my brother-in-law—discour-
aged me. He said | would have to learn too many unin-
teresting things before | got to subjects as interesting
as those | had been writing about in my books.

The Switch to Biographies

MP: How did it happen that, after you wrote A Long Way
from Euclid, you switched from expository writing about
mathematics to biographies of mathematicians?

Reid: Let's not call them “biographies”—that'’s really too
formal a word for them. | think of them rather as “lives,”
in the Plutarchian sense. But to answer your question,
the truth of the matter is that after | finished A Long
Way from Euclid, which goes from Euclid to Hilbert and
Godel, | had lost my mathematical innocence. Things
that were once new and exciting to me, like prime num-
bers, seemed like things that everybody must know. |
felt I would be presuming to “explain” them as | had in
From Zero to Infinity. | really couldn’t write any more in
the same way for the same audience.

MP: | believe you said once, in connection with From
Zero to Infinity, that you had received a good deal of fan
mail in response to the chapter on zero.

Reid: Oh yes! A great deal on “0," not quite so much on
“1,"but quite a bit less on“2,"increasingly less on“3”and
“4" And | never got a single letter on the chapter on
"9, which dealt with congruences. | think it's generally
recognized that, even with the most popular books on
mathematics, only the first few chapters are ever read.
With From Zero to Infinity, because of its format, | had a
pretty accurate measure. Also, even that book got pro-
gressively more difficult. By the end | was already losing
the mathematical innocence | just spoke of.

MP: To go back, we were talking about how you hap-
pened to switch to biographies.

Reid: Well, while | was struggling with the question of
what to write next (for | had already received an advance
from Crowell for another mathematical book), my sister
Julia suggested | do a volume of short biographies of
early twentieth-century mathematicians whose names,

like those of Volterra and Picard, are attached to things
that college students find in their courses. She pointed
out, | remember, that it was very difficult to learn any-
thing about a particular mathematician’s life because,
at least at that time, Mathematical Reviews indexed
obituaries by the author and not by the subject.

MP: She had in mind a sort of Men of Modern
Mathematics?

Reid: Yes.But of course it would be much different. After
all, 'm not E.T. Bell, who was a real mathematician.

The Story of Hilbert and
Paradise Lost

MP: Who were some of the mathematicians you were
going to include in it?

Reid: | wanted a good international mix. That was al-
most my first consideration. | remember Birkhoff and
Veblen were the Americans. Of course | had Hilbert. Not
Poincaré, because Bell had included Poincaré (although
he wrote his last chapter on Cantor). | wrote short lives
of a number of these people. Then | got to Hilbert, and
| realized almost immediately that to treat his life in a
comparable fashion | would need many, many more
pages. | had a feeling for Hilbert that | didn't have for
the others—a sense of his “story”—so | decided | would
write a book just about him. When | told my publisher,
| must admit, he was not too enthusiastic about the
idea.

MP: Had he heard of Hilbert?

Reid: Probably not. But who has—other than math-
ematicians and physicists? | remember he told me that
the only thing that would sell worse than the biography
of a mathematician was a book about South America.

MP: That is something that has certainly changed.

Reid: Yes. There may even be hope for biographies of
mathematicians! Anyway | was determined to write the
life of Hilbert. | told Robert Crowell so and also told him
that if he didn’t want the book when it was finished |
would be glad to return his advance. No hard feelings.



David Hilbert.

So there’s the answer to your question—how a non-
mathematician came to write the life of Hilbert.

MP: 1t seems to me that Hilbert would be a very hard
person to write about, because, in Lady Bracknell’s
words, his life was not exactly “crowded with incident.”

Reid: Ah, but it was such a good story! If you think of
mathematics as a world, which it is, then Hilbert was a
world conqueror. In fact, | compare him to Alexander
several times in the course of the book. He even cut a
Gordian knot, very much in the style of Alexander, when
he abandoned the struggle for a constructive solution
to Gordan’s Problem in favor of a proof of the existence
of a solution.

MP: And Gordan said: “Das ist nicht Mathematik. Das
ist Theologie.”

Reld: But then later he said, “I have convinced myself
that theology also has its merits” A very graceful con-
cession. | have always admired Gordan for that. But
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to go back to Hilbert, the reason | could write about a
mathematician like Hilbert—in other words, write in a
nontechnical way—is because he was someone whose
personality and lifestyle were a very real part of his con-
tribution to mathematics—beyond his mathematics. So
it seemed that he was a particularly good subject for
me and for the public | was writing for. At that time, you
see, | still thought that the book about Hilbert would
be published by Crowell and read by the same people
who had read From Zero to Infinity and A Long Way from
Euclid.

MP: When did you first hear about Hilbert?

Reld: The first time | ever heard about Hilbert was
when Julia told me about the Paris problems. Imagine a
mathematician saying in 1900, “These are the problems
we should work on during the coming century”—and
of course being so remarkably right! | thought at the
time that it was such a dramatic thing that everybody
should know about it. But that was long before | ever
thought of writing Hilbert. Well, of course, Hilbert came
into From Zero to Infinity in connection with his solution
of Waring's Problems. That was treated in the chapter
on “8," the first cube. Also his work on the foundations
of geometry and his efforts to establish the consistency
of arithmetic were treated in A Long Way from Euclid. So,
in a sense, my earlier writing “prepared” me for writing
about him.

The Story of Courant, or
Paradise Regained

MP: You say in the first chapter of your Courant book
that you came to write about Courant at Friedrichs’s
suggestion.

Reid: 1don't think | would have thought of writing about
Courant if Friedrichs hadn’t made that suggestion, and
yet Courant was exactly the book | wanted to write next,
the natural sequel to Hilbert. The scientific paradise that
Hilbert had created in Goéttingen had been destroyed,
literally in a day, by Hitler; and Courant consciously
tried to re-create it, different but with the same spirit, in
the United States at NYU.
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MP: The two books almost fit together as a continuous
narrative.

Reid: Paradise lost and paradise regained, | sometimes
thought. Someday | hope they will be boxed together
as a paperback pair." | would really like that. | have al-
ways wanted them to be easily available to students.
Right now they are just too fantastically expensive. But
of course they are in libraries.

MP: Nevertheless, in its way, Courant is a quite different
book from Hilbert.

Reid: Oh yes. They were quite different men and quite
different mathematicians.

MP: Courant seems to fit the more conventional view of
a man about whom a book could be written.

Reid: Lady Bracknell would not have approved—his life
was certainly “crowded with incident.”

MP: He was poor and became rich; he fought in a war;
he wrote and edited influential books; he was involved
with government, with the military, with wealthy men
in business and industry.

Reid: | think Courant, unlike Hilbert, could have been
successful in any number of different occupations, but,
like Hilbert, he was truly dedicated to mathematics and
to the development of young mathematicians. There
was, however, a difficulty in writing about Courant that
| didn't have in writing about Hilbert.

MP: What was that?

Reid: Hilbert was almost universally admired, while
Courant was much loved but also much hated. | am still
amazed at the hostility that, even now, more than sev-
en years after his death, is expressed against Courant. In
fact, one of the things that | really regret is the fact that |
let the knowledge of the hostility toward Courant keep
me from writing many things favorable to him. After

'In 1986 Springer-Verlag published a combined edition,
“Hilbert-Courant.” The title was a sly reversal of the names
better known in the order “Courant-Hilbert” that refers to the
classic two-volume set, Methods of Mathematical Physics, also
published by Springer, but much earlier.

Courant in his student days.

the book was published | heard that Lipman Bers said,
“It is an honest book. But will they know how charming
he was?”I'm afraid not. That was my failure.

MP: You have said Courant and Hilbert were very differ-
ent. I'm wondering if you had any stereotype of a math-
ematician in mind before you began to write about
mathematicians.

Reid: | don't believe so. | had met a lot of mathemati-
cians through my sister and brother-in-law, so | knew
they were not all alike. Still, | don't think | knew quite how
varied they could be. | did have one preconception that
may interest you. Like most people, | thought that math-
ematicians were very“quick”—certainly quick about any-
thing that had to do with mathematics. | was surprised
and intrigued, | remember, when Hans Lewy told me that
Hilbert was not at all quick but “slow to understand.’

MP: In your book you quote Hilbert’s remark to Harald
Bohr that he “always found mathematics so difficult”
and when he read or heard something it nearly al-
ways seemed “so difficult and practically impossible to
understand.”

Reid: Yes, and then the next part | love.

MP: I'm afraid | don’t remember the next part.



Reid: | think | can quote it the way | wrote it: “And, he
added, with his still childlike smile, ‘on several occasions
it has turned out that it really was more simple!” It was
characteristic of Hilbert—that he always started out in
a new field by going back to the beginning and work-
ing the thing through for himself. He had to understand
and, as Courant once said to me, “to get to the bottom
of things!” Courant, on the other hand, seems often to
have been stimulated by the thought that he could
make an awkward piece of mathematics more aestheti-
cally pleasing.

MP: It makes one wonder though. Would Hilbert have
been an Olympiad or a Putnam winner?

Reid: Certainly not if he had had a von Neumann com-
peting against him! All the mathematicians | have talked
to have said that von Neumann had the quickest mind
they ever knew. He and Hilbert worked together, for a
period, when Hilbert was old and von Neumann was
young. | would like to have sat in on those sessions.

The Research on Hilbert

MP: How did you go about researching the life of
Hilbert? There certainly doesn’t seem to be much mate-
rial available on the lives of mathematicians, except for
their mathematical works.

Reid: The first thing my sister did was to give me the
collected works of Hilbert. Then when people asked her
about my qualifications for writing his life she could tell
them that | had studied his works! Seriously though, |
had several problems when | started. In addition to
not being a mathematician, | did not know German; so
| had to learn that language well enough to make my
way through German material. | had been to Gottingen;
however, | did not know the Gottingen milieu and that
resulted in a faux pas or two on my part. But one person
led me to another. Julia told me Hans Lewy had been in
Gottingen and had known Hilbert, so | talked to him.
He sent me on to Pdlya, who had been in Géttingen
earlier and had a recording of Hilbert’s voice—the fa-
mous last lines of the Konigsberg speech: Wir miissen
wissen, wir werden wissen. “We must know, we shall
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know.” Pélya sent me to Szegd, who, with Reidemeister,
had helped to arrange the Kénigsberg speech and the
recording. Szegd gave me the name of a mathemati-
cian who knew the married name of one of Hermann
Minkowski’s daughters who lived near Boston. That'’s
how | met Lily Ridenberg—now a very good friend of
mine—and she generously gave me access to the com-
plete collection of Minkowski’s letters to Hilbert, dating
from their university days in Kdnigsberg to Minkowski’s
premature death in Gottingen in 1909. Incidentally, |
later found out that another daughter of Minkowski’s
lived here in San Francisco, in a house that | passed al-
most every day. The Minkowski letters were really the
making of the book, because they gave me fresh, live
materials from a period of Hilbert’s life that was really
lost, from which no one survived.

MP: Were you ever able to find the other half of the
correspondence—Hilbert’s letters to Minkowski?

Reid: No.But | am still following up every clue. However,
Courant always said that, if | could have only one side of
the correspondence, the Minkowski side was the better
one to have.

MP: Do you think the Hilbert letters to Minkowski are
still in existence?

Reid: My theory is that some mathematician living in
the Hilbert house during the war took them to preserve
them after Mrs. Hilbert's death. | don't think anyone in
Gottingen would have destroyed them.

MP: You have some interesting letters in your Courant
book, too. | was surprised that you had letters from
Courant to his first wife, who later died in a concentra-
tion camp. How did you get those?

Reid: They were among Courant’s papers. Apparently
he and his wife returned their letters to each other at
the time of their divorce in the middle of the First World
War. Courant always intended to write about his experi-
ences in Gottingen, so he saved the letters in which he
described these.

MP: That is a wonderful letter you quote in which he
describes his first Vortrag in the Hilbert-Minkowski
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seminar! But, tell me, what has been the reaction to your
biographies—"lives"—of German mathematicians in
Germany?

Reid: That depends on which one you're talking about.
MP: Well, the Hilbert book.

Reid: There | think German mathematicians were rath-
er miffed that an American lady who had not known
Hilbert and who was not a mathematician had pre-
sumed to write about their great man. However, my do-
ing so precipitated some long overdue action on their
part. A memorial volume—the Hilbert Gedenkenband,
edited by Reidemeister—was published the year after
Hilbert was published. Also the Hilbert papers, which
were just crammed into miscellaneous boxes at the
Mathematics Institute when | examined them, were
later moved to the University Library and finally prop-
erly organized.

MP: | gather that the reaction to your Courant book has
been different?

Reid: Quite different. The Germans are very interested
in what happened to Courant under Hitler and in his
subsequent success in America. They are also very ap-
preciative of his going back to Germany after the war, in
spite of the way he had been treated, and doing what
he could, in many different ways, to help German sci-
ence get back on its feet. Der Spiegel, which you might
say is the Time of Germany, devoted a full page—and a
picture—to a review of the English edition of the book.
Can you imagine Time doing anything similar? Since
then, the book has been translated into German. A very
good translation, | understand. There has been another
review in Der Spiegel and another picture. | must admit,
though, that Courant is identified as a physicist rather
than as a mathematician.

MP: 1 have always been surprised that your Hilbert book
has not been translated into German.

Reid: The interest in Hilbert is much less general. Also,
the Hilbert book explains a lot of things about German
academic life that would have to be taken out or rewrit-
ten for a German audience.

MP: You know, | suddenly realized that | have not asked
you how it happened that Springer published the
Hilbert book instead of Crowell. Did Crowell refuse it?

Reid: No. Not at all. But when Courant read the manu-
script of Hilbert he insisted that it must be published
by Springer. That was because Ferdinand Springer had
been very close to Hilbert and the whole Géttingen
group after the First World War. Courant was very loyal.
He always gave Springer a great deal of credit for the
remarkable post-war resurgence of German science.
Max Born was also glad, for sentimental reasons, that
the book was going to be published by Springer. And |
think Robert Crowell was very relieved!

Hilbert and Courant as Teachers

MP: From your books about Hilbert and Courant,
| gather that both men were effective teachers. In
fact, the list of their students is pretty impressive. Do
you yourself have any ideas about the teaching of
mathematics?

Reid: | have had very little experience. The biographi-
cal material for that old Scientific American article refers
to my teaching “a very elementary form of arithmetic
to the more backward sailors at the U.S. Naval Training
Station in San Diego during World War 11" Frankly, | had
completely forgotten that! But, to go back to your ques-
tion, | have observed in my research that great math-
ematician-teachers seem to fall into two classes—those
like Klein (and at a later period in Gottingen, Hecke and
Siegel), who present the subject complete and finished,
a perfect jewel; and those like Hilbert and Courant, who
struggle with the subject in front of their students in
the classroom. You remember Courant’s remark that in
Hilbert's lectures you could “feel his intellectual muscle.”
Some students are stimulated by one type and some,
by the other. Arnold Sommerfield and Max Born used to
argue over the relative superiority of Klein and Hilbert.
Sommerfield preferred Klein; Born, Hilbert.

MP: 1 am glad you mentioned the names of a couple
of physicists, because there is a question | have always
wanted to ask you. | remember you said, in one of your
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Richard Courant.

talks, that physicists were much more responsive than
mathematicians in answering questions. Would you ex-
pand on that remark?

Reid: First, | have to remind you that, when | said that,
Edward Teller was sitting in the front row. But, in fact,
that has been my experience. You ask a mathematician,
“What was so-and-so like?” and he squirms a little and
then he tells you an anecdote. The anecdote, like a sym-
bol, stands for something much greater and more com-
plicated that he senses about the person but cannot put
into words. Physicists, it seems to me, enjoy analyzing
character—in words. | think of them as more literary.

MP: It is true that there have been many more autobio-
graphical memoirs by physicists than by mathematicians.

Reid: And the mathematicians who do write auto-
biographically generally have a physical orientation—
except, of course, Hardy.

Hilbert giving a lecture.

MP: To go back, however, to the teaching of mathemat-
ics, what do you, or what did you, think of the “new
math”?

Reid: 1 do not want to be drawn into that controversy.
I will make one comment from my own experience. |
believe that my children, both of whom had the “new
math”in school, acquired a much better understanding
of what they were doing mathematically than | had at
the same age.

MP: How did it happen that you stopped taking math-
ematics in high school? Were you bored? Discouraged
by your teachers?

Reid: No. | really loved algebra. | did not care much
for geometry. | never felt | was proving a theorem but
simply remembering how to prove it. | can't blame
the teacher, because Julia had the same teacher
and she went on. | think | was just more interested in



282 o Mathematical People

boys and baseball—major league baseball—than in
mathematics.

MP: Are you still interested in baseball?

Reid: Heavens, no!

Women in Mathematics

MP: Hilbert seems to have been ahead of his time in his
attitude toward women in mathematics. The German
university was apparently full of what we call “male
chauvinists.” There were two quotes in your book that
stood out for me. One was the oath for the Ph.D.—“that
you will defend in a manly way true science” And then
someone said in regard to the Habilitation of Emmy
Noether: “What will our soldiers think when they return
to the university and find that they are expected to
learn at the feet of a woman?”That'’s a really incredible
statement!

Reid: The Gottingen mathematicians, however, have
a pretty remarkable record in regard to their attitude
toward women mathematicians. Sonja Kowalewski got
her doctor’s degree from Gottingen, albeit in absentia.
Klein, as well as Hilbert, supported Emmy Noether’s
Habilitation. Courant very definitely encouraged wom-
en to continue their mathematical studies. An out-
standing instance is the case of Cathleen Morawetz. An
article about her career and the role Courant played in
it appeared recently in Science.

MP: Now that you have written Hilbert and Courant, do
you ever feel drawn farther back in the Géttingen story,
writing about Riemann or Klein, say, or going ahead to
Weyl and Noether?

Reid: No.Riemann is too far in the past for me. | like what
Henry James called “the visitable past.” Klein, however,
has always interested me very much. He has the quality
that appealed to me in Hilbert and in Courant—dedi-
cation to mathematics and the creation of a stimulat-
ing mathematical center. He was a great figure. | think
Courant had a sense of the drama and the tragedy of
Klein's life, which he expresses very well in the obituary
that he wrote for Naturwissenschaften in 1925.

MP: You may have written Klein's story already.

Reid: | think so. Klein is a strong, living character in
Courant as well as in Hilbert. So, to a lesser extent, is
Emmy Noether. | have been approached several times
about writing her life; but what really interests me
about her is the developmental period—her relation to
her father and to Gordan, who was her teacher—and |
don't think there is much material about that available.
As far as Weyl is concerned, he wrote marvelously well
about himself and his life and his feelings about math-
ematics. There is really no need to write more.

Jerzy Neyman
MP: But now you have written another “life”

Reid: Yes, the life of Jerzy Neyman, a really great math-
ematical statistician and the man who built up the
Department of Statistics at Berkeley—the best in the
country. He was eighty-four when | started my research,
but he was still very active, both as a teacher and as the
director of the Berkeley Statistical Laboratory. Getting
to know him was a great pleasure for me. Unfortunately
he died before the book was published; nevertheless
| called it Neyman—From Life. | had really completed
the manuscript at the time of his death, having decid-
ed to conclude with the celebration of his eighty-fifth
birthday.

MP: How did you happen to choose Neyman as a
subject?

Reid: Very much the same way | “chose” Courant. As |
told you earlier, Friedrichs suggested that | write about
Courant after he read Hilbert, and Erich Lehmann sug-
gested that | write about Neyman after he read Courant.
He saw a similarity in the lives of the two men. Both
were foreign-born, and both built up great scientific
centers in this country.

MP: What were the advantages (and disadvantages) of
writing about someone who was alive at the time you
did most of your research?

Reid: The most important advantage was the oppor-
tunity to get personally acquainted with my subject;



Jerzy Neyman (right) with Harald Cramér in Stockholm,
1964.

next was the opportunity to ask him all the questions
| wanted to ask. Of course, he couldn’t always answer
them. In the end he insisted that | knew more about his
life than he did.

MP: And the disadvantages?

Reid: Well, you can't help being affected by the fact that
you expect what you write to be read by your subject.
Also you have to make a particular effort to see beyond
the old man who is right there in front of you. That was
a problem with Courant as well as with Neyman.

MP: Nevertheless, it seems to me that in both Courant
and Neyman you have given a vivid picture of what
they were like when they were young.

Reid: That's because | was very lucky in turning up
firsthand material from the early years. In Courant’s
case, besides the letters which we have already talked
about, | found in his attic three soul-searching jour-
nals which he had kept at various times from 1912 to
1918. In Neyman'’s case, | was able to obtain from Egon
Pearson copies of the letters which Neyman wrote to
him during the period of their famous collaboration
on the testing of statistical hypotheses. Fortunately for
me the collaboration was carried on almost completely
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by mail because Neyman was in Poland and Pearson in
England.

MP: Neyman and Courant (and even to some extent
Hilbert) were, in a sense, organizers and administrators
as well as first-class mathematicians. Are they easier to
write about than those who solely do mathematics?

Reid: | would say so. Certainly for me. You see, | feel that
a very important part of my subjects’ contribution to
mathematics lies in their personal influence and the sci-
entifically stimulating environments which they created
around themselves. Their scientific work is always there
for anyone who wants to consult it, but this other is very
transitory—it will last only as long as there are people
who personally remember it. That's why | began to write
about Hilbert when | did—even though it was very pre-
sumptuous of me. But nobody else was doing it.

MP: Neyman was a statistician. Are they different from
mathematicians?

Reid: | think so. Statisticians are not so much yes/no
people as mathematicians. Even statisticians who like
Neyman are basically mathematical in their approach
know that they are dealing with things that cannot be
fully “mathematicized”

MP: What do you think it was about mathematics and
mathematicians that originally excited you?

Reid: That's easy. Mathematics is a world created by the
mind of man, and mathematicians are people who de-
vote their lives to what seems to me a wonderful kind
of play!

Postscript

Shortly after this interview, the quadrennial
International Congress of Mathematicians was sched-
uled to be held in Berkeley, California, in 1986. Mrs.
Reid joined the editors of this collection in preparing
for Springer-Verlag a history of the international math-
ematical congresses since they were first proposed by
Felix Klein at the Chicago World’s Fair of 1893. The book
was popular at the Congress and has since then been
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translated into appropriate languages for several sub-
sequent Congresses.

That same year the team of Albers, Alexanderson,
and Reid was also preparing a sequel to this present
volume of interviews titled More Mathematical People:
Contemporary Conversations, published by Harcourt-
Brace-Jovanovich in 1990. At the time there was talk
of another book in the series with the working title
Mathematical People Ill. That book remains in the offing,
but Don Albers has continued to interview contempo-
rary mathematicians.

Before Mrs. Reid joined the team, Albers and
Alexanderson had already started collecting mate-
rial for a biography of Eric Temple Bell, whose Men of
Mathematics had had a tremendous influence on them
and their contemporaries. Now they urged Mrs. Reid
to take over the project. Bell as a biographical subject
did not appeal to her until, wholly by accident, she
scented a secret in his life. The Search for E. T. Bell, Also
Known as John Taine (for he was a pioneering science
fiction writer as well as a mathematician) appeared in
1993. As a result of her work, one reviewer pointed out,
all extant accounts of Bell’s life would now have to be
revised.

In 1985 Mrs. Reid’s sister, Julia Robinson, died.
She had been the first woman mathematician to be
elected to the National Academy of Sciences and the
first woman to serve as president of the American

Mathematical Society. She was famous for her contri-
butions to the solution of Hilbert’s Tenth Problem. Mrs.
Reid titled her article about her sister for the College
Mathematics Journal“an autobiography” because it was
written in Julia’s own words, taken from interviews Mrs.
Reid had had with her in the last month of her life. After
the death of Julia’'s husband, Raphael, in 1995 many ad-
ditional materials became available, and Don Albers
suggested an expanded “autobiography,” still small but
more generously illustrated. Julia: A Life in Mathematics
was published by the MAA. For this book Mrs. Reid re-
ceived her second Beckenbach Book Prize. The first had
been for her book about Bell.

Since then Mrs. Reid has been involved in a docu-
mentary film about Julia Robinson and Hilbert’s Tenth
Problem that is being made by George Csicsery, well
known for his film about Paul Erdés, N Is a Number.

The past few years have also seen anniversary
editions of her two earliest works. Her first book, Slacks
and Calluses, an account of her experiences as a teacher
working during the summer vacation of 1943 on an air-
craft production line, was republished sixty years later
by the Smithsonian Institution Press. Her first book on a
mathematical subject, From Zero to Infinity: What Makes
Numbers Interesting, was republished in 2006 in a fifti-
eth anniversary edition by A K Peters.

She continues to live in San Francisco with her
husband, Neil D. Reid, a retired attorney.






Herbert Robbins

Interviewed by Warren Page



Herbert Robbins is best known to most mathema-
ticians for his collaboration with Richard Courant
in writing the classic What is Mathematics?, but in the
following forty years, Robbins’ work has earned him
the reputation as one of the world’s leading statisti-
cians. Jerzy Neyman once indicated how rare it was
for a professor to place on a high pedestal one of his
colleagues—of necessity, one of his “competitors.” And
yet, in Neyman's two survey papers on major advances
in statistics during the second half of this century, the
main breakthroughs cited by Neyman were all ob-
tained by Robbins. Robbins is the Higgins Professor
of Mathematical Statistics at Columbia University, and
is known among friends for combining a cynical hu-
mor with a deep involvement in humanitarian causes.
Among his well-known sayings are:

“No good deed shall go unpunished,”

and (when asked by a university administrator if there
might be a risk in recommending a junior faculty mem-
ber for tenure):

“If he washes out in his research, we can always
make him a dean.”

In 1978 Jack Kiefer of Cornell wrote that “Robbins (then
63 years old) does not seem to have slowed down at all,
and heis as lively and original now as in the pastThat’s
still true. In 1982, | interviewed him at his home in East
Setauket, New York, and it was immediately clear that
he loves people and conversation. His broad interests,
his many friendships, and meaningful involvements—
like good vintage wine—seem to grow fuller and richer
with time. All this, of course, made our meeting reward-
ing and memorable. It also made my job very difficult:
trying to confine him to a few specific issues was like
trying to pin down an enthusiastic, animated, intellec-
tual octopus. The following is only a sample of what
was retrieved from the occasion.

MP: You first became nationally known in 1941 as the
coauthor, with Richard Courant, of What Is Mathematics?
So let’s begin there. What is Mathematics? has been
translated into several languages, and more than
100,000 copies have been sold thus far. What has made
this such a mathematical best seller?

Herbert Robbins o 287

Robbins: A Russian translation of What Is Mathematics?
was published shortly after World War Il, and it provoked
the Russians to produce their own version—some of
them call it the Anti-Courant & Robbins—because as-
pects of Courant and Robbins are not in harmony with
certain Soviet mathematical tendencies. This Russian
work presumably reflected the correct line on math-
ematics—its history, the contributions of Russian
mathematicians, its current state, its importance, and
its Marxist foundations. When | looked at the English
translation, for the first time | realized what a good
book What Is Mathematics? really is. It wasn't written by
a committee, and it seemed to have no great practical
importance to governments or their defense depart-
ments. It was written by two people who collaborated
in an intense manner on a subject that concerned them
very deeply all their lives. When | started working on
What Is Mathematics? | was 24, one year out from my
Ph.D. It represented what | had learned about math-
ematics, what | hoped it would become, and where |
wanted to find my place. For Courant, it represented a
summation of what he had already done during his rich
life as a mathematician and, in his later years, as an ad-
ministrator and promoter of mathematical institutions.
Courant and Robbins spoke for mathematics at a par-
ticular time (1939-1941) that can never be repeated.
It would be impossible to write that book now; math-
ematics has changed so much, and the nature of the
mathematical enterprise is so different. | would classify
What Is Mathematics? as more a literary than a scientific
work. It belongs to the tradition that started in French
intellectual circles when Newton and Leibnitz discov-
ered the calculus. People without formal scientific edu-
cation wanted to understand this new notion. Salons
were held, and philosophers gave lectures to crowned
heads and rich bourgeois about the calculus. What Is
Mathematics? belongs to that tradition of high vulgar-
ization, as the French call it.

MP: How did a young topologist like yourself come to
work with Courant?

Robbins: (Laughter) That's like asking, “What's a nice girl
like you doing in a place like this?”Well, | had just earned
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my Ph.D. and | was beginning a one-year appointment
at the Institute for Advanced Study in Princeton as
Marston Morse’s assistant. | needed a permanent job.
When Courant came by looking for someone to work at
New York University, Morse suggested me and Courant
offered me a job. He had the book in mind, but | didn’t
know that at the time. When | began teaching at NYU
in 1939, | was supporting my mother and young sister.
For me, money was a sine qua non. My salary as an in-
structor at NYU remained fixed at $2,500 a year during
1939-1942. That was my sole support; there were no
NSF grants then. Sometime during the beginning of my
first year at NYU, Courant said to me, “I've been given a
little money to work up some old course material into
a book on mathematics for the general public. Would
you like to help me with it? | can pay you $700-$800
for your assistance.” | was in no position to turn down
extra money for a legitimate enterprise, and the idea
of communicating my ideas about mathematics to the
educated layman appealed to me.

Confrontation with Courant
MP: What was it like working with Courant?

Robbins: | thought of him as an accomplished and
worldly person who, in the fullness of his career, decid-
ed to devote some time to explaining to the world what
mathematics was, rather than to write another research
paper. | felt that | could help him in this. As work on the
book progressed, however, the amount of time | had to
devote to it became larger and larger, and | soon came
to feel that it was interfering with any future career |
might have in research. | used to commute regularly
to his house in New Rochelle and, in a way, | became a
member of the family for a while. In fact, | actually lived
nearby for some time so that | could work with him
when he wasn't busy. For about two years we worked
very closely together exchanging drafts of chapters.
But, as you probably know, the whole thing came to an
abrupt and grinding halt in a rather dramatic confron-
tation described in Constance Reid’s book Courant in
Géttingen and New York.

MP: Did your confrontation with Courant come right
after the book had been written?

Robbins: That's right. As Reid indicated, Courant felt
that my collaboration was so helpful that he came to me
early in our arrangement to propose joint authorship.
He wasn’t going to pay me any more, however, because
as the joint author I'd probably want to spend even
more time on the book. | agreed, since | had already
become engrossed in writing the book. My first indica-
tion of what was really going on came when | went to
the printers to go over the final page proofs, and the
last page | saw was the title page:“What Is Mathematics?
by Richard Courant. This was like being doused with a
bucket of ice water. “My God," | thought, “What's going
on here? The man’s a crook!” By then the book had been
written, except that Courant never showed me the pref-
ace in which he thanked me for my collaboration. The
dedication page to his children was also written with-
out my collaboration.

You mentioned earlier that more than 100,000
copies of What Is Mathematics? had been sold. That may
be, but when | recently asked Oxford University Press

Courant (right) and Robbins.



how many copies have been sold they told me | had
no right to know. Courant copyrighted the book in his
own name without my knowledge. He had a wealthy
friend who paid for having the plates made, and he got
Oxford to agree to distribute the book. It was a unique
arrangement in which he retained the copyright and
received a much larger portion of royalties. After this
had been done, Courant informed me that he com-
pletely controlled the book and he would remit to me,
from time to time, a portion of his royalties. And so ev-
ery year, for a number of years, | used to get a note from
Courant saying, “Dear Herbert, Enclosed is a check for
such and such an amount representing your share of
royalties from What Is Mathematics?” | never knew how
many copies were sold or how much he got, and I still
don't. This arrangement continued up to the time of his
death a few years ago, when his son Ernest became his
legatee.

MP: What happened then?

Robbins: Three or four years ago, What Is Mathematics?
appeared in paperback. Just prior to that, in order to
simplify matters, Ernest offered to buy out my share,
and | agreed to renounce all further claims on the book
if we could set some reasonable figure for my doing
so. But he never went through with this, although the
sum had been agreed on, and when the book came
out in paperback, | stopped getting anything at all. In
fact, on the jacket of the hard cover edition (Robbins
taking out his edition: copyright renewed, 16th print-
ing, 1977) here you see something about the late
Richard Courant and here’s something about the pres-
ent Herbert Robbins. But on the paperback edition,
one finds that the mysterious Herbert Robbins appears
only on the title page as coauthor; on the back cover
it looks as though it’s entirely Courant’s book. So, even
after his death, there has been an intensification of
the campaign not merely to deny my financial rights
in the book, but even to conceal the fact that | was its
coauthor.

MP: Were you ever given an explanation why Courant
didn’t treat you as might have been expected?
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Robbins: Some of Courant’s friends came to me and said,
“You see, in Europe, it's quite customary for a younger
man to do the work while the older man is credited with
being the formal author. This has happened before with
many people and, in particular, with Courant. Don'’t be
upset, etc” As a non-European, not acquainted with this
tradition, | refused.“It wasn't fair! | had taken his word; |
wouldn't have put the effort | did into this unless it was
going to be a joint book.” The drama continued, with
more visits by Courant’s emissaries, including some
distinguished European mathematicians whom he had
brought here. But | was adamant and wouldn't agree to
be quiet. | threatened to make a fuss if Courant didn’t
include my name on the title page. Courant finally
agreed to do so.

Important Influences

MP: Were there any mathematicians who gave you
guidance and encouragement during critical periods of
your professional development?

Robbins: No. What they gave me was something per-
haps more important. The leading mathematicians |
encountered made me want to tell them: “You son-of-
a-bitch, you think that you're smart and I'm dumb. I'll
show you that | can do it too!” It was like being the new
kid in the neighborhood. You go out into the street and
the first guy you meet walks up to you and knocks you
down. Well, that’s not exactly guidance or encourage-
ment. But it has an effect.

MP: Who have been the most impressive mathemati-
cians you've known?

Robbins: The first mathematician who impressed me
was William Fogg Osgood, author of Funktionentheorie,
because he had a beautiful white beard. | was a fresh-
man at Harvard and, being from a little town, | had nev-
er seen anyone like him. | was also impressed by Julian
Lowell Coolidge because he spoke with a lisp that
sounded very upper class. There are many ways to be
impressive. These people impressed me as personae; |
thought it must have taken several generations to pro-
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Marston Morse (right) with Robbins.

duce people like them. The first mathematician | met
who impressed me as a mathematician was Marston
Morse, and | regard him as one of the two or three
most powerful mathematicians America has produced.
Morse was not a wide-ranging mathematician of the
Hilbert type, but he created the theory of the calculus
of variations in the large, and whatever he needed he
learned, borrowed, or created for himself.

MP: How did you come to meet Morse?

Robbins: In the 1931 Harvard-Army football game,
Harvard was losing at half-time. During the intermis-
sion, Harvard’s President A. Lawrence Lowell said to the
cadets’ commandant: “Your boys may be able to beat
us in football, but I'll bet we can beat you in mathemat-
ics” The commandant accepted the challenge, and
it was agreed that Army and Harvard would have a
mathematics competition the following year. Since ca-
dets had only two years of mathematics at West Point,
Harvard limited its team membership to sophomores.
Lowell’s relative, William Lowell Putnam, agreed to put
up a prize—the forerunner of today’s Putnam Prize in

mathematics. In 1931, | was taking freshman calculus.
Having just entered Harvard with practically no high
school mathematics, | knew calculus would be useful if
| ever wanted to study any of the sciences. At the end of
my freshman year, much to my surprise | was asked by
the mathematics department to join the Harvard math
team. Marston Morse was our coach. We met with him
on several occasions to prepare for the competition,
and that’s how I first met Marston. As it happened, inci-
dentally, Army won that mathematics competition.

MP: How and when did you make the decision to be-
come a mathematician?

Robbins: Morse, G. D. Birkhoff, and Whitney were the
three mathematicians who most influenced me be-
cause | got to know them quite well for short periods of
time and, in very different ways, they formed my image
of what a mathematician was. Meeting these three ear-
ly in my education turned my thoughts to mathematics
as a possible career.

MP: 'msureyoualsohadgreatteachersinothersubjects.
What, in particular, did these three convey to you about
mathematics?

Robbins: One of my professors at Harvard, a famous
literary critic, used to walk in with a briefcase full of
books and lecture on the Romance Poets. He'd take out
a book, read a poem, and then comment on it. Now this
represented real scholarship that left me totally cold.
To my mind, this wasn't being creative. He was talking
about what others had done. | would rather have done
these things. He talked about Coleridge; | would like
to have written “The Rime of the Ancient Mariner” On
the other hand, Marston Morse impressed me deeply.
Even though what he was talking about meant noth-
ing to me—I didn't know the first thing about the Betti
numbers of a complex and the number of critical points
of a function defined on it—I could see that he was on
fire with creation. There was something going on in his
mind of a totally different nature from anything I'd seen
before. That's what appealed to me.

MP: Morse seems to have played a pretty prominent
role in your life.



Robbins: At that time, Marston’s life was pretty much
at low ebb. His wife had left him, and he was living as
a bachelor at Harvard. | pitied him almost . . . but in a
way, | didn't pity him; | was scared stiff of him intellectu-
ally. I was an undergraduate and, although | had never
taken a course with him, | got to know him since he was
living at the college. One day he said to me, “I'm leav-
ing Harvard and going to the Institute for Advanced
Study. You stay here and when you get your Ph.D. in
mathematics, come to the Institute to be my assistant.”
Six years later—I| hadn't seen him since—I sent him a
telegram: “HAVE PH.D. IN MATHEMATICS! He immedi-
ately wired back: “YOU ARE MY ASSISTANT STARTING
SEPTEMBER 1. Marston was, in a way, the type of per-
son | would like to have been. He was a father figure to
me—my own father died when | was thirteen. Marston
and | were about as different as two people could be;
we disagreed on practically everything. And yet, there
was something that attracted me to Marston that tran-
scended anything | knew. | suppose it was his creative,
driving impulse—this feeling that your house could be
on fire, but if there was something you had to complete,
then you had to keep at it no matter what.

MP: What was it that originally attracted you to
topology?

Robbins: My affair with topology was rather acciden-
tal. Hassler Whitney had come back from a topology
conference in Moscow around 1936, and in a talk at
Harvard on some of the topics discussed at the confer-
ence, he mentioned an unsolved problem that seemed
to be important. Since | was then a graduate student
looking for a special field to work in—not particularly
topology, since | hadn't even taken a course in the sub-
ject—I asked Whitney to let me work on it. That's how
| got started. | had set myself a time limit from the be-
ginning: if | didn’t get my Ph.D. within three years after
starting graduate work, | would leave the field of math-
ematics. Midway through my third year, when they
asked me whether | wanted to continue my fellowship
for another year, | told them that | wouldn’t be coming
back next year. Although | did manage to complete my
thesis that year, | didn't feel that | had become a topolo-
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gist; | thought I had become a Ph.D.—a kind of general-
ized mathematician.

Becoming a Statistician
MP: How did you become a statistician?

Robbins: My first contact with statistics came when |
was teaching at NYU. Courant had invited Willy Feller
to give a course in probability and statistics, but at the
last minute Feller couldn’t come. The course had been
advertised, but now there was no one at NYU with any
interest in probability or statistics. As the youngest and
most defenseless person in the department, | was as-
signed to teach the course. It must have been a pretty
terrible course because | knew nothing about either
subject. This was just before | joined the Navy in World
War I, not as a mathematician but as a reasonably able-
bodied person.

It was in the Navy, in a rather strange way, that
my future career in statistics originated. | was reading
in a room, close to two naval officers who were discuss-
ing the problem of bombing accuracy. In no way could |
keep from overhearing their conversation: “We're drop-
ping lots of bombs on an airstrip in order to knock it
out, but the bomb impacts overlap in a random man-
ner, and it doesn’t do any good to obliterate the same
area seventeen times. Once is enough!” They were
trying to decide how many bombs were necessary to
knock out maybe 90% of an area, taking into account
the randomness of impact patterns. The two officers
suspected that some research groups working on the
problem were probably dropping poker chips on the
floor in order to trace them out and measure the total
area they covered. Anyway, | finally stopped trying to
read and asked myself, what really does happen when
you do that? Having scribbled something on a piece of
paper, | walked over to the officers and offered them
a suggestion for attacking the problem. Since | wasn’t
engaged in war research, they were not empowered
to discuss it with me. So | wrote up a short note and
sent it off to one of the two officers. In due course, it
came to the attention of some mathematical research
group working on the problem. However, | had no
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Statisticians at Chapel Hill, North Carolina, 1946. Front row: W. Hoeffding, Robbins, R. C. Bose, H. Hotelllng, S. N. Roy. Back

row: graduate students.

clearance to discuss classified matters, so there was a
real communications problem: how were they going
to find out my ideas without telling me something |
shouldn’t know? (What | shouldn't know was, in fact,
the Normandy invasion plans.) Well, in some mysterious
way, what | had done came to the attention of Marston
Morse, and he saw to it that my note reached the right
people. Shortly afterward, S. S. Wilks, then editor of the
Annals of Mathematical Statistics, asked me to referee a
paper by Jerzy Neyman and Jacob Bronowski (author of
The Ascent of Man) on this very same problem. | recom-
mended rejecting their paper as “a rather unsuccessful
attempt at solving a problem that is easily solved if it's
done the right way, and here’s how to do it Wilks wrote
back that he had to publish the paper because Neyman
was one of the authors. But he also wanted me to pub-
lish a paper on what I'd written to him. So, after the war

in Europe ended, there’s an issue of the Annals contain-
ing the paper by Neyman and Bronowski, followed im-
mediately by my paper which, so to speak, says, “Please
disregard the preceding paper. Here's the solution to
the problem that they can't solve” That was my first
publication in the field of statistics. But even then | had
no idea that | would become a statistician. What | had
been doing was not statistics, but some rather elemen-
tary probability theory.

MP: What did you do after four years in the Navy?

Robbins: 1 had a career crisis. My pre-war job had been
as an instructor at NYU, and | had already burned my
bridges there. Jobs were scarce, so with my back pay
from the Navy | bought a farm in Vermont. | went there
with my wife—I had gotten married during the war—
to figure out what to do next. | thought | was going



to leave mathematics and the academic profession
completely. Then fate struck again with a telephone
call from Harold Hotelling of Columbia University’s
Economics Department. Hotelling’s primary interest
was in mathematical statistics. Since Columbia had not
allowed him to create a department of mathematical
statistics, Hotelling had just accepted an offer to do so
at Chapel Hill. The idea of such a department was be-
ing promoted at the University of North Carolina by a
very energetic statistician, Gertrude Cox. Hotelling of-
fered me an associate professorship in this newly cre-
ated department. | thought he'd telephoned the wrong
Robbins, and | offered to get out my AMS directory to
find the Robbins he'd intended to call. Hotelling insist-
ed that there was no mistake, even though | told him
that | knew nothing about statistics. He didn't need me
as a statistician; he wanted me to teach measure theory,
probability, analytic methods, etc. to the department’s
graduate students. Having read my paper in the Annals
of Mathematical Statistics, Hotelling felt that | was just
the sort of person he was looking for. “Don’t question
it any further,” he insisted. “The salary will be $5,000 a
year.’ That was in 1946, and it was double my salary at
NYU four years earlier. It was a very good salary at that
time. So, with some trepidation, | agreed. At Chapel Hill,
| attended seminars and got to know several very emi-
nent statisticians. Soon | began to get some idea about
what was going on in that subject and finally, at age 32,
| became really interested in statistics.

The Creative Process

MP: Herman Chernoff characterizes your innovations
as having been based mainly on extra-mathematical
insight, and Mark Kac describes your contributions as
marked by power, great originality, and equally great
elegance. Is there anything you can share with us about
the creative process—your feelings and experiences—
during the germination of some new insight or break-
through?

Robbins: I'm always pleased to hear my work praised,
but the things I've been associated with that are really
important have not been done by me at all. I've merely
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been the vehicle by which something has done them.
When something significant is happening, | have a feel-
ing of being used—my fingers are writing, but there’s a
lot of noise and it’s hard for me to get the message. Most
of the time I'm just sitting there, in an almost detached
manner, thinking: “Well, here’s another day’s wastebas-
ket full of paper. Nothing’s come through. Maybe an-
other day. Maybe | should stay up tonight and try some
more.” | stay up nights when my wife and children have
gone to sleep. Over and over again | keep working at it,
trying to understand something which after months or
even years turns out to be so simple that | should have
seen it in the first ten minutes. Why does it take so long?
Why haven't | done ten times as much as | have? Why
do | bother over and over again trying the wrong way
when the right way was staring me in the face all the
time? | don't know.

MP: How do you feel after having made a discovery?

Robbins: | feel like someone who has climbed a little
mountain the wrong way. Once | get the message, so
to speak, | try to write it up as clearly as possible. Then
| want to get away from it. | didn't do it. | don’t want
to see it again; | had enough trouble with it. | want to
push this onto the rest of the world: “Look, there’s lots
more that has to be done, but don't expect me to do it.
I've done my duty. I've contributed to the Community
Chest. Now let somebody else carry on.”

MP: The fact is that you reached the summit, you made
the discoveries.

Robbins: Yes, | take some pride in that. Had | not lived,
certain things would not have been done. But a world
consisting of lots of me’s would be intolerable. One is
enough. | always look for something terribly simple,
because very simple things are often overlooked. In a
way, my strengths are due to my weaknesses. Others
are technically much better than |, but it never occurs to
them to do the dumb kinds of things that occur to me.
A good example is stochastic approximation. Lots of
people said:“My God, we can generalize that; we can do
it under much weaker restrictions; etc.” And | thought,
“Yes, that's true. But why didn't somebody do it 60 years
ago?”
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MP: Let's stay with the creative process. What do you do
when you're blocked or stymied?

Robbins: There's nothing | can do except try not to get
panicky about it. If | live long enough, one of these days
| will stop and never get another idea. | have no idea
when that will come, but it will come . .. or maybe it
has already.

MP: Why? | want an existence proof.

Robbins: Look at Einstein. He seems not to have had
an inspiration in physics during the last 30 or so years
of his life—at least none that could be compared with
the great ones he had from 1905 to 1920. Here was a
man who had perhaps the greatest intellect that God
ever created and, in the last years of his life, nothing
much came of it. It wasn’t because Einstein was frivo-
lous or dissipating his energy; he had done what he
could and there came an end. As | watched him at the
Institute one year, he never complained about it and no
one mentioned it, but everyone knew that he was es-
sentially finished as a scientist. And Newton? The same
thing. From about age 30 on, he did absolutely noth-
ing in science. He had a career as Master of the Mint, he
carried on a great deal of activity with friends—contro-
versies over who invented the calculus, and so on—but
the last half of his life was totally sterile from a scientific
viewpoint.

MP: Isn't this fear of “drying up” something every re-
searcher and, in fact, every creative person has?

Robbins: Yes, but it doesn’t end here. Take the guy who
cracked the genetic code, for instance. “What'’s he done
recently?”In this country, the question is always: “What
have you done recently?”...”Oh yes, you did such-and-
such, but how about last year?” It's not so much that
others are asking this question; we're taught here to
ask it of ourselves. | constantly find myself asking what
have | done during the last year or so, and how does it
compare with what | did 30 years ago?

MP: That sounds like sequential doom. Are you saying
that we've come to expect an ever-increasing sequence
of better and better encores of ourselves?

Robbins: Right. And this creates a lot of frustration
and anxiety. If | were a promising young tennis player,
I'd hope to get better and better, and finally to win at
Wimbledon. And then I'd become a teacher—one can't
go on forever playing competitively with twenty-year-
olds. No one would think less of me if | didn't enter
Wimbledon at age 65. But what I'm doing is not tennis.
As a mathematician, I'm using my brain, and there’s no
reason why it shouldn’t be as good, if not better, than
it was 30 years ago. “So why is it not?” | ask myself. I've
been in statistics now for 35 years and | would like to
try something else. Why don't | try going into molecular
biology? Or sociology, or economics? Am | incapable of
the mental effort, or am | just too weary? These com-
plicated questions, raised by increasing expectations, |
can't answer.

Competitiveness in Mathematics

MP: Although physical prowess—say reaction time—is
crucial in sports, it makes no significant difference if
one’s insight into a mathematics problem takes a sec-
ond or a year. Perhaps we should consider the mathe-
matician’s personal drive to succeed and the price he's
willing to pay for success.

Robbins: Younger mathematicians have a greater de-
sire to become known and make a reputation. This
weakens with age, either through frustration if they
don't succeed or through satiation if they do. And even
if one does make it to the top, was it worthwhile? Is
it worth continuing to strive for more? The really suc-
cessful mathematician, if he's honest, must assess his
life in terms of having foregone meaningful relations
with others—wife, children, colleagues, friends, etc. As
one becomes older, he becomes less likely to want to
pay the price for new successes. The theorems that I've
proved aren’t going to be much good or as comforting
to me as would be close friends when I'm old and per-
haps infirm.

MP: Having been both a topologist and a statistician,
have you perceived any difference between those in-
volved in these two fields or, more generally, between
those in pure mathematics and those in applied areas?



Robbins: | don't think | can distinguish any behavioral
or personality differences. However, | recall that when
| started out, applied mathematicians were looked
down on by pure mathematicians. If you got a Ph.D.
in mathematics and your professors thought you
weren't really very good, then they'd suggest that you
would do well to get an actuarial job in an insurance
company, or an applied job with an industrial firm. If
you weren't a pure mathematician, you weren't top
drawer.

| remember a well-known mathematician, alive
today, who started out in pure mathematics and then
became interested in probability and statistics. While
talking with him one day—I was quite young at the
time—I asked what he thought was the most impor-
tant work | might do during the next few years in the
field of probability and statistics. To my amazement, he
turned red with emotion and almost pleaded:“Robbins,
the most important thing you can do is to show math-
ematicians that probability theory and mathematical
statistics are really part of mathematics.”| was absolute-
ly dumbfounded. Evidently his former colleagues had
made him feel that he was no longer a member of the
elite when he became involved with probability and
statistics. He had never been able to survive the blow to
his ego that his defection from the realm of pure math-
ematics had caused.

MP: Are there feelings of jealousy and/or competitive-
ness among individuals working on the frontiers of de-
velopments in mathematics?

Robbins: Competitiveness and jealousy seem to belong
more to my generation than to the current one. When
| was young, there was a great deal of it. Young people
now don’t have as much. Although there’s a reasonably
well-defined pecking order, | don't see them motivated
by the same burning desire to be Number One and to
cast discredit on all their competitors. That was quite
common when | was in my 20s and 30s. Maybe because
it's easier now. Mathematics is a way of making a liv-
ing, like selling insurance. When | started out, to be a
mathematician was a rare choice: there weren’t many
jobs, and one had to be prepared to give up certain
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things for the enjoyment of doing mathematics. Today,
of course, mathematicians work everywhere.

MP: s a little bit of competitiveness healthy for those
engaged in research?

Robbins: Competitiveness, as far as I'm concerned, has
an ambiguous quality. Sometimes | think that I'm the
best in the world, since I'm the only one who looks at
things the way | do. So, in this sense, I'm beyond com-
petition. The other feeling is one of total ineptness.
There are many fields of mathematics in which | don't
even know the elements. I've tried to learn them, but |
can’t remember things from one day to the next. These
are fields in which I just fall on my face every time | try. |
can't help being anxious about not really knowing what
others are talking about. | should know these things
because my students have to. Thank God I'm not being
examined!

Mathematical Reflections
and Projections

MP: In what directions is the field of statistics
evolving?

Robbins: Let’s take just the field, called biostatistics, that
deals with the application of statistical methods to hu-
man health and disease. The demand for trained biostat-
isticians is enormous, but there’s absolutely no supply. If
| were given ten million dollars to spend for advancing
science, | could spend it trying to produce one or two
good biostatisticians. Statistical methods that are cur-
rently being used were mostly developed in England
for analyzing such things as agricultural experiments
and industrial processes. Many of these techniques are
being blindly applied to situations for which they are
not adapted. The methodology for handling important
problems in biostatistics does not exist. It's just begin-
ning now; its Newton or Einstein has yet to appear.

MP: How and where can one become trained as a
biostatistician?

Robbins: A mathematically capable student who wants
to become directly involved with problems of human
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welfare, should be doing biostatistics. Unfortunately,
there is very little encouragement to do this, and there
are very few places now to learn biostatistics. A math-
ematics department would never think of advising any-
one to study it. | would like to see a distinguished math-
ematics department in this country tell its students:
“You are very capable and you could have a career in
algebraic geometry, or whatever, but we would like to
encourage you to go into biostatistics.”

MP: Since it's so demanding just to keep abreast of
one’s own field of specialization, is it possible to stay
mathematically literate in general?

Robbins: 1t's harder and harder. | am not totally illiterate
in mathematics. If you're in a university, about the best
you can do now is to go to as many seminars and listen
to as many one-hour lectures as you can, and just hope
that some of it will sink in. But to really keep up with the
literature now is impossible. Even when | was a gradu-
ate student, in the 1930s, it was just barely possible to
have a fairly good idea of most of what was going on.
Maybe then somebody could still have said, “Anything
that’s going on in mathematics is of interest to me and
with a little effort, if necessary, I'll read the latest paper
onit"No more, it's not possible.

MP: |s it better to be a mathematical specialist or a ge-
neralist, and how difficult is it to be either in a meaning-
ful manner”?

Robbins: That's like asking if it's better to be a decath-
lon athlete or a high jumper. You do what'’s best for you.
You do what God has given you the wherewithal to do
it with. If you are pretty good in a lot of things without
being world class in any one of them, you'll find some
field or activity which requires exactly that, and nobody
else will do it as well. No high jumper could win the de-
cathlon. The person finds the problem. You can't decide
what kind of mathematician to be.

Getting Known in Mathematics

MP: How do today’s mathematicians compare with
those of earlier generations?

Robbins: 1 once enunciated a law of human develop-
ment: The total amount of intelligence remains constant
while the population increases exponentially. If you ask
who the great mathematicians of the present day are,
and how they compare with those of 50 years ago, peo-
ple will tell you that we've got so many bright people
now who can do things which nobody could do 50
years ago. | take that with a grain of salt. | don't believe
we've got all these greatly gifted mathematicians and
all these young geniuses. Hilbert is Hilbert, and there
won't be another one like him for some time.

MP: |s there anything society can do to help produce
future Hilberts?

Robbins: There's not much difference between creativ-
ity in music and in mathematics. We have not seen, nor
been able to create, a modern music that compares with
the Baroque, even though millions of dollars are spent
annually on music instruction in the high schools, and
78 Americans have won the international competition
in this, that, and the other thing. What comes out is pe-
destrian and not of much interest. During the Sputnik
era, the country became concerned with its technical
capabilities and we decided to strengthen our scientific
establishment. Mathematics became a national prior-
ity. Everyone was running around reforming math-
ematics instruction, creating the new math, rewrit-
ing textbooks. More student scholarships and faculty
research grants were awarded. There’s no doubt that
the effect of all that was to produce more mathemat-
ics, but I don't know that anything significant came out
of it. It may have produced a lot of utility-grade math-
ematicians who have written lots of mediocre stuff. We
viewed the problem in the same sense as our annual
output of steel. Maybe we're only number three in the
world in annual steel output. Would it do us any good
to be number one? Who cares? The point is that nobody
knows how to produce a Bach or a Newton.

MP: There seems to be a greater publish-or-perish
pressure today than ever before. Has this resulted in an
increased tendency for academicians to jump on new
mathematical bandwagons in order to take advantage
of greater opportunities for publication?



Robbins: Journals have proliferated to the extent that
there’s no real problem in getting published some-
where, although there’s still a distinction between pub-
lishing in refereed and non-refereed journals. Many
published papers are of no real interest or value. I've of-
ten thought that when | become enormously wealthy,
I'll establish the very prestigious Herbert Robbins Prize
in Mathematics. It would have one condition: the recipi-
ent shall never publish another paper. As to mathema-
ticians jumping onto new bandwagons, | believe that
most people place self-aggrandizement and obvious
rewards ahead of duty to the truth, so to speak. | like
to think that when | was young, one did something be-
cause that was what one wanted to do, regardless of
whether anyone paid for it or listened to it. But this is
probably an illusion of age and selective recall.

MP: s it easier to become better known in some fields
of mathematics than in others?

Robbins: In number theory, there are a number of clas-
sical conjectures—Goldbach’s, Fermat’s, etc. Anyone
who makes a contribution to them getsinstantfame be-
cause these are such famous problems—even though
they seem to be somewhat outside the general domain
of mathematics. An affirmative solution of Goldbach’s
conjecture would have no obvious consequences in
any other domain of mathematics, or even in number
theory itself. It's just a glorified champion Rubik’s Cube
puzzle. One could, of course, say: “l proved Goldbach’s
conjecture and that makes me the greatest mathema-
tician of our time! That can be justified in the sense
that some very powerful mathematicians have tried
and failed. It’s like saying that you're the first person to
climb Mt. Everest. There are many conjectures hanging
around—problems that nobody’s been able to prove or
disprove—and they represent standing challenges for
young mathematicians to try their muscles on.

MP: But what about new breakthroughs or discoveries
not rooted in historical precedent?

Robbins: | wasn't able to prove Goldbach’s conjecture,
but | did invent empirical Bayes, stochastic approxi-
mation, and tests of power one. That's something like

Herbert Robbins ° 297

Jerzy Neyman (left) with Robbins.

saying, “I failed to win Wimbledon, but | invented a
new game called clinker ball, and | was the local club
champion when there were only a few others who
played it Personally, | would rather have done some of
the things I've done than some of those other things
which | haven't. In a sense, I'm simply saying that | love
my wife, and I'd rather have married her than some-
body else who might be more famous. To have proved
that mand e are transcendental were great accomplish-
ments. These were outstanding problems, and every-
body knew that anyone who could solve them would
be famous. But, in a sense, nothing much came of it;
nothing was created that wasn't there before. To have
created some important new fields that didn't exist
before doesn’t make me a great mathematician, but it
does contribute significantly to the general progress of
the mathematical sciences.

MP: So, in mathematics, there seem to be two different
types of activities?

Robbins: Yes. One is to find the answers to problems
that have been raised earlier by others, and the other is
to create techniques which will then find the problems
to which they can be applied.

MP: Let's broaden our focus. How are mathemati-
cians regarded by society at large, and how does this
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compare with the public’s view of physical and social
scientists?

Robbins: The public has a terrible fear of mathematics. |
think it's quite real, and it’s not going to be overcome by
restructuring the curriculum or anything else—say, like
painless dentistry. The ability and the desire to think ab-
stractly and rigorously is not generally fostered in our
society. Most people haven't the faintest idea of what
mathematicians do, how they think, or what they con-
tribute to society. Mathematicians are regarded with
a sort of awe that attaches to any scientist—although
we're not really scientists—because we are engaged in
a very elusive form of activity.

What Does It Feel Like to
Be a Mathematician?

MP: How do you feel about being a mathematician?

Robbins: Let me answer your question this way. Most
people acquire a certain expertise, and they work in
fields where their expertise can be used. | don't have
any expertise. If | were a Picasso, | could wake up in the
morning and say:“Well, I think I'll paint a Picasso today.”
And by the end of the day | would have painted a real,
genuine Picasso. Although it may not be one of my best,
it would be another Picasso and it would be discussed
by art critics and sold to collectors, and so on. Another
day, another painting. Now if | get up in the morning
and say, “I think I'll do something in mathematical sta-
tistics,” at the end of the day I've got a wastebasket full
of paper and nothing to show for it. And likewise the
next day, and the next. | cannot do something by will-
ing myself to do it, and what I finally produce is usually
complete junk. I've probably wasted more paper than
any mathematician in the world. | have no idea whether
I'll ever do anything worth talking about for the rest of
my life. I'm not even like a dentist who comes home and
can tell his wife: “Today | did three fillings and two root-
canals, and | saved several people from serious tooth
decay. Now let’s have dinner” What did | do today? |
talked to a few people. | tried to think about something
and it came to nothing. Finally, | found that | was just re-

peating what some other researcher had already done.
The day’s been a total loss.

MP: Doesn't this place a pretty severe burden on one’s
self-esteem and character?

Robbins: Most mathematicians are unable to cope with
this. | see so many who have stopped working, or are
just repeating themselves and basking in former glory.
There are so many ways this emotional deprivation can
get to you—the fact that you're just looking at the inte-
rior of your skull as though you were inside an egg, and
there’s no world except what you see inside. In most
cases, there’s no real contact with humanity, history, or
culture in general.

Teaching and Learning Mathematics

MP: Statements have been made to the effect that the
good researcher who is a good teacher (undergradu-
ate, or even graduate) is the exception. What has been
your experience: are good researchers usually poor
teachers?

Robbins: Good researchers are often poor teachers; bad
researchers are almost always poor teachers. The rea-
son that you have poor teachers is that you have poor
persons: undeveloped, ignorant, intellectually poverty-
stricken individuals who have nothing to offer their stu-
dents except the subject matter itself. They have no joie
de vivre, enthusiasm, or curiosity for learning. They’'d be
poor in any profession.

MP: Do you enjoy teaching? What, in particular, do you
like and/or dislike about teaching?

Robbins: 1like to think that I'm a teacher by profession;
research is what | do for fun. | want to show people what
I've seen, that no one else has seen, so that they can
share it with me. My teaching is like a man struggling
with a bear. You don’t know how it’s going to come out,
the result is not preordained. But that can be very pain-
ful too. Teaching should be like a competition between
two antagonists with the outcome really in doubt. And
yet you don't want it to be a clumsy job. Things are
never settled: every answer raises new questions and
begins a new cycle in the subject.



MP: Have students changed much during your 45-year
teaching career?

Robbins: There seems to be a regression toward medi-
ocrity: lots of fairly good students, but not as many re-
ally bright or as many really dumb students. | don't see
many outstanding, dedicated, obsessed, self-motivated
freaks. Right now everyone wants to get an MBA, or to
get into medical school, or into computer science, or
some other highly remunerative graduate field. When
| went to college in the thirties, not that many people
went on to graduate study to prepare for a job in some
special field. If your parents could afford it, or if you
were very bright and got a scholarship, you went to col-
lege to get an education. | don't want to set myself up
as a critic of today’s youth, comparing them to a Utopia
that | envisage in the past. Nevertheless, | have a feeling
now of teaching in a trade school; | didn’t have the feel-
ing of being a student in a trade school.

MP: People do learn to learn differently, and today’s
youth seem to be getting an increasing diet of televi-
sion, videogames, computers, and other interactive
modes of learning. Will future students find classroom
lectures uninspiring, and textbook or informational
reading unbearably dull?

Robbins: | have three children who spend a lot of time
watching television and damn little time reading books.
| don't know if any of them is going to get into college,
or what kind of college it will be if they do get in. All |
know is that they're a lot different from what | was like.
When | was their age, | used to go down to the pub-
lic library after school, and come home with an armful
of books. I'd read them all before the next day—I must
have read every book in the library. | don't believe that
expertise at computer programming and interactive
this, that, and the other thing is any substitute for the
written word and the human voice. | don’t have a home
computer myself, and I'm not anxious for children to
learn programming at an early age. I'm still hoping they
will learn to read, think, and interact with people rather
than machines. Anyone who reads a newspaper will
see that parents are now being told that computers are
the secret of success. “Send your children to computer
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school on weekends so that they'll get that edge in the
race for success.” We could all be replaced by comput-
ers, I'm sure. This would be advantageous to the effi-
ciency of computations, but it's not the kind of world
that interests me.

MP: Will any important subjects become much easier
or much more difficult to teach in the future because
of changing technology, student intellect, or societal
values?

Robbins: Roughly speaking, this is the same as asking
what will be the world’s record for the 100-meter dash
in the year 2500. | think we've gone about as far as we
can go (maybe someone can shave half a second or so
from the record) unless we mutate into a strikingly dif-
ferent breed. There’s just so much energy and so much
time for training, and that'’s it. The subjects of mathe-
matics? | do not see them, as a result of efforts by some
future Bourbaki, becoming simple and within the grasp
of young children, so to speak, without painstaking in-
troduction, slow step-by-step increments, and histori-
cal approaches. | don't see any reason to believe that
there’s going to be any great simplification or greater
accessibility of mathematical knowledge in the future,
no matter what amount of technology, training, or ma-
chinery is used. Nobody is going to run 100 meters in
five seconds, no matter how much is invested in train-
ing and machines. The same can be said about using
the brain. The human mind is no different now from
what it was five thousand years ago. And when it comes
to mathematics, you must realize that this is the human
mind at an extreme limit of its capacity.

MP: What about rapidly expanding scholarly disciplines
such as mathematics: will more education and gradu-
ate study or training be required of future students who
want to begin a meaningful career in mathematics?

Robbins: | think less is being demanded now than used
to be. You don't have to know any foreign languages,
for example. If someone can write a doctoral thesis,
all other deficiencies will be forgiven, and he'll get his
Ph.D. even if he's never taught and has never convinced
anybody that he knows the difference between math-
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ematics and computer programming. There’s a job mar-
ket out there eager to swallow up such novices. They
don't have to earn Ph.D.s; an M.A. is fine, even a B.A. in
mathematics is fine.

Knowledge and Power

MP: We know that knowledge is power. But power is
also knowledge insofar as prevailing political systems
mold and determine what knowledge is created and
utilized. Should scientists promote the creation and
development of all kinds of knowledge for the sake
of knowledge and the enlightenment of mankind,
or should there be limitations—external or self-im-
posed—to the quest for knowledge?

Robbins: Well, let me mention a remark that J. Robert
Oppenheimer once made. As you know, his attitude
toward the H-bomb changed from being opposed to
being in favor of it. Oppenheimer said that originally he
was opposed to the H-bomb because it served no use-
ful purpose. But once a really clever way of making it
had been proposed, it was so “sweet”—from the point
of view of physics—that it was impossible not to try it.
My blood ran cold when | read that. What kind of en-
terprise were we engaged in when something can be
so technologically attractive that, even though it may
involve the death of millions of people, a scientist must
do it because of its scientific sweetness? One of the
things I'm happy about is that | didn't work on nuclear
weapons. | know many mathematicians who contrib-
uted to producing fission and fusion weapons. I'm glad
| didn’t. But then, nobody asked me to.

MP: What about those who teach mathematical tech-
niques that may be used for destructive purposes?

Robbins: | hope that nothing | do will be used for pur-
poses | don't approve of, but | know perfectly well that
it will. It’s inevitable. There’s nothing | can do about it.
As a teacher, | have become increasingly alienated from
teaching because it gives me so little opportunity to
explain to students that technique is not what it's all
about: the desire to prove theorems is not what made
me go into mathematics; there’s more to life than learn-

ing how to get a Ph.D. I'm trying to tell them that the
world we live in is not what it should be, and that they
should spend most of their time not directly learning
techniques, but rather learning what the world ought
to be like, and how they should act to help make it
so. What worries me is that, in my own student days,
| had the benefit of contact with a very small number
of people whose lives—not written words—influenced
me profoundly. My students know nothing about me
outside the classroom. They have no idea of how | live,
why I'm doing what I'm doing, or what | think about
the world. | feel frustrated. | can't turn my classroom
into a pulpit; I'm in the wrong profession for that. But |
damn well don’t want to teach arc-welding to a bunch
of robots who'll go out and arc-weld everything in sight
for whoever’s paying for it. So, in a sense, | might just
as well admit that I'm not all that different from those
who worked on nuclear weapons, because I'm teaching
techniques to young people without knowing what use
they’'ll make of them, or whether they understand what
it's really all about. And I'm afraid they don't in most
cases. How can | tell them?

MP: Do you feel that scientists have a responsibility to
become involved in issues of social concern?

Robbins: Nobody has the responsibility to extend him-
self into a field beyond his competence. But if you feel
this is something that concerns you, it's your duty to
become involved. Otherwise, you'll be frustrated and
bitter, and the world will be all the poorer. Proving the-
orems should be permitted to anyone. But if you're not
an idiot in the Greek sense of being a private person,
then you'll want to talk to others—scientists and non-
scientists—about issues that concern everybody. And
you will do so. Mathematicians have a very poor track
record in this respect; the one exception being their
participation in issues of human rights. The proportion
of mathematicians defending human rights probably
exceeds their proportion in the sciences as a whole.
Perhaps | should mention that the chairman of the
National Academy of Science’s Committee on Human
Rights is Lipman Bers. In Russia, many mathematicians
try to support the Helsinki Accords.



MP: To what do you attribute this?

Robbins: Part of the reason may be that their original
concern for issues of human rights led them into ca-
reers as mathematicians. People who have a predilec-
tion for resisting abusive social policies will tend to
prefer activities which are not directly useful to their
government’s enactment of these policies. In Russia, for
example, if you wanted to work in the sciences and not
be controlled by the Party apparatus, you'd choose a sci-
ence as far removed from practicality as possible. Pure
mathematics would be a good career choice—in which
case, the State would be more likely to place you at an
institute not directly concerned with military matters.
It seems quite unlikely that algebraic geometry can be
used for military or political purposes. The Soviet Union
can afford to allow very capable mathematicians to do
pure research since they’ll bring credit to the State in
an indirect manner. Most other scientists are directly in-
volved with something that can be used by the State.

Statistics and the Law

MP: Have you ever used your mathematical expertise
in matters of civil importance?

Robbins: During the last ten years, I've become inter-
ested in the applications of probability and statistics to
legal proceedings. Recent developments now make sta-
tistical evidence not only admissible in court, but pre-
ponderant in certain cases. In the past, someone would
file a discrimination suit as an individual, citing direct
anecdotal evidence of being denied fair treatment.
Today, however, one files a legal suit as a member of a
class, and the evidence is the data on how people are
being hired or rewarded as a class. Thus, the evidence
is statistical: although no single individual can be said
to have been maltreated, the class as a whole may have
been found to be treated unfairly.

A really serious problem that emerges is due to
the fact our purely scientific statistical apparatus is
not really well adapted for legal proceedings: statisti-
cal tools created for quality control in the chemical
industry must not be misapplied in deciding issues of
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discrimination. This problem is exacerbated by the use
of computer programs, since one can feed numbers
into a computer and then interpret the output any way
one wishes. Calling something evidence of discrimina-
tion doesn't really make it such. Imagine how difficult
it must be for a judge and jury to interpret this type of
evidence. As a consultant in legal matters, | find over
and over again that “evidence”—results based on put-
ting numbers into formulas and computer programs—
is being misrepresented and totally perverted by statis-
tical “experts.”

MP: |s there anything you still want to accomplish?

Robbins: 1'd give up my next five papers to write a good
string quartet, but I've never been able to. In fact, | don't
seem to have any choice in the matter. Sometimes,
maybe at 2 am., I'm awakened by a feeling of someone
knocking: “Hey Herb, you've been to the movies, you've
taken your kids to the beach, and you've socialized
with the neighbors. Now let’s get back to business. You
never really figured out what went on in this problem,
and you don't even remember where you left it. But |
remember, so please get up. We've got some work to

R. A. Fisher (right) with Robbins at Chapel Hill, North
Carolina, 1950.
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do! Finally, | get up and start working, feeling as if I've
been Cinderella at the ball and, now that midnight has
struck, I've got to go back to cleaning up my mathemat-
ical house. After all, that's what I'm for. The last few years
of my career have been unusual—I've actually gone
back to working on empirical Bayes and stochastic ap-
proximation after a thirty-year hiatus. | feel that | didn’t
do quite as much as | should have, and no one else has
done them justice. Once | give them another push in
the right direction, I'll be able to relax and not worry
about them.

MP: Albert Schweitzer once said that the great secret of
success is to go through life “as a man who never gets
used up.” At age 67 and still going strong (more than 18
publications in the last five years), what's your secret for
not getting used up?

Robbins: The one thing | must express is my great for-
tune in having found some wonderful young people
to collaborate with. They've helped prolong my math-
ematical work far beyond what it would have been in
isolation. Of course I'm not doing pure, abstract, pos-
tulate-theorem-proof mathematics. I'm involved with

the mathematics that relates to the mysterious and
fascinating phenomena of chance that | see around
me. I'm trying to create methods for looking at the real
world, and I'm better able to do this now than when
| was young because | know more about the world
and its problems. I'm trying now to solve some math-
ematical problems that I've been thinking about for 50
years.

Perhaps the real difficulty in answering your
question stems from the fact that you're interviewing a
sixteen-year-old kid who happens to be inhabiting the
body of a sixty-seven-year-old man. You're looking at
the body, but I'm afraid you're listening to the kid.

Postscript

Robbins retired from Columbia University shortly af-
ter this interview and continued his career at Rutgers
University till 1997.1n 1991 he was honored at the Joint
Mathematics Meetingsin Baltimore by the Mathematical
Association of America, an occasion marking the 50th
anniversary of the publication of What Is Mathematics?
He died in Princeton in 2001.






Raymond Smullyan

Autobiographical Essay



have had a remarkably diverse and interesting se-

quence of careers. | was born in 1919 in Far Rockaway,
New York, a place that I intensely loved and still mourn-
fully miss! My two main childhood interests were sci-
ence and music. My closest friend was my neighbor,
Bernard Horowitz, who went on to become an inventor
with several hundred patents to his credit. | was also a
grade school classmate of the famous Nobel Laureate
Richard Feynman.

As for my science interests, | built radios and also
put up a long wire from my house to Bernard’s house,
and we used to communicate telegraph signals to each
other. But my main scientific activity was in chemistry. |
had my own lab in one of the attic bathrooms. Starting
with a mere chemistry set, | soon added far more chem-
icals and glassware. | was given several chemicals by a
resident chemist, which reminds me of a very puzzling
thing: He told me that he had once washed his hands
in 100% concentrated sulfuric acid, and since there was
no moisture present, it was perfectly safe. His argu-
ment was that without moisture, there could not be any
ionization. Well, that is certainly true, but is ionization
really necessary for dehydration? To this day, | do not
know the answer! Can some of you chemists who read
this help me out? Should | believe what he told me?

As for music, my parents expected me to be a
musician. My father, though a businessman, graduated
from the University of Antwerp. He lived most of his
early life in Belgium and also played the violin.

My father played the violin, and my mother
played the piano. She was also a painter and an excel-
lent Shakespearean actress.

As she told me in later years, the first sign she had
of my musicality was when | was two months old. | was
in a baby carriage out in the open one spring day, and
birds were singing. She told me, “You listened carefully
and then sang back the identical notes! The pitch was
perfect!”

At the age of four, | had somehow learned the
names of the notes on the piano (perhaps my older
brother Emile had taught me). One day, | surprised
my mother by suddenly playing the beginning of “My
Country 'Tis of Thee!” She smiled and said, “Let’s play
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a little game. You turn your back to the piano and I'll
strike some notes. See if you can tell what they are”
And so, it was discovered that | had absolute pitch.

| indeed had an excellent sense of absolute pitch

in my childhood, which unfortunately has been gradu-



306 ° Mathematical People

B L

Smullyan at age 11 playing for Lucky in Far Rockaway.

ally fading as | grow older. Today, | pretty much hear
each note about three half-tones higher than it really
is. lunderstand that as one gets older, the shape of the
inner ear changes and the same note hits a different
nerve in later life than it does in earlier life. Not every-
one suffers this way, but some do, like the famous pia-
nist, Alicia de Larrocha (so | once read).

My childhood music studies were with
Victor Huttenlocher, piano, and his brother Ronald
Huttenlocher, violin. In 1930 | entered the piano com-
petition of the New York Music Week Association and
was very disappointed in winning only the second
prize, which was a silver medal. Being the persistent

kid | was, | entered again the next year, and this time
came out on top, winning the gold medal.

My general persistence was manifest at a quite
early age. When | was threeg, | liked to sit on my grandfa-
ther’s lap and play with the smoke rings he would blow.
On one occasion, | was sitting on his lap, and | wanted
him to smoke, so | kept saying, “Moke! Moke!” He sim-
ply did not feel like smoking at the time, so to distract
me, he told me a long, long story. | sat perfectly quiet,
patiently listening to the story, and as soon as it was
over, | said, “Moke!”

In my childhood days, not having anything like
television around, we were far more active than most
children today! | used to love to build things. In ad-
dition to radios and a telegraph system, | built a one-
string violin out of a cigar box, having read instructions
from Grolier's excellent Book of Knowledge. In many
ways, | preferred that violin to my regular one! | re-
ally had much fun with it. I also built a hang glider that
didn’t work. We also built a canoe, and the first time
we took it out to sea, it toppled over, plunging us into
the cold water. The trouble was that we hadn’t known
that one should put lead on the keel! Incidentally, this
event took place on a Sunday, just two days before the
Tuesday | was to play in the second piano competition.
| got up really early and while my parents were still
asleep, | sneaked out of the house and with my friend
carried the canoe down to the beach. When my parents
found out about it, they thought | was crazy taking such
a risk just before the competition. However, it didn't
stop me from winning!

The Fair Sex

Ever since | can remember, | have been extremely fond
of girls. My friend Bernard used to tease me by telling
our friends that as a baby, the first word | ever uttered
was “girl” In grade school, | was often sent to the prin-
cipal’s office. Why? For kissing girls! (I recently told this
to a friend who said: “l don't think that these visits to
the principal changed you very much!”)

In my grade school days, | loved to (and still love
to) show off, particularly to girls. You see, | do not be-
lieve that showing off is necessarily bad; it all depends



on the quality of what is shown. If one has something
of value to show, then showing off is beneficial to all
concerned; otherwise it is a complete bore. Anyway,
in those days, | was an avid tree-climber. Once while
climbing a tree in front of several girls, | said, “I'm the
best tree-climber around here!” As | said that, | fell to
the ground! (A perfect and most literal case of pride
coming before a fall.)

Logic Puzzles

Even in my childhood, | was fond of logic puzzles. | re-
call that when | was very young, someone told me the
following cute story: A certain man lived in the country
but had to go to the city for a couple of weeks and told
his butler to forward his mail. Well, after he was in the
city for a few days, he phoned his butler and told him
that he had received no mail. “What's wrong?” he asked,
“Didn’t any mail come into my mail box?” The butler
replied, “Yes, there is plenty of mail in the box but unfor-
tunately you took the key with you, and | can't open the
box!” The man replied, “Oh, don’t worry. I'll mail you the
key in the morning” (This is a good puzzle for young
children, to see if they can figure why the man’s plan
was no good.)

I recall that once when we had company, there was
a very heated argument about a popular problem at the
time. The remarkable thing about this problem is that
most people get the wrong answer but, despite all argu-
ments, insist that they are right. The problem: A man
was looking at a portrait. Someone asked him whose
portrait he was looking at. The main replied, “Brothers
and sisters have | none, but this man’s father is my fa-
ther’s son!” Whose picture was the man looking at?

My introduction to logical paradoxes at the age of
six happened this way: | was sick in bed with grippe or
flu, or something, on April Fool’s day. In the morning,
my elder brother Emile (ten years my senior) came in
and said, “Today is April Fool’s day, and | will fool you
today as you have never been fooled before!” Well, |

' Double cousins in the sense that their father was my father’s
brother, and also, their mother was my mother’s sister. Thus,
two brothers married two sisters.

Raymond Smullyan ° 307

waited all day long for him to fool me, but he didn't.
When night came and just before | went to sleep, he
came into my room and said: “I didn't fool you, did 17" |
replied, “No.”

“But you expected me to, didn’t you?”

“Yes!

“Then you didn’t get what you expected, did
you?”

“No.

“So | fooled you, didn't I?”

Well, I lay in bed a long time wondering whether
| had really been fooled. If | wasn't fooled, then | didn’t
get what | expected, which means that | was fooled. On
the other hand, if | was fooled, then | did get what | ex-
pected, hence in what sense was | then fooled? So, was
| fooled or wasn't 1? A good paradox!

New York

Shortly after | graduated from grade school, the
Depression forced my family to give up our lovely home
in Far Rockaway and move to the City, where | started
high school. To this day, | deeply regret not having
gone to the high school in Far Rockaway where | would
have been with my friends. Although | played the vio-
lin in the high-school orchestra, | pretty much gave up
the violin then in favor of the piano, which | studied for
several years with Grace Hofheimer, a remarkable musi-
cian! During my high-school years, | saw a great deal of
my two double cousins,' Arthur and Robert Smullyan,
and their friends, all of whom have had a major influ-
ence in my life. They were all in college, and some were
in medical school. They were really a remarkably intel-
ligent and highly cultured bunch. Curiously enough, |
had no friends of my own age at the time. All of my
older friends were passionate music lovers and many of
our evenings together were spent in listening to classi-
cal music records.

Every Friday after school, | went for dinner at the
home of Robert and Arthur’s parents—my dear Aunt
Clara (my mother’s sister) and my dear Uncle Albert (my
father’s brother). Very often, friends would drop in af-
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Left to right: Uncle Albert, Robert, Isidore (father), Gladys, Aunt Clara, Raymond, Arthur, and Rosina (mother).

ter dinner. | very often went for dinner again the next
day, and sometimes even on the following Sunday. My
cousin Robby, four years my senior, taught himself to
play the piano (he played the prelude of the Bach sec-
ond English Suite) and was, at the time, an art student
at CCNY. He would often spend the evening painting
while we were all listening to music. He later became a
professional painter and art dealer under the name of
Robert Sloan.

High-School Days Continued

Getting back to my high-school days, let me tell you
more about the circle of friends | met through my

cousins, Arthur and Robby. Now in those days al-
most every house had a piano and my cousins’ house
was no exception. | find it most deplorable that ra-
dios and TV sets have now replaced pianos in homes.
In my early days, just about every family had at least
one member who could play, and | have heard many
an amateur play far more beautifully than many a
professional!

Retrograde Analysis and
Other Chess Topics

Chess was a significant part of my life in those days, and
| used to play frequently with Arthur and sometimes



with a friend, Wally. Although | was not a particularly
good player, | started composing chess problems—
both direct mates and self-mates. Once when | showed
one of my problems to Arthur, he said: “Now, if | were to
compose a chess problem it would be a different sort. |
would make a problem in which one must deduce what
has happened in the past history of the game.” | don't
know where Arthur ever got the idea, but | thought it
an excellent one, and when | got home, | straightaway
composed my first problem in what is known as retro-
grade analysis.

In retrograde analysis, one is to deduce from a
given position some key facts in the past history of the
game. For example, | constructed one position in which
on one square rested a penny instead of a piece, and the
problem was to deduce what piece it must be. (It is not
assume that either side played well, only that each side
played legally.) | was sixteen years old when | composed
this problem, and | have never yet surpassed it. (Itis the
problem “Mystery of the Missing Piece,” published in my
book, Chess Mysteries of Sherlock Holmes, p. 29.)

Speaking of variants of chess, | believe it was |
who originally invented monochromatic chess, in which
a piece may never move from a square of one color to
a square of the other color (and similar restrictions on
checking the King). | have long suspected that in this
game, White may have a certain win, although | have
not been able to prove it.

Another variant of chess, called “Chess Prime,
was thought of by the mathematician Irving Kaplansky
and is like ordinary chess, except that at any stage,
either side is allowed to decline to make a move. As
Kaplansky told me, “there is only one theorem | know
about Chess Prime, and that is that Black has no certain
win.!” Kaplansky was right! What is the proof? The proof
is both simple and cute. (If Black had a certain win, then
White could pass on the first move and effectively be-
come Black.)

Mathematics

In high school, | fell totally in love with mathematics
when | took geometry. My teachers in both semesters
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Left to right: Emile, Gladys, Rosina (mother) and Raymond.

were excellent, and we used a simple text that followed
Euclid quite closely. This was my first experience with
full-blown deductive reasoning, and | was most im-
pressed! Today’s textbooks are horrors by comparison!
| believe the main cause of today’s education crisis in
mathematics is not the teachers, but the textbooks.
If I had gone to virtually any of today’s high schools, |
would never have gone into mathematics, but would
have hated it! Today, mathematics textbooks are about
five times the size of the books in my day, about twen-
ty times as expensive, and are enough to turn anyone
away from this gorgeous subject. They mix up alge-
bra and geometry in one single book, and the entire
deductive structure of geometry is completely lost.
But the books make lots of money, and I'm afraid that
the textbook lobby is about as powerful as the gun
lobby!

Anyway, after studying geometry, | was unde-
cided as to whether | should make mathematics or
music my primary career. Apart from my courses in
geometry, physics, and chemistry, | was quite dissatis-
fied with my high-school studies. | soon dropped out
and studied mathematics on my own—analytic geom-
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etry, calculus, and modern higher algebra—particularly
group theory and Galois theory, since | was extremely
curious to know why equations of degree five or higher
could not be solved by radicals. (I understand from my
friend Bernard Horowitz, who went to high school with
Richard Feynmann, that Feynmann also studied higher
mathematics on his own at the time.) | never did get a
high-school diploma, but got into college by taking the
College Board exams.

At about this time, my cousin Arthur got me in-
terested in mathematical logic, and | sat in on a course
Arthur was taking at Columbia University given by
Ernest Nagel. | made an interesting discovery at the
time, which | thought was original, but later discov-
ered was published earlier. (For those familiar with
the subject, | independently discovered Boolean
rings.)

| spent one of my high-school years at the
Cambridge High and Latin School, and my English
teacher, Miss Butler, was a highly cultured yet most
narrowly conventional lady. She once paid me a high
compliment, which she hardly intended! It happened
this way: In those days, | was an ardent admirer of
Bertrand Russell. | once gave a Russell book to my
mother to read and to my delight she said, “He reminds
me of you!” Well, in Miss Butler’s class, we one day had
to hand in an essay, and | wrote a particularly radical
one. She returned the paper with the comment: “Your
English is good, but your thinking is confused! Please
come to my office and see me!” Well, | went to her of-
fice and we spent our time discussing various authors.
| asked her what she thought of Bertrand Russell. She
angrily replied: “He’s like you! He's confused!” Boy, | felt
good!

In my Cambridge high-school days, | lived with my
brother Emile and his wife. Emile was then getting his
doctorate in sociology at Harvard. He is also an econo-
mist. | recall an amusing incident when his wife asked
him how a certain chain of restaurants could afford to
sell such an excellent portion of apple pie for only 15
cents. Emile replied, “"Actually, they lose half a cent on
each piece, but they sell so many that they make up for
it” Yes, he had a great sense of humor!

Truth Tables and Acting

Soon after my high-school days, | went to a small col-
lege in Oregon and met Bernhard Abramowitsch, a
well-known pianist in the Bay Area of San Francisco.
After hearing me play, he offered me a scholarship, so |
came down to San Francisco to study with him. | spent
ayear, in San Francisco and in nearby Berkeley, auditing
some courses. The first half of the year | spent mainly
with Abramowitsch, living in his house. He was usually
up earlier in the morning, and | would awaken to the
sound of him playing those gorgeous Schubert sonatas!
He introduced me to Schubert, and | have since played
mainly Schubert and Bach. The second half of the year
| spent in Berkeley, though | would stay with Bernhard
back in San Francisco on most weekends. My time in
Berkeley was unusually rich and interesting. The two
main courses | audited at Berkeley were modern higher
algebra and mathematical logic. (For those familiar
with the field of mathematical logic, | made another
discovery—this time, a more significant one. | showed
how to convert any truth-table analysis of a tautology
into a formal proof of it in Principia Mathematica.)

| proudly showed this to the professor and was
sorely disappointed when he told me that it was cor-
rect but not publishable because it probably would
not be of much interest to logicians. Well, he was right
in that it was not publishable, but he was right for the
wrong reasons! The result certainly is of interest to logi-
cians, but the trouble was that it had been published
two years earlier by the logician, Emil Post! This was my
second mathematical disappointment.

My musical life at this time was quite interesting.
| gave a public performance of the Beethoven Pastoral
Sonata. | met and became a close friend of Leon
Kirchner, then a composition student and now a very
famous composer. He has an excellent sense of humor,
and the two of us acted together in a public perfor-
mance of the comedy Petticoat Fever. He was the hero
and | was the pompous British lord. It was great fun! To
emphasize our mischievousness at the time, we, in the
course of the performance, often put in our own lines,
which had nothing to do with the play!



At the end of the year, | returned to New York,
lived with my parents and neither held a job nor went
to school, and was considered a sort of “bum.” Once at
a party, when someone asked what | was doing these
days, | replied, “I'm waiting for the meek to inherit the
earth!”

Actually, despite all appearances, my life was
far from empty in those days: For one thing, | contin-
ued my independent study of modern abstract alge-
bra. Secondly, | composed a great number of chess
problems, which were all published many years later
in various books and newspapers. Thirdly, these were
the years in which | learned much of my magic, which
| used many years later as a professional magician.
During those years, | also saw a lot of Leon Kirchner and
his friend, the composer Earl Kim.

At the age of 24, | decided to reform and go back
to school, choosing the University of Wisconsin for two
reasons: First, | wanted to study modern algebra with
an algebraist there whose book | had read. Secondly,
| had two friends who had graduated from Wisconsin
and gave me glowing reports.

At Wisconsin, | took graduate courses in mathe-
matics, although | was only a freshman, a fact that great-
ly disturbed the administration, which didn’t know what
the hell to make of me! At the same time, | had the won-
derful experience of studying piano with the eminent
pianist Gunnar Johansen. He evidently thought highly
of me, because he once told a colleague, “When that boy
sits down to play, it is sheer beauty!” Also, near the end
of my music studies with him he said, “I now have no
hesitation in telling you that | expect you to become one
of our important artists.” Alas, that was not to be, since
several years later | developed tendonitis in my right
arm, which made a full concert career pretty much out
of the question. | will return to this later. | had difficulty
obtaining a scholarship, due to the erratic nature of my
studies at the time. My grades were good, but a mere
freshman specializing so early in graduate mathematics
and not taking the usual freshman courses? Johansen,
when informed of my difficulty, told me, “Don’t worry;
if you don't get a scholarship, I'll pay for your tuition
myself” Fortunately, this proved unnecessary, since my
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scholarship finally did come through, but to this day, |
cannot get over Johansen’s remarkable kindness!

The high point of my musical life at Wisconsin was
being chosento play the Beethoven First Piano Concerto
with the university orchestra conducted by Carl Bricken
and that got a really rave review. Shortly after, | accom-
panied a violist in a radio performance, and soon after
that | had my first musical job as an accompanist to the
cellist, Ernest Friedlander, then of the Pro-Art Quartet.
About the same time | had the good fortune of meeting
and playing for the eminent musician, Madame Nadia
Boulanger, who after hearing me play a Scarlatti sonata
exclaimed: “Oh, you are a natural-born musician!”

Now, | must tell you something very ironic: The
only courses | ever failed in high school and college
were all in music! In high school, | took the required
music appreciation course and at one point, the teach-
er asked whether any of us could accompany a student
who was about to sing. | raised my hand and said: “I
can. At least, | think I can/”

| then did so and the teacher then said, “He is a
genius! Won't you play us a solo?” | did so, and the
teacher subsequently invited me several times to her
house, where we played four hands. Then at the end
of the semester, she gave me an F for reasons | cannot
understand to this day! Also, after playing the violin for
a semester in the high-school orchestra, the professor
who conducted the orchestra also gave me an F! When
| asked him, “Didn’t you like my playing?” He surprised
me by saying, “Oh no; you play very welll” So why did he
fail me? Istill don't know!

Then at Wisconsin, after my highly successful pia-
no performance with the orchestra, the conductor who
had raved to many about my playing gave me a grade of
F at the end of the semester. What was the matter with
me?

Here is a related and kind of amusing incident: In
the mathematics department | took a course in differ-
ential equations with a very eminent mathematician.
After | took the final exam, he came to me the following
day and said, “Smullyan, | have not yet decided whether
| should give you an A or a B. Please come to my office
tomorrow where | will ask you some questions in cal-
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culus” Well, | was a bit nervous, since | had never had
a formal course in calculus. All | knew of the subject
was what | had learned on my own. The next day, to
my surprise, | answered all his questions correctly. To
my further surprise, he said: “Since you answered all my
questions correctly, | give you a B Completely puzzled,
| asked him why. He then explained: “Because you
knew more mathematics before you took my course
than | thought you did. If you had known less, | would
have given you an A. You see, | am from Poland where
the sentence imposed for a crime is directly propor-
tional to the education of the criminal. For example, if
a doctor and laborer both commit the same crime the
doctor will get a much stiffer sentence, since he should
have known better. Later, | though: “How ironic! If
| had known how his mind works, | could have an-
swered some of his questions incorrectly, and would
have gotten an A instead of a B!” (Several years later, |
met the mathematician again and reminded him of the
incident. He said, “l must have been crazy!”)

Logical Positivism

After three semesters at Wisconsin, | transferred to the
University of Chicago where, in addition to my cours-
es in mathematics, | took several courses in philoso-
phy with the eminent logician and logical positivist,
Rudolph Carnap.

A word about logical positivism: This doctrine
regards as meaningless any statement that is incapable
of verification or refutation. For example, consider the
question of when you and | see the same red light. Do
we have the same color sensation? The logical positivist
would call that question meaningless, since there is ab-
solutely no way of verifying whether our sensations are
the same or different. Almost all of metaphysics goes
out of the window according to logical positivism.

As another example, consider what Leibniz con-
sidered the fundamental philosophical question: Why is
there something instead of nothing? Logical positivism
would rule out that question as meaningless. Do you?
I sure as hell don't! | have always regarded logical posi-
tivism as ridiculous! Sure, they give a precise definition
of “meaningful” that renders most metaphysical ques-

tions meaningless according to their definition. The trou-
ble is that their definition of meaning simply does not
correspond to what is commonly meant by the word.

Once, in a humorous mood, | defined a logical
positivist as one who rejects as meaningless anything
that he cannot understand. | must now tell you of a
very amusing incident: A few miles from where | live
in Elka Park, New York, there is an inn where the walls
of the dining room are filled with philosophical books.
When | asked the owner how come she had all those
philosophy books, she replied that her ex-husband was
a philosopher and had left her his library. “He was a log-
ical positivist,” she continued, “and it was logical positiv-
ism that broke up our marriage!” In amazement, | asked
how that could be. “Because,” she replied, “whatever
| said, he told me was meaningless!”

Symbolic Logic and Theses

My aversion to logical positivism did not at all affect
my relation to Carnap, since | only took his technical
courses in things like mathematical logic, syntax, and
semantics, in addition to a seminar on syntax and se-
mantics. | learned a great deal from him. He helped
my mathematical career enormously, as you will
see.

In two of the courses | took from him | was delin-
quent in turning in term papers, so he rightfully gave
me an incomplete in both courses. Some time later,
| wrote up both papers. When | visited him in Princeton
at the Institute for Advanced Study, | told him that
| had written two excellent term papers, which | would
soon send him. Going home, | felt a little guilty at hav-
ing used the word “excellent” to describe my own work!
But a few days later, | was reassured when | got both
papers with the grades of A in both, and with the com-
ment: “Excellent! Your self-evaluation was correct. To
me, those papers were A+, but to the Registrar, no such
subtle distinctions are possible. And so, | have written
to the Registrar to change your Incompletes to A's.” He
also added on one of the papers: “I think you should
seriously consider writing this up for publication in the
Journal of Symbolic Logic! | did so and several years



later this became my first published paper, and it con-
stituted the beginning of my Ph.D. thesis. Several years
later, when he was away, | wrote him asking whether he
would give me a recommendation, and he wrote back:
“Of course | will. You know that | think highly of your
abilities and will help you where | can’”

On Carnap’s 60th birthday, my friend Stanley
Tennenbaum (who was also attending Carnap’s course)
and | arranged a birthday party for him at Stanley’s
house. | played the piano for him, upon which he said:
“If I could play like that, | wouldn’t do philosophy at all; |
would be playing twelve hours a day!”

Later, we all went to Carnap’s house and | did sev-
eral magic tricks for him and his wife. After one of them,
he said, “Oh, no! That’s impossible! | didn’t think that
this could happen in any possible world, let alone this
onel!”

Modesty

Good God, aren't you readers shocked at this point by
my lack of modesty relating all these good things about
myself? | am reminded of a story of Frank Lloyd Wright,
who was testifying in court about some matter or oth-
er. The judge asked him, “You are an architect, are you
not?”

Wright replied: “It is not correct to say | am an ar-
chitect. | am the world’s greatest architect!”

After leaving court, a friend who had been there
and who was taken aback by Wright's apparent lack
of modesty, asked him why he had claimed to be the
world’s greatest architect. Wright replied, “I had to! |
swore to tell the truth.”

[ am also reminded of Mark Twain’s remark: “I was
born modest, but it didn't last long.” On another oc-
casion, Mark Twain was at a banquet and feeling very
tired. When he got up to speak, he rose quite slowly
and said: “Homer is dead, Shakespeare is dead, and |
am none too well”

No, like Mark Twain, | make no claim to modes-
ty! Indeed, | don't respect modesty. | respect neither
conceit, nor modesty; | respect objectivity. | try to be
objective about myself, but my account is admittedly
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Smullyan the performer, ca. 1945.

one-sided in that I tell you all the good things about
myself, but none of the bad things, because | am far too
ashamed of the bad things to make them public! And
so, dear reader, whether you approve of this or not, |
will continue to tell you good things about myself, but
none of the bad things. So be it!

Magical Days

Back to my Chicago days. While going to school | sup-
ported myself as a magician! | did close-up magic work-
ing evenings at night clubs, entertaining at tables and
working only for tips. | also entertained at private par-
ties, and | enjoyed that life very much. | worked at sev-
eral places, most notably the celebrated Pump Room
in the Ambassador East Hotel and the Porterhouse
Room in the Hotel Sherman. The latter room had a
southwestern décor, and | first came there dressed up
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as an American Indian and called myself Chief Mishugi
(mishuga is the Jewish word for crazy). Soon after |
changed to the more successful role of a Mississippi
gambler and called myself Five Ace Merrill. (Merrill is ac-
tually my middle name.) When spectators particularly
appreciated a trick of mine, | could use the gag, “And if
you think I'm good, you should see my brother, Six Ace
Merrill!”

| really had lots of fun, and today | sometimes
long to be a magician again. In fact, when | go into a
restaurant these days, | can hardly resist going to a table
and entertaining the diners just for the fun of it!

There are many incidents | could tell you about
my life as a magician in Chicago, but | will be content
with but a few: At one table, a single man was seated
smoking a pipe. He was the most blasé person | had
ever met! None of my tricks got the slightest rise out
of him; he just kept smoking his pipe without saying a
word. | made my tricks better and better, all to no avail.
Finally, when | did my most spectacular trick, he angrily
took the pipe out of his mouth, slammed the table with
his fist and yelled, “It’s a trick!”

One customer offered me a job working for a
well-known gambler who owned a gambling house
in Las Vegas. The job was to counter-cheat; that is, to
cheat back cheaters. When told that, of course, when
one works for that particular gambler, one never
works for anyone else. That was enough to scare me
offl

Teaching Mathematics

Returning to my Chicago days again after this long
ramble, | worked as a magician while also on the faculty
of Roosevelt College, teaching piano. Thus, curiously
enough, my first college teaching position was not in
mathematics, but in music.

Then out of the blue, | received an offer from
Dartmouth College to be an instructor in mathematics
for a year. How could this be? The faculty at Dartmouth
were almost all Ph.D.s, and | didn't even have a bache-
lor's degree—in fact, not even a high-school diploma.
So, how come | got this weird offer? It was because

Young Professor Smullyan.

Carnap was a friend of the mathematics chairman and
recommended me as “a brilliant mathematician from
Chicago” My teaching was quite successful, and they
kept me on for a second year. They would have kept
me on longer, but | decided to go back to graduate
school. What happened was that after my first year at
Dartmouth, the University of Chicago gave me a bache-
lor's degree by giving me credit for courses | had never
taken, but had taught at Dartmouth. The mathemat-
ics faculty figured that since | had successfully taught
these courses, surely | should know them! Actually,
there was a big fight between the faculty and the ad-
ministration about this. The administration thought
that | should not be given a degree under these non-
standard circumstances, whereas the faculty believed |
should. Fortunately, the faculty won.

During those two years, | frequently drove down
to Cambridge, Massachusetts, and saw a great deal of
Marvin and Gloria Minsky; in fact, | spent one entire
summer with them. | recall one incident that reveals
Marvin in a light not always recognized. We were all



having dinner at the house and at one point Marvin was
feeding the dog under the table. Gloria said, “Marvin, is
she supposed to be fed under the table?”

Marvin replied, “No.”
“Then, why are you feeding her under the table?”
“Oh, because she’s such a nice little doggie!”

On another occasion, a recently graduated math-
ematician came to Dartmouth to apply for a teaching
position. The chairman asked him how he liked teach-
ing. To everyone’s surprise, he answered, “I've never
done any, but | don’t think I'd like it”"

Later, at a faculty meeting, we were all wonder-
ing why the applicant had said that. McCarthy then
said, “Oh, he probably dislikes lying even more than
teaching/”

| recall another amusing incident at Dartmouth:
One night we were grading the freshman calculus ex-
ams. One of the faculty said to the chairman, “Here is
one paper in which the student had the right answer
but crossed it out. What should | do?” The chairman,
with his typical sense of humor, replied, “Obviously, you
should give him a ten and cross it out.”

Back to School

Back to my own life. | left Dartmouth, after two years,
to enter graduate school in Princeton, and got my Ph.D.
in mathematics three years later (1959). My specialty is
mathematical logic.

Coming back to my Princeton days, after two
years, | passed the general exams and was appointed
an instructor. During my third year, | wrote my Ph.D.
dissertation at the same time that | taught. At the end
of the third year, | took my last examination and passed.
Right after that, some fellow graduate students asked
me, “Do you now want us to call you ‘Doctor’?” |, who
have never taken titles seriously, could not refrain from
drawing myself up stiffly and sternly saying, “l want you
to call me field marshal”

| taught a second year at Princeton and then
taught at several other universities. At one point | was
invited to give some lectures at the University of Texas
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at Austin, where | was being considered for an appoint-
ment. | was interviewed by several departmental chair-
men, all but one of whom treated me with courtesy and
respect. But one chairman seemed quite hostile to me
as soon as we met and almost immediately after said
to me in an angry tone: “What evidence do | have that
you're a good teacher? Now look, | don’t want anyone
involved in their egocentric research; | want people
who can teach! How do | know you are a good teacher?

Lecturing at Amherst College in 2002.
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| don't want any egocentric researchers! Now, you see
that certificate on the wall over there? That proves that
lam a good teacher!”

| could not but inwardly smile at the man’s incred-
ible egocentricity, but what | told him was that with me,
teaching and research have always been thoroughly
integrated. One of my main research interests is find-
ing simpler and more elegant proofs of various results,
and this, of course, is most useful in teaching. As one
graduate student told me, she particularly loved an ad-
vanced course | had given, largely because it was obvi-
ous to her that | was doing research on the topics | was
teaching.

Smullyan at work.

Incidentally, | know that | am known to be an
exceptionally good teacher, though some of my more
unorthodox methods have been a source of exaspera-
tion to some of my colleagues, particularly the fact that
I am an unusually easy grader. | am far more interested
in getting a student to love a subject than to learn a
lot about it, though in pursuing this ideal, the student
usually does learn a lot! | love the little-known saying of
Confucius about education: “To learn is not as good as
to love!” | wish more educators would realize that the
only valid discipline of a subject comes from the stu-
dent’s interest in it; it should not come from any other
source. My policy is to teach the student as much as
possible and to require from him or her as little as pos-
sible. | was particularly gratified when a student once
told me:“Professor Smullyan, | am puzzled! You seem to
demand nothing from us. You don't insist on our doing
our homework. We all know that you are a most easy
grader, yet many others have told me that they have
never worked so hard in any course in their lives! | am
one of them.”

My method of grading elementary courses is
surely unorthodox but, | believe, has been very suc-
cessful. | encourage lots of class participation and soon
get to know the quality of each student. At the end of
the semester, instead of giving a final exam, | interview
each student separately and ask him or her to tell me
honestly what grade he thinks he deserves. | explain
that | have already made my estimate of the appropri-
ate grade, and the rule will be this: If our two estimates
are the same, that’s it. If his estimate is lower than mine,
then | give him the higher of the two estimates. If his
estimate is higher than mine, then we discuss the mat-
ter further (and we usually compromise with some in-
termediate grade). Now what'’s interesting is that in the
majority of cases, our estimates have been identical.
Still more interesting is that in almost all cases in which
our estimates were different, the student’s estimate was
lower than mine!

| have taught groups ranging from remedial stu-
dents to advanced graduate students. My experience
teaching remedial students was really an eye opener!
For example, many of the students were surprised to



learn that when an object was divided into two equal
parts, each part was half of the whole! Also, | once
asked a class, if seven inches are cut off of a piece of
string a hundred inches long, how much is left? To my
surprise, they couldn’t get it. When | told them that the
answer was ninety-three, one of them said: “Oh, you get
that by subtraction!” The amazing thing is that if | had
asked them how much is one hundred minus seven,
they would have gotten it, but they had no idea of how
subtraction applied to the physical world!

To these students, | always tried to emphasize
how mathematics was related to common sense. As an
amusing example: When | once gave an exam in alge-
bra, | gave a typical problem involving finding the ages
of a mother, father and child. | told the class, “For this
problem, I'll give you a hint” All eyes turned to me ea-
gerly. I said,”If the child should turn out to be older than
either parent, then you've done something wrong.”

| often present material in novel ways. Forexample,
to explain the Pythagorean theorem, | draw a right trian-
gle on the board and draw squares on the hypotenuse
and sides and tell the students, “Imagine these three
squares are made of valuable gold leaf and that you are
given the option of taking either the one big square or
the two little ones; which would you choose?” Usually
about half the class opts for the one big square and half
for the two smaller ones, and both groups are equally
amazed when | prove that it makes no difference!

To those students who have to take exams, let me
give the following advice: Never spend any time at all
on any one question, as this will take time away from
the others!

| once did give an exam in freshman calculus, and
some of my questions, though ingenious, were perhaps
a bit too difficult. To my amusement, one of the stu-
dents looked up at me and said, “Proud of yourself?”

Once | was proctoring an exam given by another
teacher. My purpose was to see that no one was cheat-
ing. | said to the class, “Will you give me your word
of honor that you won't cheat if | give you mine that |
won't report you if you do?”

Incidentally, if you wish to cheat on exams,
| have a good suggestion of how to do so. One per-
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son simply gets up and yells out all the answers, and
this will be so obvious that nobody will ever suspect
anything!

| love the story of an examination in which at one
point the proctor said, “The examination is closed. Stop
writing!” Well, one boy wrote for 30 seconds longer, and
when he took his paper to the desk, all the other papers
had been handed in. The proctor said: “I can't accept
your paper; you cheated! You wrote overtime.” The boy
drew himself up stiffly and in a proud voice said, “Do
you know who | am? The proctor replied, “No.” The boy
said, “Good!” and stuck his paper in the stack of papers
and quickly walked away.

Hobbies and Horsing Around

Back to my own life. In addition to my writing, teaching,
lecturing,“magicking,”piano playing and generally hors-
ing around, | have had many fascinating hobbies. In my
high-school days, | made telescopes and observed the
heavenly bodies. | first used long-focus eyeglass lens-
es as objectives, and later | brought many war-supply
achromats for objectives. Then, | joined the Amateur
Astronomers Association at the American Museum of
Natural History. There | ground and polished and fig-
ured a six-inch mirror and | soon got accepted into the
Optical Division. |then gotinterested in stereo photog-
raphy, and using a Stereo Realist camera, made a lovely
collection of stereo slides of one of my European trips.
Later on, | became interest in a larger format—60 mm.
| have constructed about thirty odd viewers for stereo
slides that are optically far superior to any that are com-
mercially available (though they are mechanically not
as refined), and | have published an article about them
in the publication Stereoscopy.

In one state of my life, | collected many used books
at relatively low cost. Indeed, | picked up at a library a
copy of Kant's Critique of Pure Reason for 5 cents. When
| told this to a logician, he told me, “I think you grossly
overpaid!” (Are you familiar with Mark Twain’s defini-
tion of a good library? According to him, a good library
doesn't have to have any books. All that's required is
that it has no books by Jane Austen.)
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Smullyan offers photographic proof that his eyes twinkle.

| am also an avid collector of LP records and
have built cabinets to house them. My latest hobby
has been hi-fi audio stereo. | have put together six hi-
fi systems in my house, the most interesting of which
is in my upstairs study and uses 40 speakers. Yes, 40
speakers! Expensive? Not at all. They are used speak-
ers purchased at yard sales and Salvation Army stores.
Individually, most of them are not all that good, but
blended together in the right way, the results are re-
markable! For example, if one speaker has too much
treble and one has too much bass, if the two are blend-
ed together, they may sound just right.

Generally, in large groups of speakers, errors of
various ones tend to cancel each other out. How does
one blend 40 speakers together? Well, look at it this
way: The average speaker has an impedance of 8 ohms.
Put two of them in series, and the combination has an
impedance of 16 ohms. Now, put together two others
in series of another 16-ohm combination. Then, if these
two pairs are put together in parallel, we are back to 8
ohmes. Thus, four 8-ohm speakers can be put in a series-
parallel combination and will then function as a single
8-ohm speaker. One can similarly put four such four-
somes into a parallel-series combination and then have
16 speakers acting like one 8-ohm speaker. Indeed, |
could have used only one amplifier to drive all 40 speak-
ers without any more strain than if it had driven just two
8-ohm speakers, but | prefer to divide my speakers into
four groups and use four amplifiers, one for each group,
because each group has its own tonal characteristics.
Then | have control over the individual volumes of each
of the groups and blend them together in a variety of
ways. Hi-fi experts who have heard my system have
marveled at the quality of sound. | thought that my
idea was original, until | heard that there is a commer-
cial system available that used 60 speakers. However,
this commercial system sells for eight thousand dollars!
My set of speakers costs me a little over $300.

Joking Around

Before when | said “horsing around,”| was thinking part-
ly of the various pranks | have played in my life—par-
ticularly in my student days. My favorite one was when
| would have a date and ask the girl if she believed it to
be possible to kiss a girl without touching her. When
she said it was obviously not, | would bet her that |
could. When she bet me that | couldn’t, | would ask her
to close her eyes and would then give her a kiss and
say, “l lose!” (I like that so much better than the grade
school joke of saying: “l bet | can punch you without
hurting you)

A significant variant of this joke occurred in my
third year as a graduate student at Princeton. | fre-
quently visited New York in those days, and | met a



Taking it easy for a change.

charming lady musician who directed an excellent mu-
sic school. On our first date, | asked her to do me a favor.
| was to make a statement and asked her to give me
her autograph if the statement were true. She saw no
reason why not. | then said, “If my statement is false,
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then you agree not to give me your autograph.” She as-
sented. And so the idea was that a true statement gets
an autograph and a false statement does not. Well, |
then made a statement such that to keep our agree-
ment, she had to give me, not her autograph, but a
kiss! What statement would work? (One statement that
would work is: “You'll give me neither an autograph nor
a kiss!” That statement must be false, so she must kiss
me.)

Next, instead of collecting the kiss, | suggested
that we play double-or-nothing, to which she agreed.
She soon owed me two kisses, then four, then eight,
and things kept doubling and doubling and escalating
and escalating. The end result? We got married! We
have now been married for 43 years.

This memoirisan abridgement of Somelnteresting
Memories: A Paradoxical Life, published by Thinkers
Press, Inc., Davenport, lowa, 2002. (Copyright Raymond
Smullyan, reproduced with permission.)

Postscript

Since retiring from Indiana University in 1992, Smullyan
has written seven books of which five are popular and
two are scholarly. He also has had more time to indulge
his abiding interest in the piano.
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was born in Olmdtz, then in the Austro-Hungarian

Empire; it is now called Olomouc, in Czechoslovakia.
My parents had a good marriage. My father was a very
interesting man, very active, very creative. He was an
industrial chemist, but also a journalist who wrote for
newspapers. We were three children, with three years
between us, myself the middle child. My father was
most anxious that we should have a good education.
We were expected to do well in school and to have
a profound sense of duty all around. He wanted very
much that we should seek careers connected with the
arts, but we all took to science.

My mother was a country girl. She was rather be-
wildered about our studies and compared herself to a
mother hen who had been made to hatch duck eggs
and then felt terrified on seeing her offspring swim-
ming in a pond. She was not an educated woman, but
she was intelligent and practical. She had a mind of her
own. She was able to manage the household with three
little children during my father’s many absences in far-
away countries where he did consulting work (outside
of World War I). She was a rather quiet lady. She was
educated to be a housewife and she made a nice home
for all of us. Some evenings when | did not fall asleep
readily | heard my parents in the kitchen making a late
supper for themselves and the relaxed tone of their
voices made me feel good. In some ways she was less
old-fashioned than my father. The idea of us children
using our education later to earn our living seemed all
right to her, but not to him.

Shortly before | reached the age of three, my par-
ents moved to Vienna. There we stayed until about the
middle of World War |, and then we moved to Linz in
Upper Austria when my father accepted a position as
director of a vinegar factory there. | had started school
in Vienna, and as was customary in Europe then, | had
no training whatsoever in reading, writing, or count-
ing before | started school. However, the teachers were
very experienced, and somehow, at the end of the first
school year | could read as well as all children could at
this age. Our grades were given as 1, 2, 3, 4, 5, with 1
the top grade. | do not think that | ever received any-
thing lower than 2, but | was not a Lauter Einser Kind—a
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child who gets only grade 1—as my older sister was. It
did not seem to worry me. My best subjects were gram-
mar and essay writing. (German grammar is not easy!)
Apparently | did not always make grade 1 in Rechnen
(this really means computing; the word mathematics
was reserved for much older pupils). | conclude this be-
cause | remember vividly our teacher in Rechnen men-
tioning to me in the corridor that she could now give
me grade 1 in Rechnen. However, | did not recall any
particular achievement, nor did it particularly excite
me apart from the fact that | could point to it in my re-
port card and please our father. This was still in Vienna.
By the time we moved to Linz, it was established that |
was doing well in Rechnen. In Vienna, | had started to
compose on my own—Ilike many children at that time,
we had private music lessons. When we moved to Linz,
| started—again entirely on my own—to write poems
whenever some event stirred me very much. This habit
comes back to me to this day.

Life in Linz was harsh. First of all, there was the
war, and the climate is rougher than in Vienna. The peo-
ple are somehow heavier than the Viennese—in any
case they are different. They can, however, be very kind
when they get to know you. Food during the war years
was slightly more plentiful in Linz, though still very
scarce. In Vienna we were often near starvation; anoth-
er piece of bread was a serious problem. Lining up for
small pieces of food kept the family busy day and night.
Even my younger sister had to take part in it at times.
There was no university in Linz at that time—in fact,
there was none until quite recently. Because of the lack
of a university, the schools tried very hard to create an
intellectual atmosphere by having high-school teach-
ers giving popular or semi-popular lectures on various
subjects. | hardly missed any of these. In those days, in
a country with only a few universities, most Ph.D.s be-
came high-school teachers. There they were safe from
the danger of having to go in for the agonizing job of
doing another piece of creative research, and could still
lead truly fulfilling lives through the subject they had
chosen. In the countries in Europe with which | am ac-
quainted, a high-school teacher is a highly respected
person, partially due to the fact that he or she has to
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go through an arduous training, sometimes exceeding
the work for a Ph.D. However, Vienna had incomparably
more intellectual events going on, and of course, there
was the big university there. A town without a univer-
sity just is not the same thing.

Coming from a big city like Vienna into a small
one like Linz, where we lived for several years in the last
house on the edge of town with open spaces behind us,
was a big change for me. | enjoyed the novelty of this
change. In winter we were only a few steps from the
snow-covered fields and meadows. In spring we could
roll in the grass and watch the wild flowers. The hills
could be reached by an easy walk.

My growing ability in mathematics must have
been observed by my father, for he seemed to select me
for mathematically related chores. One of them arose
out of his work in the vinegar factory. The workmen had
to send quantities of vinegar to the local grocers at an
acidity level conforming to the law. The vinegar pro-
duced in the factory exceeds this level and hence wa-
ter can be added. Sometimes several types of vinegar
are mixed in addition to the water. The workmen had a
pretty good idea of the proportions in question, but my
father challenged me to work this out. This leads to a
diophantine equation to be solved in positive integers.
| apparently managed this all right and produced a little
table with colored pencil entries which was posted up
in the relevant room.

Another chore | was given at a very early age was
to rearrange my father’s magazines after he had upset
their chronological ordering when searching for back
numbers. My method for doing this coincided with the
routine of the relevant computer program. To this day |
have the habit of ordering the periodicals in libraries if |
find them out of order.

|, however, kept my main interest in grammar and
essays for a bit longer. This was particularly encouraged
by a rather older girl, the sister of one of my classmates.
This girl, too, wrote poetry and had heard about my at-
tempts. It meant a lot to me to have an older girl as my
friend, particularly when | was slowly becoming more
serious about my studies, my self-education, and my
responsibilities.

My older sister had, of course, at all times a great
influence on me, though maybe not too much at that
particular time. Three years of difference in age be-
tween sisters means nothing later, but a girl of fourteen
is a lot younger than a girl of seventeen. By the time
| reached the age of sixteen, my sister had become a
student at the university of Vienna. She commuted be-
tween home and Vienna and | did not see too much
of her, although she brought me a gift every time she
came home—usually a book—and these books were
very much to my liking.

When we were children, my older sister talked to
me about many things while | talked rather little to ei-
ther on the whole. While | did help my younger sister
at school and even later, in my childhood | stuck more
to the older one, which | suppose is natural since she
was more interesting. | was told that the younger one
wept when | started school. This seems to indicate that
| had spent quite a bit of time with her. My older sis-
ter is an extremely capable person in almost anything
she tries. She is also very strong. She is also very kind to
people. Since | left home rather early, going to Zrich,
Gottingen, later Bryn Mawr, Great Britain, and then
got married, my contacts with the family got weaker,
though they are very strong to this day. Since we are all
females and grew up in long-ago days, we should be
expected to have had a good training in housewifely
duties. Well, this was not the case. My father did not
really want this very much. However, we all had to do
quite a lot of housework. After all, we were children dur-
ing the harsh times of World War | and its aftermath in
a poverty-stricken country. Housework, including cook-
ing, comes hard to me. | am by nature very clumsy and
not practical. But | have always done my share. Both
my sisters were far more practical for it, particularly my
younger sister. But as soon as they grew up they refused
it with a stubbornness that cannot easily be matched.
Maybe they are wiser! My younger sister got a degree
in pharmacy and later held a research position at the
Cornell Medical School in New York Hospital. My older
sister is an industrial chemist who took over my father’s
work. She is now a much-sought consultant to many
factories and a pioneer in the exploitation of the jojoba



plant, gradually adding new and more modern ideas
to it.

Another person who played an important part in
my life in Linz was Resa. She was the wife of one of my
father’s bosses at the vinegar factory. The factory was
actually more than a vinegar factory; they also made
jams, soft drinks, and related items there. It was owned
by an elderly man and his four sons, one of whom was
Resa’s husband. Resa was an elegant lady who came
from Vienna and was most unhappy about living in a
provincial town. She was interested in literature. She
would have loved to have had a high-school education
before marriage, but this was not yet possible in her
generation for a girl. She was somehow jealous of my
older sister. But when she met me she took to me at
once and made no secret of this, maybe subconsciously
to make my sister jealous. It was decided between my
family and her that | was to give her young daughter
lessons in mathematics, an absolutely hopeless task.
However, | went to Resa every Saturday afternoon and
spent a considerable time there, maybe more than |
could afford. Resa’s husband was only too pleased to
have found a friend for his wife, for she was very lonely,
having lost her friends in Vienna. Nobody seemed to
notice that the little daughter made little progress in
mathematics. Although Resa’s husband was very well-
to-do | had strict orders from my father not to accept
a penny of payment for my tuition there, an order |
obeyed even after he had gone. However, Resa gave
me very expensive books of high quality—books about
which we had heard in school, but barely dreamt of pos-
sessing. So there developed quite a friendship between
Resa’s family and all of us which lasted for quite a long
time. Resa took a great interest in my future. | had to tell
her about my teachers and | was often amazed when
she reminded me years, even decades, later of certain
incidents. Of course, my contacts with her became less
and less over the years.

At the age of 14, | transferred to the high school
(called Mittelschule) and at the age of 15 to the
Gymnasium. There we learned Latin, a fact about which
| was initially very proud. There was only one school to
choose from for girls. Not much later, when my inter-
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ests changed rather abruptly, | would have given a lot
could I have interchanged eight hours per week of Latin
for the same amount of any branch of science or math-
ematics. However, initially | was very pleased with the
challenge of grammar in this language and made out
exceedingly well in it.

The war had come to an end in the meantime, but
the shortages remained. Furthermore, having lost the
war, the previously prosperous country plunged into a
state of poverty that was to remain until quite recently.
| remember the head of my school asking the children
to come to the gymnasium, the largest room, and he in-
formed us of what had happened. He then handed over
to each of us a small book. This contained among other
items the story about a man whose house had burned
down during the night. In the morning the neighbors
observed him searching through the rubble. He told
them he was searching for his axe to build a new house,
saying the old one was not so good anyhow. This made
quite an impression on me.

In time, the worst scars of the war faded away.
Food suppliesimproved almost daily. My family became
citizens of Czechoslovakia overnight. It seemed strange
to belong to a country that had just been born, a coun-
try with great resources, beautiful mountains, beautiful
old cities, and great ambitions, only | had hardly ever
lived in it. | myself had changed from a skinny, rather
miserable looking child into a taller and slightly heavier
girl. In school | was now doing very well, but | spent a
good bit of time on my self-education. While | tried to
read any books that came my way, the realization that
the greatest wisdom was not to be gained by reading
books struck me suddenly. | felt that scientific experi-
ments provided an almost unlimited insight, even if
used in a limited way at a given time. Science to me
meant almost any scientific subject, but above all as-
tronomy. Mathematics, too, came to me at that time
as an experimental subject, for | started to study the
laws of the integers computationally. Gradually it be-
came clear to me that the latter was to be my subject.
However, | had no idea what that meant. First of all, |
was fully conscious that the fact that | was doing well
at school had nothing to do with it. The work at school
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was really not that difficult if one applied oneself to it,
but it was so uninteresting that you could not wish to
apply yourself. | felt there was another mathematics.

| later found that the yearning for and the satis-
faction gained from mathematical insight brings the
subject near to art. While talent is undoubtedly needed
by itself, it does not always make a person a mathema-
tician. Yet most people who go into mathematics do
it because they know they are good at it. When their
talent slowly declines they find themselves occasion-
ally quite lost. This happens to some people at an early
age. But what are they to do then? As G. H. Hardy said
in“A Mathematician’s Apology,” mathematicians are not
good at anything else. So, many of these people take up
administrative work, thinking this is the solution. This
can work out well if the person in question uses the
power of such a job to help others who feel they want
to go on. R. Courant was such a person. He worshipped
devoted mathematicians and helped them in any way
he could. However, there is also the other kind. They are
the people who work their frustrations out. In my long
and complicated life | have been under the influence of
both types and | know what | am saying.

When | say that mathematics is at times linked to
the arts, | am not the only person to say this. Many po-
ets have expressed tremendous admiration for math-
ematics. | suppose the best known example is Novalis.
Anatole France said that poetry was more important
than mathematics, but his saying that shows that he
applied his mind to mathematics.

Like many other children we had private lessonsin
music. Our father also took us to many concerts. He also
made us do a lot of drawings. | myself found the music
lessons very arduous, but | was very ambitious about
them. My teacher even suggested a career in music for
me. This would have been very wrong! | did however
compose; this came easily to me. | also wrote poems
without anybody asking me to do it. It came naturally
and the poems were not bad. However, as soon as my
interest in science and in mathematics awakened | saw
this alone as a career, as my profession. No dreams of
receiving honors had anything to do with it. Absolutely
none!

Careers for women before World War | were, as
far as | can remember, primarily as teachers in girls’
schools, secretaries, shop assistants, domestic service,
nurses, dressmakers, and things of that sort. All this
was changed greatly during the war and it never went
back to the way it had been, though some of the posi-
tions acquired during the war years went back to men
afterwards. | remember very well that in the buses and
trams, the fares were collected by women and even the
drivers were occasionally women. All secretaries were
now women. They had a sort of uniform: skirt and well-
ironed white blouse. Nurses were given very intense
training, including university courses, and their profes-
sion became highly respected. Women teachers had to
have a far greater training than was required before—
even Ph.D.s in the better high schools. The schools ex-
pected the girl pupils to be very serious; cosmetics and
hairdos were practically forbidden.

| hoped that | would make it into a university job
eventually. In any case, | had at all times considered my-
self a teacher, and | have in fact done a great deal of
teaching in my life in one form or another, starting at
the age of 15 when | gave tuition in chemistry to a class-
mate and even earned my first pay that way. My father
did not want me to be paid, but my teacher insisted,
“No pay, no tuition.” My father wanted me to help the
girl merely out of friendliness. He was embarrassed at
the thought that | should be paid. | myself welcomed
the thought of the challenge to do the work since | felt
up to it, and furthermore, | was quite pleased about the
thought of earning money at such an early age (four-
teen and a half). Later | did quite a lot of tutoring and
my father withdrew his objections; on the contrary, it
gave him a good feeling that | should be able to earn
so much.

| had my first experience with creative research
while still at school. At that time the government ruled
(the government regulates all teaching in Austria) that
the pupils in their final year were to write an essay in
any subject they wished, on a topic of their own choice.
limmediately decided to declare that my subject was to
be mathematics. But | had no idea what | would be writ-
ing on. | defied the advice of several older people who



tried to tell me that in spite of my dreams, all | knew was
homework questions. This was true; however, when the
date for submitting the essay came, | had written an es-
say entitled “From the binomial to the polynomial theo-
rem. It described Pascal pyramids of all dimensions, in-
stead of the Pascal triangle, and other work connected
with binomial coefficients. This gave me a great deal of
confidence.

Although my life between the ages of 15 and 17
was very busy, it was rather pleasant. This was partly be-
cause my father was able to return to the life he had led
before the war; namely, working as an industrial con-
sultant to firms in many countries. The war had stopped
travel to foreign countries entirely. He had developed a
number of chemical processes, some of which are still
being used, with his name known to the users. After the
war, he changed his contract with the vinegar factory
to allow him to go on these trips whenever he wished.
This made him very happy. On returning from a consult-
ing trip, he went back to the factory, and it may have
been that he strained himself too much in this way, for
without any apparent illness he seemed to go downhill
in strength. Added to this was the fact that he suffered
an injury in a train accident. During the last year of his
life, my mother insisted that my older sister, already a
student at the University of Vienna, accompany him
on these trips. In this way she learned much from him
and was, in fact, able to take over his work later, adding
many new ideas. It was remarkable that such a young
person could, in those days, make such difficult trips
and arduous assignments on her own. But she was al-
ways a very strong and most able personality.

We lost Father in the middle of my last year at
school and felt exceedingly grieved and lost. Although
my father had not left us without savings, we had no in-
come whatsoever. With a feeling of anxiety, | increased
my tutoring activities to the utmost, and, in addition,
took on a contract with the vinegar factory. | had ob-
served some of my father’s activities there, not realizing
that | would have to carry them out myself someday. |
earned a good bit more that way than | had expected at
that age. Worn out with grief and responsibilities dur-
ing the last years, the top pupil in my class, with the
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final examinations—the so-called Matura—in front of
me, all this was no small matter. However, my teach-
ers were my friends; the people at the factory, particu-
larly the workmen, were my friends; and this helped a
good bit.

| worked all through the summer after school was
over, but was burdened by the fact that my future in
mathematics was at stake. Although my earnings were
not trivial, they were not more than extended pocket
money, and my tasks at the factory were not interesting.
| surely deserved better. Further, my family thought that
I would do better to study chemistry, and to join up with
my sister. In any case, what was | to do with mathemat-
ics? There did not seem a prosperous future in it. And all
this was true. | spent the whole summer worrying. One
day | met a lady, a friend of my family, who had heard
of my dreams. She was decades older and mentioned

Olga Taussky-Todd, 1939.
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that she too had hoped to study mathematics. That was
more than | could take. In a flash, | saw myself decades
older saying exactly the same words to a young wom-
an. It seemed unbearable. | cannot say that this created
the final decision. However, when the summer was over
it was decided to let me begin studies in mathematics
at the University of Vienna, taking also a major in chem-
istry, a truly wonderful subject. Eventually, my sister did
very well, making trips all over Europe, later to the U.S.,
and even to India and Egypt. | did not seem to be need-
ed. So | dropped the chemistry—but my younger sister
returned to the family subject later.

With all this past on my shoulders, | entered the
university a very worn out, grief-stricken young person,
hoping to prove that my decision had not been wrong.
There could hardly be a more serious, hardworking,
thrifty person.

University Days

When | entered the university in the fall of 1925, | had
no idea what it meant to study mathematics. | did, of
course, plan to work hard. Although | did not expect
to fail, | had no idea how | would compare to my col-
leagues. But that was my least worry. | had come to
study and not to engage in a competition. Whenever
a high-school student enters the university there are
two problems waiting. First, is one really as good as
one was made to believe by one’s high-school teach-
ers? And second, (this concerned mainly the continent
of Europe, and may not be quite so painful nowadays)
how was one to manage with complete freedom from
the supervision that had regulated one’s education up
to a short time ago? That was particularly difficult for
me, coming from a little provincial town, with no friends
or colleagues in Vienna.

In those days, when you entered the university
you were given two little books; the smaller one was
an identity card with your picture in it and a student
had to carry it all the time. This was because students
might take part in political demonstrations. The second
one recorded the courses you had registered for. There
was a minimum of hours you had to take. However, no-

body bothered whether you attended these courses.
Nevertheless, you had to obtain the signature from the
teacher at the start and at the end of the semester. If
you had registered for eight semesters you could pres-
ent a thesis, and if this thesis was found worthy by two
professors, you could ask to be examined by two math-
ematics teachers, one teacher in a minor subject, and
two philosophy teachers. The latter included psycholo-
gists, since their subject was then counted as philoso-
phy. In principle, nobody cared what you did during
the eight semesters. No credits were required for the
courses. However, if you wanted to reduce the tuition
fees, you could make the teachers give you a voluntary
examination on their courses, a heavy chore for these
teachers! In practice very few students were able to pro-
duce a thesis without having worked with and received
a problem from some teacher. On the other hand, the
teachers were anxious to have thesis students. The pro-
fessors also had the colossal task of examining candi-
dates for positions in high schools, where a doctorate
was not always requested. This examination is called the
Lehramtspriifung in Austria and it leads to what is called
the Diplom in Germany. High-school teachers in Great
Britain and the United States would shiver if they knew
what was involved in these countries. One could not be
trained solely in mathematics or physics; to be qualified
to teach either of those subjects, one had to be exam-
ined in both subjects and had to take chemistry as a
minor as well. For example, my high-school mathemat-
ics teacher was trained as a physicist—he did his thesis
in physics, as well as writing an essay in mathematics.
Students training to be teachers had to take courses
in some other subjects, too. Credits for performance
in seminars and labs were obligatory. Essays in the two
major subjects had to be submitted, though in the case
of a Ph.D. candidate, the thesis could be used for one
of the subjects. After all these and some pedagogical
credits, the student was given several written examina-
tions, and if these were satisfactory, an oral one.

| was very fortunate on entering the university in
knowing right away who my teacher would be. | knew
what my main subject was, and for this there was a
unique choice, Philip Furtwéngler, a famous number



theoretician from Germany. | suppose he was the top
of the mathematics department. He had no academic
training as a number theoretician. He had started off
with geodesy' during World War |, and studied Hilbert’s
work in class field theory on his own. He proved—and
in a few cases disproved—Hilbert’s conjectures in this
field, but he never met Hilbert personally. He was near-
ing the age of 60 and could walk only with a cane and
the support of two people, though he had been an ath-
lete when he was younger. He could not write at the
blackboard, so somebody had to do this for him. In my
later student years, | took on some of this work, which
was quite a challenging task. His lectures had to be well
prepared under these circumstances.

He ran a big Ph.D. school, finding problems on all
levels for everybody. | suppose that his best students
were O. Schreier, E. Hlawka, W. Groebner, H. Mann, and
A. Scholz. The students did not always see much of
Furtwangler. This was particularly bad during my first
year of thesis work. Furtwdngler traveled to the mathe-
matical institute by taxi, was then guided to the lecture
room by two people, and stayed there for two or three
hours. He also spent some time in his office and a long
line would form outside of this office, mainly of thesis
students, waiting to see him. When your turn came you
were not given much time. Occasionally, Furtwédngler
saw students in his apartment in the suburbs of Vienna.
After you had completed your studies he welcomed
even unexpected visits, mainly because his ill health
made him feel isolated. But he cut his teaching duties
quite frequently, particularly when the streets were icy.

He gave an introductory course in number theory
in my first year, which | was very pleased with. In my
second year he treated algebraic number theory in a
two-hours-a-week seminar without homework, and
even included some of his work in class field theory.
At the end of that year | called on him and asked if |
could write a thesis in number theory. He immediate-
ly decided it was to be in class field theory. This was a
great honor. This decision had an enormous influence
on my whole future, in a positive, but also in a negative

! At one time his determination of geodesy was the best.
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way. From the positive angle, it helped my career, for
there were only a very few people working in this still
not fully understood subject. It was definitely a prestige
subject. It led to my appointment in Géttingen as one
of the editors of Hilbert’s collected works in number
theory and made me a known number theoretician at
an early age. With my need to enter the job market as
early as possible, that was very beneficial. On the other
hand, | had a very tough time as a thesis student. | had
no colleagues whatsoever and hardly saw my teacher,
who for quite a while did not direct me towards a spe-
cific problem. He had had a girl student in class field
theory previously, but she developed TB and spent sev-
eral years in Switzerland. She finally returned to Vienna,
asked Furtwangler for an easy subject, and wrote a the-
sis in almost no time.

While | was struggling by myself with the differ-
ent literature, E. Artin had developed a most ingenious
method for translating one of the then still unsolved
major problems, the principal ideal theorem, into a
statement on finite non-Abelian groups. Furtwangler
did actually tell me alittle about this, but without expla-
nations, and made me almost desperate. In the mean-
time, he proved Artin’s group theoretic statement to
be true and hence solved the principal ideal theorem.
This was a tremendous achievement, but the world of
mathematics was not very grateful, and considered his
proof as ugly. In fact, they had little admiration for his
earlier pioneering work either. In spite of my grievances
against him as a teacher, | feel that his work deserved
better credit. | have now been a Ph.D. teacher for many
years and none of my students is being treated the way
Furtwéngler made me suffer. Of course, usually stu-
dents go through a period of frustration, but | do not let
them go through what had happened to me.

However, after his success Furtwangler became
a bit more humane and announced that he now had
plenty of problems, by applying Artin's method to oth-
er questions. Unfortunately, that was not the case. This
particular set of problems is still very tough. Artin called
them hopeless problems.The problem that Furtwangler
assigned to me then concerned odd prime numbers.
He had already solved it for the prime number 2 but did
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not show this to me. He knew that it would be different
for the odd ones. After some struggle, | did indeed solve
it for 3. While trying to generalize it for prime numbers
larger than 3, | made an unexpected discovery that
helped me to pay my teacher back a little for his mean-
ness. | found that every prime number p behaves differ-
ently, and actually it all depended on p — 2. Since this
is 0 for 2, this number appears an exception, but can
actually be fitted into the general picture. In any case,
my results showed that the problem was not a very at-
tractive one. Furtwangler left the whole subject from
then on and devoted himself to geometry of numbers. |
was left with achievements in finite group theory rather
than in number theory, and they were p-groups, one of
the toughest areas of group theory. In Germany there
were great teachers, like Artin, Schur, Hasse. They also
were more modern than poor sick Furtwangler, who
was much more isolated. It would have been wonderful
to be their student, but | am nevertheless grateful for
what | did after all learn from Furtwéangler.

| recall that at the height of my desperation over
my thesis problem, one of the Privatdozents, Walter
Mayer, asked me how | was getting on. | mentioned
that | saw no progress. To this he replied, “Remember
that you are not married to Furtwéngler” | understood
this. He was in search of thesis students and would
have gladly given me a problem and helped me with
it. But his subject was n-dimensional differential geom-
etry—he became an assistant of Einstein later—and |
was married to number theory.

Mayer was also one of the little mathemat-
ics crowd that met in the Cafe Herrenhof. Actually he
was the one who introduced me there. He had private
means; among other sources of income he owned a
cafe near the mathematical institute. But he very much
wanted to be a professor. He did not care very much
for Professor Hans Hahn and even less for Hahn's young
protégé, Karl Menger. He aired his feelings quite loudly
in front of students and | did not quite approve of this.
In order to gain some sympathy from the established
professors, and also simply to be useful to the depart-
ment, he offered himself as assistant to Hahn. Hahn
handed over to him the preparation of student lectures

in Hahn's seminar. Hahn insisted that these lectures
were to be rehearsed by an assistant so that they were
reasonably sound. In my third year, at the beginning of
the semester, they had not yet found a victim for the
first lecture in Hahn's seminar. Someone suggested me
to Mayer for this. So Mayer worked with me and the lec-
tures turned out well. So a slight friendship developed.
Although his subject—n-dimensional differential ge-
ometry—was not in my line, | registered for his course,
but would actually have liked to leave it. This was quite
impossible since he would have been left with only two
students. Before the end of the semester | did leave af-
ter all because | was overworked. He never forgave me
that.

When | was still in Vienna we heard that Einstein
was looking for a mathematical assistant to work on dif-
ferential geometry. | think Mayer’s name was suggested
to Einstein by some of the former Viennese mathemati-
cians settled in Berlin at that time. Mayer was ideally suit-
ed for this and made out very well. Einstein took Mayer
with him to Princeton. | think after some time Mayer did
not work there any longer as assistant, but on his own.
When still in Vienna he had started to work on algebraic
topology, in Princeton he worked on Lie groups, at least

Olga Taussky-Todd with Kurt Godel in the early thirties.



at the time when | met him there in 1934-1935 during
my visits from Bryn Mawr. After that, the next time | saw
him was in 1947-1948 when | worked in Washington,
when we spent some time in Princeton working with
von Neumann. He was already rather ill then, and died
not very much later.

In my first year at the university | took courses in
chemistry, as mentioned earlier, but also in astronomy,
hoping to make it the subject of my minor. However,
the two professors in astronomy, Oppenheimer and
Hepperger, seemed so eager to catch students that |
feared they would not let me treat the subject as a mi-
norand so | withdrew fromitin my second year. Another
subject | included was philosophy of mathematics. | at-
tended a course by Schlick, then one of his seminars,
and even later the meetings of one of his private circles.
He ran an even more esoteric circle to which | could later
have been admitted, but by that time | had withdrawn
from these studies in order to spend more time on my
mathematical pursuits. Like Bertrand Russell, Schlick
and his followers combined philosophy with science
and mathematics. This is again very much in the lime-
light because of the achievements of Gédel, who was a
student of Schlick and a member of the same seminars
which | attended, though he had his academic home in
the mathematics department. He had taken his Ph.D. in
mathematics, and he became a Privatdozent in mathe-
matics several years later. He knew a great deal of math-
ematics and you could talk to him about any branch
of mathematics. If you asked him a definite question
which required some mathematical manipulation, he
would write it down in logic symbols. He was an enor-
mously gifted scholar; discussing any subject with him
was a rare intellectual pleasure. | feel flattered by the
fact that he spoke to me frequently. | am not surprised
that Einstein valued him.

When Godel had arrived at his most famous result
concerning undecidability, Hilbert, on one side, ignored
it, and Zermelo, on the other side, claimed that he had
known this anyhow and that it was not very impressive.
(At least this is what | heard.) Zermelo was apparently
a rather frustrated man who had some justified griev-
ances (the details of which | never found out about). He
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did not wish to meet Godel when these two scholars at-
tended the same congress. Some people had planned
a lunch in an inn on top of a small mountain and | was
invited. Some friends of Zermelo were in the group and
they thought he ought to meet Godel. But Zermelo
had mistaken somebody else for Gédel and replied he
could not speak to somebody with such a stupid face.
Well, the misunderstanding was explained to Zermelo.
But then he said there would not be enough food if we
also invited Godel. Finally he said climbing the moun-
tain would be too much for him. Finally, Gédel, who
knew nothing of all this, was somehow introduced to
Zermelo. And then a miracle happened almost instan-
taneously. Only seconds later the two scholars were en-
gaged in deep contemplations and Zermelo walked up
the mountain without even knowing that he did it!

Philosophy of science and mathematics is a sub-
ject much cultivated now and linked to many branches
of pure mathematics, but this was not the case then.
Wittgenstein was the idol of the Wiener Kreis, the name
of this particular group in Vienna. | never saw him there,
but his famous book, the Tractatus, was used to settle
all disputes, as the last authority. The Wiener Kreis was
a mini-association. | was probably the youngest in age
there and | did not associate myself with it for the pur-
pose of working in it, but in the expectation of using
their ideas to further my mathematical work. This did
not work out for me then. Hence | left it. It was only
much later that logic was used to prove mathematical
theorems, notably by Abraham Robinson. The Wiener
Kreis was concerned, if | understand it correctly, with
continuing the development of a language for science
and mathematics. It differs from other movements of
this kind by stressing science. It was a successor of the
Mach Verein (Mach Club). Mach was a scientist and phi-
losopher, but not a mathematician. | understand that
Schlick was the founder of the Wiener Kreis and that,
while Wittgenstein and his Tractatus seemed to me the
idol of the group (it was a changing group), they really
wanted to improve on him somehow.

Among my other teachers were Wirtinger, an ex-
pert on algebraic functions, and Hans Hahn, of Hahn-
Banach fame. He himself considered his characteriza-
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tion of Streckenbild his best achievement. Unfortunately,
hardly anybody knows nowadays what a Streckenbild
is, but his name is not forgotten. Then there was Karl
Menger, the son of thefamous economist. He was Hahn's
student and pride. He was very talented and had many
original ideas. He wrote a book on Dimensionstheorie,
and another on Kurventheorie. After these books were
published, he applied himself to the study of abstract
sets in which a distance is defined which satisfies cer-
tain axioms. He studied the embedding of such sets
into n-dimensional Euclidean spaces and obtained in-
teresting results. My own ideas fitted into some of this
research and were incorporated into a monograph by
L. M. Blumenthal who had come to work with Menger
in 1934-1935. Menger’s student Wald, who later made
a name for himself in statistics, started off in connection
with these ideas and even contributed to some of mine.
Another visitor to Menger’s circle was G. T. Whyburn
who with his wife Lucille was very active in topology.
Later Whyburn became one of the pioneers in analytic
topology. Menger’s work on embedding n-dimensional
spaces into Euclidean spaces was continued by his stu-
dent Nobeling. The lowest possible dimension for such a
space was given by van Kampen and by Flores. Another
teacher at Vienna was Helly, whose courses in algebraic
geometry and non-Euclidean geometry | attended. He
was a very scholarly man whose pioneering work on se-
quence spaces and on convex sets has gone into histo-
ry. He was also very interested in the flourishing of the
department, and in particular the students, irrespective
of the fact that he was only a Privatdozent—he had no
salaried academic position and had to earn his living
outside the university. He was a friend to all of us. Then
there was W. Mayer whom | mentioned previously, and
Vietoris, who made a name for himself in algebraic to-
pology as a very young man. (Many, many years later |
saw him at the University of Innsbruck in Austria and he
said that he remembered me from my student days. But
since he always mistook me for another girl student | do
not know which of the two of us he meant.)

Among colleagues was Franz Alt whom | re-
encountered many years later at the National Bureau
of Standards, a Ph.D. student of Menger, a man help-

ful whenever help was needed. Henry Mann was still
a student then, due to the fact that he had to earn
money first. He began by rediscovering already known
results, but later solved the famed a —b problem. My
last semester at the university was spent in Zirich.? My
thesis was completed by that time. | was even allowed
to lecture about it on the weekly colloquium of the
department in Zirich. | attended courses by Speiser,
Fueter, M. Gut, Plancherel, and Pélya. The latter gave
me some good advice concerning lecturing. He at-
tended my colloquium lecture and did not approve of
my style. | am grateful to him to this day. | still had my
oral examinations in Vienna looming over me, but dur-
ing my semester in Zirich, | somehow relaxed for the
first time in many years. After receiving my doctoral
degree | continued my studies, earning some money
by tutoring, and doing unpaid work in the mathemat-
ics department, and continuing with research | had
started during my student days. In order to enter the
job market, | attended two meetings of the Deutsche
Mathematikervereinigung, one in Konigsberg, a sec-
ond one in Bad Elster. That was extremely hard on me.
It was not only that traveling to faraway places was a
terrifying experience for me, but | was pushed by my
teachers to give two papers at these meetings, in front
of world-famous people, and the terror of this is hard
to describe. However, | somehow survived it all. At one
of these congresses, | met A. Scholz, who had been a
student of Schur. We discussed our related results and
started collaborating on some research. In this work |
turned out to act more as a group theoretician than a
number theoretician. Some of our joint results became
very well known and stimulated work in group theory
which in a way led to the resolution of the class field
tower problem.

In spite of my difficulties at these meetings, |
learned a lot and even captured a very prestigious
temporary job at Gottingen helping with the edition of
Hilbert’s papers in number theory. An appointment like

2 Students had to be registered for four years to get a degree,
but all four years did not have to be spent at the same university.
My uncle lived in Ziirich, and he invited me to live with him for a
semester and finish my university requirement there.



that would not have come about had | not presented
papers. My lectures were appreciated. Professor Hahn,
who attended one of the meetings, spoke to Courant,
the boss in Gottingen, about me. This was an act of
great kindness, since | was not really a student of Hahn
in Vienna, though | had been active in some of his
seminars.

Gottingen
Hence | entered the famous old town and university
of Gottingen where Gauss is buried. Unfortunately, my
duties were excessive and | had little time to profit from
the vast amount of talent there. There was Landau,
Weyl, Herglotz, and, of course, Hilbert. There was Emmy
Noether with her crowd of students, and there were
brilliant young students like Heilbronn and Deuring in
number theory and algebra (a whole crowd in analysis,
including Fritz John and Hans Lewy). But | had to work
on the galleys and page proofs of the Hilbert Volume
I, a deadline job. Hilbert had no interest any longer in
number theory. He worked only in logic then and an-
noyed Godel immensely by publishing a proof for ter-
tium non datur that contradicted Godel’s achievement.
However, Hilbert did say to me as explicitly as one can
say anything that despite the fact that he had worked
on many other things, number theory seemed to him
the most important. My coeditors were Magnus and
Ulm. It turned out that Hilbert’s work was not free
from errors of all magnitudes. There were conjectures
that had in the meantime been shown to be incorrect
(some by my teacher Furtwdngler). We worked very
hard on all this, but later even more errors emerged.
However, these errors do not in the slightest take any-
thing away from the mountainous achievements of
Hilbert. He had an enormous influence on the devel-
opment of mathematics to this day and an ability to
create new problems and simultaneously solve the
problems posed by others. (The Waring problem is an
example.) The fact that a man like him, who could fore-
cast the main facts in class field theory based on only
relatively simple examples, guided by his enormous in-
sight, could also make mistakes, and even make a few
wrong conjectures, is amusing, and makes him a more
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human being rather than the monster that he occa-
sionally appeared to be. For he was known to insult and
tease people occasionally out of pure naiveness, not
realizing what he was doing. Since he wrote a colossal
amount, he was probably sometimes too busy to check
his ideas. However, there are more serious criticisms
against him, and they created serious troubles for me
at the time when | was an editor for his work in num-
ber theory. | had to deal with resulting correspondence
on my own and finally decided to ignore it, because
the task would have been impossible. It concerned his
so-called Zahlbericht, published in the journal run by
the Deutsche Mathematikervereinigung, but used like a
book. It was a sort of text on algebraic number theory,
which was greatly needed in those days. My teacher
had learned the subject from this book and he taught it
in the same spirit, and so did many other people. Books
can create a subject; they can benefit it and they can
harm it. (I suppose abstract algebra and its worldwide
acceptance owes an indescribable debt to the van der
Waerden books—which actually were never criticized.)
However, when word spread about the republishing of
the Zahlbericht, letters came in criticizing the book and
urging me to rewrite it instead. These critics were ad-
vocates of abstract treatments and generalizations of
algebraic number theory. Strangely, the greatest cham-
pion of abstract treatments, Emmy Noether, who after
all at that time worked in the same building where | was
doing my editing, never said a word about that to me.
She probably realized that these people were entirely
unrealistic. Their remarks were utterances of feelings,
not concrete suggestions. Some people sent me pages
of small errors which | simply worked into the book.
However, the incorrect conjectures were incorporated
as editor’s comments. Many years later, Emmy did lash
out about the Zahlbericht. It was when | was supposed
to lecture to a small group of novices, at her request,
on the fundamental facts of algebraic number theory
and used the Hilbert treatment. | had a tough time with
her, for she was not good at explaining, and some of the
time | did not know what she meant and how | was to
make changes on the spot. However, | did profit from
some of her criticism finally. With advancing insight
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and experience, | finally understood the shortcomings
of the Zahlbericht in my own way. Emmy at that time
quoted Artin as having said that the Zahlbericht had
delayed the proper advance of the subject by decades.
However Emmy did not write such a book and a book
was due to be written. The book by Hecke was never
criticized. It is still a beautiful book. Also, a number the-
ory book ought to be written by a number theoretician;
too many books on algebraic number theory that ap-
pear nowadays are written without numbers in them.
That is what Emmy would have done.

There is another criticism being raised against
Hilbert nowadays. We live in an era of cynicism against
everything and on the other hand blind faith in many
things. It is popular to look for the faults of people and
to bare them mercilessly. Hence, people say that Hilbert
at times robbed people of their ideas. | am inclined not
to go along with that. People say that much of his class
field theory was already in Weber, and that Minkowski
had inspired him greatly. The first person who attacked
Hilbert to me in this way was the Dutchman Brouwer,
after  had mentioned my editorship to him. But he add-
ed that he was certain that Hilbert’s proof of the Waring
problem was truly Hilbert’s own work for he had arrived
at it when staying in Brouwer’s house. One thing seems
certain to me and that is that Hilbert had no need to
rob anybody of his/her work or ideas in a cold-blooded
way. The creative thought processes of a mathematical
mind are not easily explained, and it is hard to know
what does subconsciously stimulate them.

| will now turn to the people in Goéttingen with
whom | was in contact. It was rather a small number.
Courant had given me the appointment, he worked me
very hard, but he was somehow very proud of me as his
“discovery” He made me his assistant for his differential
equations course. Since | had hardly any training in this,
it turned out a tremendous chore for me, added to my
other assignment. However, he had planned to make
me give up number theory and join his famous group.
| had no intention of doing this, of course. However,
many years later when | was working in a scientific war
job in London, | was practically commanded to solve a
difficult boundary-value problem for a hyperbolic dif-

ferential equation and finally succeeded in it. How |
wished at that time that | knew a little more of the sub-
ject, though it would not have helped much, because it
was not a problem of the classical type.

Next there was Emmy Noether. At that time she
had decided to study number theory and reprove some
of the facts in these subjects by generalizing to more
abstract concepts. She was in a very good mood be-
cause she had achieved the proof of the principal genus
theorem. This means that she had generalized Gauss’s
characterization of the square classes in quadratic fields
(actually Gauss stated it in the language of quadratic
forms and squaring means duplication, a special case
of composition). Emmy was the first to generalize to
arbitrary normal fields, actually relative fields in a lan-
guage of abstract algebra with tools that are nowadays
expressed by cohomology. Squaring is replaced by
taking 1 — S powers, where S runs through the Galois
group. | myself have made a small contribution to this
recently, applying facts concerning integral matrices.
Her former student, Deuring, was still in Gottingen, and
she had visits from Hasse and van der Waerden and felt
that she had arrived. She was definitely popular with
the students, but her colleagues either mistrusted her
work or disliked her. She was not an easy person to
get on with. Although she was very kind, she was also
very naive and thoughtless in her treatment of people.
However, | had the good fortune to gain her confidence
through an act of concern for her that had seemed very
natural to me, and we became good friends. | had been
present when one of the top people of the department
spoke rather harshly to her. | really did not like this. The
next day | told him that this had upset me. | really had
no right to interfere and it may have hurt my own fu-
ture. Fortunately, he was not a mean man. He went to
apologize to Miss Noether and told my colleagues that
he had done so, assuming that | had told them all about
it, though actually | had not.

She ran a seminar in class field theory because of
my presence during that year in which | also lectured.
She ran a course on representation theory, but | found
it hard to follow and did not have the time to put more
effort into it. Among the students was Witt.



Among the people of my own age group, there
were my editor colleagues and Heesch, the assistant of
Weyl. My main topic of conversation with Heesch was
trying to understand the infinitesimal elements con-
nected with a Lie group. He was not making out too
well in the high-powered atmosphere of Géttingen, but
in quite recent years | suddenly saw his name appear
again, for his work played a decisive role in the proof of
the four color problem. The other editors were Magnus
and Ulm, and the three of us were united in our despair
over our main duty, to edit the first volume of Hilbert’s
works. Ulm had written a very important thesis under
Toeplitz that led him to be cited in connection with the
Ulm theorem on Abelian groups. Magnus was a very
active person. He was a student of Dehn in Frankfurt
and he too had already quite a name in the theory of
infinite groups. He became interested in my thesis work
on groups and later in my work with Scholz. The for-
mer interest helped him to develop a new proof for the
principal ideal theorem in class field theory. The second
one came out of a conjecture of mine based on my
work with Scholz, concerning group towers associated
with class field towers. Magnus used a correspondence
between group elements and formal power series in
these elements as a tool and made some progress on
my problem by establishing arbitrarily long group tow-
ers. Next came progress by Noboru Ito, next the the-
sis of my student Hobby, based on a construction by
Zassenhaus, and next came the achievement of Golod
and Shafarevich showing that there are actual fields
with infinite group towers, and not only infinite group
towers. The last finishing touch on the group tower
problem itself was achieved by Serre. Magnus became
a member of Courant’s group at NYU after the war,
after a spell of work at Caltech working with Erdélyi.
| still have much contact with him, professional, and
even some personal, since we are both interested in
crystals.

Back in Vienna
The next two years were spent back in Vienna, doing
a lot of tutoring, but also being active in the math-
ematics department, at first on a voluntary basis, later
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with a fixed appointment, carrying a small stipend.
Considering the fact that about that time the world
started on a course of turmoil and suffering, but also on
a course of increased scientific activity, one feels embar-
rassed to report on one’s own life history. | was heavily
engaged in my joint work with Scholz. This was done by
correspondence and personal contact at conferences.
It was years before we finished our paper. At that time
few people bothered about it, but it is now a much ap-
preciated work. Scholz was a very talented man, and
also a very fine human being. He was one of the few
young people in mathematics who harmed their ca-
reers by not making a secret of their dislike of the Nazi
movement (he died during the war in Germany). He
had visited Vienna during his student days and worked
with Furtwangler on his thesis, for one semester, then
returned to Berlin where he did his main thesis work un-
der I. Schur. The thesis of Schreier written earlier under
Furtwangler was connected with Scholz’s thesis work. |
had noticed Scholzin Vienna then, but we did not meet.
It was only later, when | was working on my thesis, that |
contacted him in connection with a numerical example
for a result in my thesis. Scholz was a marvel at numeri-
cal work. He did much very notable work, particularly
in connection with the so-called inverse problem of
Galois theory. (Some of this work was done indepen-
dently by H. Reichardt and T. Tannaka and continued by
Shafarevich.) That was immediately appreciated, but his
later work is now being studied for the first time, and
the young mathematicians in Germany are particularly
proud of him. He was very poor at explaining himself,
both orally and in writing, so people could not easily
appreciate his ideas. | had quite a case of hero worship
for him and did not dare to bully him about his difficult
style of writing. But one day | overheard him saying that
he had hoped | would tidy up his work, but that appar-
ently | was too timid to do so!

During this period in Vienna, | made my first
(temporary) break from number theory work. | became
interested in topological algebra, almost overnight. It
was through a reprint of Pontrjagin’s work on Stetige
Kérper. In this paper Pontrjagin gives a characterization
of the real, complex, and quaternion fields via topo-
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logical properties of a field that is at the same time a
topological space, so that addition, multiplication and
division are continuous functions. This paper impressed
me very much. Though other people at that time were
also fascinated by problems in this subject, they were
mainly in Princeton and in Zirich, and | became some-
how infected by this on my own. Nobody had so far
explained how mathematical fashions can emerge in
completely separated regions at the same time. Some
of the problems that emerged there are still unsolved,
but great progress was made, particularly by the school
of H.Hopf in Ziirich. During my year at Bryn Mawr, when
| accompanied Emmy Noether to Princeton | discussed
my own ideas in this subject with Professor Alexander,
who brought me in contact with N. Jacobson, who had
also studied Pontrjagin’s paper. We wrote a sequel to it,
with Jacobson contributing more than | did because of
his better training. | also take credit for another idea |
found entirely on my own. It was later completely im-
mersed into the achievements of the Hopf school,
though | am happy to say that one of Hopf’s thesis stu-
dents, H. Samelson, gives me the credit due to me. It
concerns a proof for Frobenius’s theorem concerning
associative division algebras over the reals, via n-di-
mensional spheres. By a theorem of E. Cartan the lat-
ter can be group spaces only for dimensions 0, 1, 3. |
possess a flattering letter from the great E. Cartan con-
cerning this observation of mine. Otherwise, very few
people know about this small initial contribution to a
much larger issue. This is why it is of particular pride to
me. One of the strongest members of the Hopf school
was E. Stiefel. He reproved another related achievement
of mine concerning Laplace equations in n-dimensions
that are derivable from generalized Cauchy-Riemann
equations. | was able to show that this is possible only
for dimensions 1, 2, 4, 8. Later in life | had many more
work connections with Stiefel, in completely different
subjects. In a letter received from him quite recently,
only a few days before his sudden death, he remarked
that although we meet so rarely we always seem to be
working on related subjects.

Well, all this was started for me during these lone-
ly two years in Vienna. While in the first of these years

my earnings were mainly from tutoring, they received
a certain boost and more distinguished source when
Professors Hahn and Menger arranged for a small as-
sistant position for me at Vienna University. Since they
were very enterprising people they found a way to earn
money with which to pay young people like myself for
their hitherto voluntary work. They gave a series of lec-
tures during evenings on mathematical subjects on a
level to be understood by less trained people. These
lectures took place in the large auditorium of one of the
physics institutes of Vienna University and were rather
elegant affairs. The lectures were even published soon
afterwards. For me there was only one drawback about
this. These two former teachers of mine did not work
in my line! My own teacher, Furtwangler, never cared
about helping people and did not worry about the
fact that | was giving him much assistance completely
unpaid. So | had these three bosses and | worked hard
for them. My load was truly a multiple load. However, |
learned a great deal in subjects which were quite new
to me, like functional analysis. | prepared the thesis for
one of Hahn's students for publication and took on the
supervision of another one almost entirely. His problem
was a sequel of the thesis of the previous one. These
are instances of my duties. Hahn was a great expert and
contributor to the subject of functional analysis. The
theses were on sequence spaces, a subject in which
Helly had made earlier contributions.

As mentioned earlier, at that time | was also work-
ing on abstract spaces on which a Euclidean-type dis-
tance was introduced. A final item into which | was initi-
ated then, and which has stayed with me to this day, is
sums of squares. This is a subject that enters into many
branches of mathematics, linking them together in a
most attractive way. In recent years | have written sev-
eral survey articles concerning them. One of them—for
the American Mathematical Monthly—earned me a
Ford Prize. At that time | was stimulated by some prob-
lems posed by van der Waerden in the Jahresbericht d.
deutsch. Mathematikervereinigung.

While I was in Vienna | applied for a Girton College
(Cambridge) science fellowship, which | had seen ad-
vertised in the newsletter of the IFUW (International



Federation of University Women).? After | sent in the ap-
plication | received an invitation to Bryn Mawr College
in Pennsylvania, which I accepted. | thought the chanc-
es for the Girton fellowship were extremely remote. But
after I had agreed to go to Bryn Mawr, | got a letter from
Girton. It looked like a form letter, and | almost threw it
away without reading it. It turned out to be the notifi-
cation that they were awarding me a three-year fellow-
ship with a very generous stipend of £300 a year, and
with great freedom to do what | liked. Although | had
already accepted the Bryn Mawr offer, | was allowed to
keep the Girton fellowship and to spend the first year
at Bryn Mawr. In the meantime, Miss Noether had ar-
rived there, which would make that year more fruitful
for me.

Bryn Mawr

The invitation to Bryn Mawr came about because | had
met O. Veblen in Gottingen, where he had an office
next to mine. (In fact, | heard him rehearsing his lec-
tures on relativity through the walls.) He had told Anna
Pell Wheeler about me. She was chairman of the math-
ematics department at Bryn Mawr, but had previously
lived in Princeton with her husband who had been a
professor there. She was a very interesting person, very
active, but plagued by ill health and accidents during
all the time | knew her. She was dignified, warm-heart-
ed, broad-minded. She was very interested in helping
women and in the advancement of women in general.
She predicted that women would become physically
stronger in the future. She seemed to be the outstand-
ing woman mathematician in the U.S. at that time. Her
subject was functional analysis and she had given the
colloquium lectures for the American Mathematical
Society on this subject during one of their summer
meetings. That was a great honor for a woman. One
seems to be expected to write these lectures up for one
of the series published by the American Mathematical
Society, but she did not manage to achieve this. She

3 The AAUW (American Association of University Women) is a
branch of this organization. Both groups have been helpful to
women in the academic profession.
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gave a related course at Bryn Mawr during my stay
there. My position there amounted only to a graduate
scholarship and the financial side of it was very poor.
But it was a wonderful opportunity to visit the U.S,, a
country that in those days was quite unknown to many
Europeans, an opportunity to learn more mathemat-
ics, maybe even a stepping stone to a position in those
days of great unemployment. The latter hope was cer-
tainly not realistic. The depression was at its height,
and unemployment for young mathematicians was
desperate. The Bryn Mawr girls of my age group were
pleased that | would not have to compete for a posi-
tion with them—I had still two years of my fellowship in
Cambridge, England, waiting for me. But | suppose that
I might have accepted a position with tenure in the U.S.
if one had offered itself.

When | left for Bryn Mawr, my speaking knowl-
edge of English was extremely poor, but | took a few les-
sons from an English lady who claimed that she knew
no German at all. She was not an educated lady, but she
certainly was a gifted teacher, for she got me to speak
English. | was busy with various duties almost to the last
moment. | suffered the shock of Hahn's death, losing a
real friend, and there were also terrible political upheav-
als going on in Austria then. | traveled to London with
all my luggage, changing many trains and crossing the
channel, and then got on the boat train for Liverpool.
| had chosen this type of boat on purpose. | expected
that most passengers would be English-speaking while
the passengers from European countries would travel
from a more southern port. This turned out to be cor-
rect. Most of the English that | speak now | acquired
then. I never found time again to take lessons.

| had never before lived at a college like Bryn
Mawr. In European universities, nobody bothers about
a student outside of teaching. At the beginning | was
delighted about it, but after some time | found the
noise of the graduate hall in which | lived, the lack of pri-
vacy et cetera, almost unbearable. On the other hand,
many things were provided for me: food, cleaning, bed
sheets. | held the so-called foreign women scholarship
that year, so | was registered as a graduate student and
had to obey the rules of a student—register for classes
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and pay the college back most of the money that was
allocated for me.

Emmy Noether

Emmy Noether, who had arrived there a year earlier
on a Rockefeller fellowship, was very happy there; she
liked the girls and they treated her well. She became
interested in the life of girl students, probably for the
first time in her life. She strongly disapproved of non-
coeducational colleges. She taught a seminar for two
hours on Mondays, and repeated it in Princeton on
Tuesdays. This gave her a chance to rehearse it. She had
not done a great deal of systematic teaching in her life
and although she would have liked a more senior posi-
tion in Gottingen, she actually would not have liked the
hardship of greatly increased teaching duties. In fact,
she once said to me that women should not try to work
as hard as men. | do not know whether this is true, and
furthermore, she was able to afford a smaller salary on
account of her simple lifestyle and the inheritance she
must have obtained as the only daughter of a very im-
portant university professor. (Her brother already held
a senior university position at that time.) She also re-
marked that she, on the whole, only helped young men
to obtain positions so that they could marry and start
families. Since she was very naive, she somehow imag-
ined that all women were supported.

Miss Noether had been quite happy at Bryn Mawr
in her first year. She studied van der Waerden'’s first vol-
ume on algebra with students and staff members. But
by the time | arrived there at the start of her second
year, | did not find her in a very good mood. She had
been back in Géttingen during the summer and had ar-
ranged for all her belongings to be shipped to the U.S.
She had found everything very difficult in Gottingen,
and she had not yet found a position for the next year
in the U.S. Although she knew that her friends from
the old days would not let her down, she did not know
where she would be settled. She was only 54 years old,
but that was considered quite old at that time. She
was determined not to train herself for undergraduate
teaching at Bryn Mawr—she was paid by a Rockefeller

grant at that time. And unbeknown to all of us, she was
ill! She tried to hide that fact and to visit Gottingen the
next summer for some surgery. But when certain trou-
bles bothered her increasingly, she confided in a doctor
at Bryn Mawr and he persuaded her to undergo surgery
immediately. A week later she died of heart trouble—at
least this is what we were told. During that year she had
tried to work with us on some seminar notes prepared
by Hasse on class field theory. She had one of the gradu-
ate students write a thesis under her, on normal bases in
fields. Another young woman there, as a fellow, wrote a
paper on work suggested by her. She spent some time
advising Deuring, her former student in Gottingen, on
his Ergebnisse volume of algebras. Altogether, we were
four women working with her.

On her weekly trips to Princeton | accompanied
her frequently, though not every week because of the
high train fare. She was very pleased that | went with
her, and we had nice chats. Otherwise | often irritated
her—she disliked my Austrian accent, my less abstract
training, and she was almost frightened that | would
obtain a position before she would. These trips to
Princeton were the highlight of my year in Bryn Mawr.
Since I traveled with Emmy | was invited to dinnersin the
evening together with her. The Institute for Advanced
Study and the department of mathematics were in the
same building; | could see people like Einstein walk-
ing in the corridor, and | was even introduced to him
several times. There was also von Neumann, H. Weyl, R.
Brauer, Lefschetz, Alexander. | worked with two young-
er people, Jacobson and Magnus, and | learned a great
deal there. It was a dream place for me.

Emmy Noether was definitely appreciated as an
important researcher in Europe by people who under-
stood her line of work. There were people in Russia,
Japan, and the U.S. who greatly admired her. But the
tremendous admiration that she has earned in recent
decades, also as a human being, exceeds what she
would have expected (and certainly what she received)
in her lifetime. An Austrian lady, Dr. Auguste Dick, wrote
a Noether biography, published by Birkhauser. Since
she is not an algebraist—her thesis was in differential
geometry, | think—I asked her what had made her un-



dertake this task on which she spent much time and
even money, for she traveled long distances in Europe
to interview people. She said that she had nobody fi-
nancing this enterprise; it was her hobby and she had
always admired Emmy very much. | receive frequent in-
quiries from her about Emmy, from schoolgirls writing
essays about her or potential authors, or people who
want information on Emmy’s work.

Although to me, since | came from a poverty-
stricken country, much of life at Bryn Mawr seemed
quite luxurious. | had attended a European university
and the attention students received practically brought
tears to my eyes. | remembered the tough time | had in
my student days. Nevertheless, life at that time was far
from carefree. The depression was in full swing. Actually
| was supposed to have arrived a year earlier, but the
college had to cancel the plans because of financial
losses they had suffered. Somehow they managed it
a year later, maybe by applying to their donors. Some
of the students in other subjects did not appear to be
rolling in money; they could not afford to buy oranges
to add to what the college provided, and | remember
helping them carry their luggage to the station to avoid
taxi fares.

Girton College, Cambridge, England

| left the U.S. in June and checked in at Girton College,
Cambridge. There | was a fellow, a so-called don, with
all the many privileges of one, no longer a Ph.D. treated
as a student, which for a whole year becomes a bit tire-
some. Still, | carry quite a bit of gratitude and loyalty for
Bryn Mawr. Life at Girton seemed great and being at-
tached to a place like Cambridge University is a won-
derful thing. But | had a number of difficulties, some of
them of my own making. There again was nobody in my
line. At Bryn Mawr | had had mathematical contact with
Emmy, Mrs. Wheeler, “the girls,”and my occasional trips
to Princeton did much for me. Following the current
fashion in Princeton, | had become deeply interested
in topological algebra and nobody in Cambridge was
working in this area at that time. (Soon after | left, there
was quite a lot of interest in that subject.) There was
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quite a bit of number theory going on, but not in alge-
braic number theory; it was either analytic or elemen-
tary. Occasionally Mordell or Erd&s visited there; there
was the brilliant Heilbronn who was practically waiting
to work with me, but not on the subjects | knew best.
There was Davenport, who worked with Heilbronn;
there was Hardy; there was the great group theory
man P. Hall; but somehow they all seemed on different
planes. In my first year there, | got quite nice work done,
partially aided by discussions with B. H. Neumann. If my
mind had not been so deeply anxious to continue on
topological algebra, | might have been able to attach
myself to one of the research groups that existed there.
But it did not work out. In my second year there | spent
an enormous amount of time applying for jobs, going
to interviews, and supervising students—partly to gain
experience teaching in English.

University of London

The next year saw me in London at one of the women'’s
colleges of London University. | held a very junior po-
sition with extremely arduous duties—nine courses to
teach each week, each of them one or two hours, with
homework to assign and grade. | was grading practi-
cally all the time. The work was partially not interesting,
and partially not well known to me, particularly the ge-
ometry, which the other teachers disliked and dumped
entirely on my shoulders. It was one of the conditions
of the job offer that | would accept this situation. Also,
I still had difficulties with the language, and there were
no helpful books that | could use for my courses. So |
had to work hard. My only consolation was that the
students were extremely kind and pleasant, but un-
fortunately also quite without scholarly ambitions. My
boss, a lady who had given up scholarly ambitions her-
self long ago, was not sympathetic to me. | had actually
been squeezed into the college by Hardy and by the
Masters of Girton College.

| was able to make friends with some of my col-
leagues, but not with all of them. They saw me as a
foreigner. This had not been the case at Girton College
where people had quite a liking for my foreign accent
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and other foreign facts about me. Girton also had a
scholarly attitude in everything and the level of research
achievement and general culture was definitely higher.
But I like teaching on almost every level, and | made the
best of it. Furthermore, in spite of my appreciation of
the beauty of Cambridge, London is not a place to look
down on. My college was almost in the suburbs, but
easy to reach by underground and buses, and on the
few evenings | had free from grading or lecture prepa-
rations | rushed into the center for a bite. Actually, in
spite of my terrifying duties, | got quite a bit of research
accomplished, and | was in touch with some colleagues
at other colleges of the university. There were intercol-
legiate seminars at which | lectured, and at one of these
I met John (Jack) Todd who held a position similar to
mine in a different college, but worked in analysis. In
spite of the difference of our subjects, we had definite
scientific contacts and so had to confer frequently. Not
much later we got married.

World War II

We were barely married for a year when the war broke
out. Jack was given leave from his college to take up a
scientific war job. This materialized only a year later, and
in the meantime we moved to Belfast, the home of his
family. There we both taught at his university, Queen’s
University, and | was quite active in research with a fel-
lowship, still from Girton College. | became interested
in two subjects in matrix theory that still form a large
part of my active research, namely, generalizations of
matrix commutativity and integral matrices, which are
part of number theory.

When we returned to London a year later, the war
had already taken on very threatening aspects. Jack
was now assigned to work on scientific duties in the
Admiralty, and | returned to my London college, which
had been moved to Oxford for greater security. After
some time, | returned to London to take on work in
aerodynamics with the Ministry of Aircraft Production,
at the National Physical Laboratory in Teddington, out-
side of London—actually near to where Eisenhower
had his military headquarters. Needless to say, with war

anxieties, air raids, food shortages, heavy work loads,
homelessness—we moved 18 times during the war—
research did not always proceed with great speed, but
nobody complained, particularly not in London. One of
our landladies polished her brass utensils every morn-
ing, even when we had had heavy air raids the night
before.

The duties in my aerodynamics job were very
heavy. This time | really had to give up all my previ-
ous dreams. But there were some rewards. For the first
time | realized the beauty of research on differential
equations—something that my former boss, Professor
Courant, had not been able to instill in me. Secondly, |
learned a tremendous lot of matrix theory. My boss, R.
A. Frazer, was an algebraist who with two other authors,
Duncan and Collar, had written a very impressive book
on matrix theory, a book of particular use for applied
work. The matrix theory was used in flutter research, a
very difficult subjectthatis notyet completely mastered,
even with high-speed computing machines. Actually,
| was not assigned to the matrix theory by Dr. Frazer,
although he claimed me for his flutter group because
| was an algebraist. But matrix theory was simply ooz-
ing out to me simply by my working in these surround-
ings. At this time | heard about the so-called Gersgorin
circles attached to a matrix with complex numbers as
entries. | heard about them from Aronszajn. | became
immediately extremely interested in them and hoped
to use them in the flutter work where one has to test
a matrix for stability. | would not say that they are an
ideal practical tool for this purpose, but they certainly
have a great many uses, and | can say that | stimulated
much research concerning them, while I myself did not
pursue them further after some initial achievements.

There are other theoretical tests for the stability of
a matrix. | became interested in them much later, when
| was already working at Caltech. If my interest in crite-
ria for stability had not been aroused during my years
in aerodynamics | would not have taken to doing and
stimulating research in these quite fascinating theo-
rems. With high-speed computing possible, people are
no longer very anxious to test a flutter matrix; they sim-
ply compute all of its characteristic roots, particularly
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since J. Wilkinson has devised such ingenious methods
for finding them. The tests | am now talking about are
expressed as Liapunov’s theorem concerning matrix
stability.

USA: National Bureau of Standards,
Princeton, Institute for
Numerical Analysis

| left the Civil Service in 1946, rather exhausted, and
worked with a research grant on my own for a year. In
1947 we went to the U.S.A,, initially for a year, because
Jack had been invited to help in the exploitation of
high-speed computers. He was invited to do this work
at the National Bureau of Standards at their new field
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station in UCLA. When he came to check in at the head-
quarters in Washington, he was told that they wanted
me to join too in some capacity, and also that the UCLA
quarters were not yet ready.

| then settled down to work quietly on matrix
theory, more quietly than | had been able to do for a
very long time. And | learned a great deal. The Bryn
Mawr people had spread the fact that | was visiting
Washington, and the mathematics group that met
weekly in Philadelphia invited me to address their col-
logquium. That was initially quite an anxiety for me since
| had not given a lecture for years. But then | welcomed
the opportunity and lectured on my matrix research.
It turned out well. Soon afterwards, the mathematics
group at Johns Hopkins invited me too, and | repeated
the same lecture. There was also van der Waerden in
the audience then. Wintner asked a number of grilling
questions and made many comments. But | accepted
all this very well. In this same period, | was invited to a
colloquium at MIT to lecture on my work on a bound-
ary-value problem for a hyperbolic differential equation
that had come out of my aerodynamics work. On our
way back from Philadelphia to Washington we called in
at Princeton. The Institute for Advanced Study now had
its own building. | was rather sorry about this. When
| had visited there before the war the Institute was
joined with the Princeton mathematics department at
Fine Hall. Still, it was wonderful to be in the Institute
again. | had gone through a number of very harsh years,
overworked and overstrained, removed from my previ-
ous mathematical interests. However, this little visit did
much to restore me. Almost as soon as | entered the
building | ran into Schafer, an expert on non-associative
structures, and when he heard who | was, he reminded
me immediately of all the items that | had published
on this subject. Later | ran into S. Chowla and I. Reiner,
who seemed to know about my work on integral ma-
trices and independently asked me the same question
in this subject. Luckily | was able to help them. Reiner
later made great use of this information and embedded
it into the book he coauthored with C. Curtis. Chowla
urged me to work on a different treatment of the fact
| had told them. This | did later that year in my paper
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“On a theorem of Latimer and MacDuffee,” which be-
came the first of a long string of papers which form
a good deal of my research and keep me busy to this
day. Hence, | feel deeply grateful to Chowla for bringing
me back to my peacetime work. When we returned to
Washington only a few days later, we found out that the
facilities in Los Angeles where we were to do our work
were still far from ready. We then inquired whether we
could spend the remainder of our waiting period in
Princeton working mainly in the von Neumann group,
which was housed in a separate building. This request
was granted and we became members of the Institute.
We lived in their housing facility and had offices in
von Neumann’s building, but mingled freely with the
other members and the large number of visitors. Von
Neumann was only rarely there and very busy when-
ever he returned. Goldstine was in charge during his
absence. The group were all very friendly to us and at a
recent reunion they all recognized us. | still remember
how Bigelow, a famous engineer who was in charge of
building von Neumann'’s machine, sat on the floor with
a hammer in his hand putting nails in a wooden box
we were trying to send off to Los Angeles prior to our
journey there—for our long-awaited trip to UCLA was
now imminent. My relations with the members of the
Institute were cordial, but there was much nostalgia for
me because the war had cut me off from my previous
favorite subjects in mathematics and there were many
gaps for me to fill in my knowledge, but | was involved
in work which was not entirely connected with these
areas. On the other hand, | was learning and working in
very modern and interesting subjects.

We arrived by train in Los Angeles by about the
end of April after giving lectures in Lawrence, Kansas,
at the invitation of G. B. Price, whom we had met in
London during the war and with whom | had common
matrix interests. We also stopped in Berkeley where
the Lehmers organized an excursion to San Francisco
for us. Finally we reached our destination, the Institute
for Numerical Analysis, housed in a temporary building
on the campus of UCLA. After a rather cold winter in
Princeton, | delighted in the California climate, though
Jack unfortunately suffered from a severe allergy, which

spoiled a good bit of our stay. Working with us was
Szasz, a very powerful analyst from whom one could
learn a good deal, and later came Rademacher, who
became quite interested in my work on the theorem of
Latimer and MacDuffee and used it in one of his papers.
| became very active. | wrote about six papers on vari-
ous subjects in matrix theory and other items. | lectured
at Caltech, | saw Erdélyi installed there. | also lectured at
two AMS meetings, one at Vancouver and another one
at Madison, Wisconsin. It was a very active and yet very
relaxed time, on the whole. Before our time at INA was
over, Dr. J. Curtiss, the man who had originally brought
us over to the U.S. and who had founded this new in-
stitute, frequently mentioned that we should stay on.
But this was not a decision to be made in a hurry, and
in any case we were committed to return to London.
This we did in early September. Life in Great Britain was
still very harsh and the shortages were almost worse
than during the war itself. With all the moving about,
| was not even completely settled in a position, but |
was very busy, lecturing in Southhampton and visit-
ing Cambridge. At that time we met Zassenhaus for
the first time. | had returned to integral matrices and
had some conversations with him. | did a great deal of
difficult refereeing. With my growing knowledge of nu-
merical analysis and of completely new combinatorial
algorithms like linear programming, | was able to res-
cue some pioneering papers from being turned down.
A less educated referee would not have realized their
value to rather modern research. This was particularly
the case with some matrix iteration work in a paper
of Stein and Rosenberg, which has become a classic. |
corresponded with P. Stein at that time directly about
changes in the paper. That started a very fine math-
ematical friendship with this very creative mathemati-
cian, who without my assistance and stimulation might
not have been able to complete his work. Later | real-
ized the connection of another theorem of his with the
Lyapunov stability criterion for matrices and called that
theorem the Stein theorem. At that time | was rather
out of touch with Stein, but | suddenly realized that it
was not fair not to let him know that he was the origi-
nator of another much-used theorem and | sent him a



reprint of my relevant paper. He was overwhelmed with
delight and asked me to formulate a related problem
for him to work on. | had at that moment formulated
a problem for myself to work on, but when his letter
came | handed it over to Stein, who wrote two very fine
papers on it that may have been his last creative work.
A very gifted student of mine at Caltech, R. Loewy, later
continued on this work, starting with his thesis. | had
not much contact with Stein after that, but soon after
his death his son wrote a very appreciative letter to me.
| had never met that son, but his letter pleased me.

A lot of things happened during that year, which
was to be our last year in London. Dr. Curtiss wrote to
us urging us to return to work with his group, on a per-
manent basis, not at Los Angeles—partially because
of Jack’s allergy problem, which never bothered him
again on later visits there—but at the headquarters of
the National Bureau of Standards in Washington. After
a good bit of consideration and even more tempting
offers from Dr. Curtiss, we accepted. In the meantime,
| continued to work very hard on three problems:
bounds for eigenvalues of finite matrices, eigenvalues
of sums and products of finite matrices, and integral
matrices. While | later withdrew from the first one, the
preparatory work on the two other ones compiled dur-
ing that year was quite considerable, and they are my
main problems to this day.

Washington, D.C.

In the fall of that year we moved to Washington. There
we ran into Ostrowski, whose year with the Bureau
was about to end. It was actually through our recom-
mendation that he had been invited there. He was at
all times and still is a very powerful mathematician
who can carry out an enormous amount of work. This
he did and so contributed greatly to the work of our
group, particularly since he is genuinely interested in
numerical analysis. | told him about my work on the
Gersgorin circles, hoping to receive some further ideas
on how to proceed there, but the opposite happened:
he immediately set out to wipe out a large part of the
relevant theory, showing me his results only after hav-
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ing returned his galleys for publication. (I must admit
that the same thing has happened to me a number of
times with other colleagues. But | find it hard to stay si-
lent when people ask me what | am working on and |
do not really mind when they do this to me, particularly
since so far | have been able to find new problems for
myself at all times.)

Life for me became very busy. My title was consul-
tant in mathematics and this | truly was, because every-
body dumped on me all sorts of impossible jobs, from
refereeing every paper that was written by a member
or visitor to the group, to answering letters from peo-
ple who claimed to have “squared the circle,” to help-
ing people on their research. In my own research | was
given much freedom because our chief, Dr. Curtiss, who
also worked me very hard at times, appreciated the fact
| was able to keep the important visitors occupied with
meaningful research—that at times kept them busy for
a long time after returning home—but | was also able
to look after a number of talented young postdoctoral
employees. For the latter | was at times the only bridge
between their university mathematics and the new
type of work they had to get used to. These were peo-
ple like Alan Hoffman, M. Newman, and several others.
| had extensive research contacts with both Hoffman
and Newman, leading to joint publications. Other visi-
tors of high standard were Wielandt, Stiefel, Fan, Kato,
H. Cohn, P. Stein, and Ostrowski. Ostrowski was prob-
ably more interested in numerical analysis aspects than
the others. He is an immensely powerful mathemati-
cian who had worked in many subjects, though per-
haps his most famous work is in valuation theory. He
spent much time at the Bureau, both in Washington
and at the field station in UCLA. He wrote an enormous
lot of papers there, just as elsewhere. His mathematical
power is enormous. Some of the papers written at the
Bureau were connected with work of mine at that time.
The same was true about Fan, Kato, and Stein, primarily
in matrix theory. Stiefel had not originally worked on
problems of interest to the Bureau. He was a pupil of
H. Hopf and had done famous work in topological al-
gebra. Since this had at one time also been my subject,
| felt very attached to him. In fact, during his first visit
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to the Bureau he produced a proof of a former result of
mine and published his proof in the Bureau’s own jour-
nal. Stiefel was amazed that on two occasions the work
he brought with him from Zirich had also been carried
out at the Bureau at that time. But | was also collabo-
rating with Kato on additive commutators and on the
infinite Hilbert matrix.

H. Cohn was in number theory, and at that time,
from the computational point of view, he was a pioneer
in computational algebraic number theory. Among the
staff members working with Jack were mainly Henrici
and P. Davis. In addition, we were sent out to California
to our now well-established field station once or twice
each year. There were a number of members of the
regular mathematics department attached to our out-
fit, like Hestenes, Beckenbach, R. Arens, L. Paige, C. B.
Tompkins, and E. Straus. There were crowds of interest-
ing summer visitors—Mark Kac; Feynman, whom | met
for the first time out there; Rosser; F. John. The Lehmers
were in charge at various times. My particular working
colleague for a few years was Motzkin. | worked with
him on the so-called L-property, a concept introduced
by Kac. It concerns a special set of matrix pencils. | feel
very obligated to Kac for bringing this most important
idea to my attention. Motzkin and | wrote a number of
papers on this that are very much appreciated. | very
much enjoyed working with Motzkin. He had a very
clear mind and enormous skill. Then a number of other
authors joined in, like Kaplansky, Wielandt, Wiegmann,
R.C.Thompson, Kato, Zassenhaus, Wales, Gerstenhaber,
quite recently R. Guralnick, and my present thesis stu-
dent Helene Shapiro. As long as | worked in Washington,
Motzkin and | made progress on our work whenever
one of us visited with the other. But after we moved
out to California, with the difficult drive between UCLA
and Caltech we did not seem to be able to meet much.
| then continued on my own and am likely to continue.
My growing interest in integral matrices brought me in
contact with M. Newman, a number theoretician trained
by Rademacher. He continued with me on some prob-
lems connected with the integral group ring | had start-
ed on my own. This work too seems to be continued by
each of us separately now. Another young postgradu-

ate working with me in Washington was K. Goldberg.
He had a good bit of creative talent in number theory
and was an expert programmer. He wrote an interest-
ing thesis on the Hausdorff formula under my guidance
while still at the Bureau.

In 1955 we both took leave for a semester to
teach at the Courant Institute of Mathematical Sciences
at NYU. Jack taught a course in numerical analysis and
| taught a course on matrix theory. This was a good ex-
perience for me, because not much later we went back
into academic life where we have been ever since. In
our last year at the Bureau, Jack ran a training program
in numerical analysis in which many experts partici-
pated as teachers while many of the people attend-
ing were teachers elsewhere. | gave a brief course on
bounds for eigenvalues of matrices and wrote my notes
up immediately afterwards. | then suggested to Jack to
invite the other teachers to do the same and be the edi-
tor of a book. This was finally accomplished, leading to
the Survey of Numerical Analysis.

Another thing | started was a fellowship program
for postdoctorates. Our first fellow was the great ma-
trix expert M. Marcus. It was a flourishing program up
to quite recently, but | do not know whether it is still
continued. Writing all this makes me realize what an
interesting life | had there and | feel great gratitude to-
ward the place.

There are still other items that | was associated
with at the Bureau that seem worth mentioning. When
we returned there in 1949, the Director, Dr. E. Condon,
had started on the now quite well known Handbook
of Physics and was collecting authors for the various
chapters. This was to be written somehow in our spare
time. He expressed the hope that | would take on all
of mathematics, which was to be the initial section.
| rather enjoyed this task, since | like writing. But with
all my other duties, | proved rather too slow, so | wrote
only three chapters, namely the chapters on algebra,
operator theory, and ordinary differential equations,
but was helpful in finding suitable authors for the oth-
er chapters. This enormous undertaking was actually
completed. It was later reprinted in a second edition,
and is quite a well-known opus, the Condon-Odishaw



Handbook of Physics. Next, there was the Symposium on
Simultaneous Linear Equations and the Determination
of Eigenvalues. This symposium was part of the Bureau’s
semi-centennial celebration in 1951 and was run mainly
by myself, with some help from L. J. Paige at UCLA (now
a top administrator of the University of California) and
under the official leadership of J. B. Rosser. The reason |
am mentioning this is that the symposium was the first
on numerical aspects of matrix theory and became the
firstin a chain of other symposia, of which the next was
held at Wayne State University under the leadership of
W. Givens and the next at Gatlinburg under the leader-
ship of A. Householder, then at Oak Ridge. From then
on, the meetings have gone by the name Gatlinburg
meetings, even if they take place thousands of miles
away. The proceedings of my 1951 symposium were
published by the Bureau.

Assoonasthe SEAC, the Bureau’s high-speed com-
puting machine in Washington, was operating | tried to
find suitable problems in number theory which were
not easily approachable by hand computing. Although
I myself helped very little in the actual programming,
my guidance was not unsuccessful. In particular, | had
some influence on a problem connected with Fermat's
conjecture, suggested to me by H. Hasse, on consecu-
tive power residues. The help on this came from a fa-
mous British computer J. C. P. Miller, who visited at that
time. He and another expert computer, Ida Rhodes,
spent many hours on the program and achieved a con-
siderable output. This work was then taken over by the
Lehmers, who worked on the UCLA Bureau machine,
the SWAC, and in addition wrote a number of valuable
papers connected with the Fermat problem.

During the summer months we were allowed to
hire student trainees, high-school kids or young stu-
dents who did some programming for us or helped
otherwise. This is how we met the brilliant E. C. Dade
whose programs always ran without bugs. He wrote
his first research paper when still an undergraduate at
Harvard, on a problem coming out of our set-up.

There is one more item concerning my activities
at the Bureau which | would like to discuss, mainly be-
cause | am now coming to my life at Caltech when I had
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to continue the same type of activity: this was admin-
istrative work. Prior to my employment at the Bureau
| had never done any. | did not think | was suited for
it, | was plenty busy anyway, and there were always
people who were eager to do it. However, my chief at
the Bureau pulled me into such work. Firstly, there was
the organization of the symposium | mentioned before.
But he also wanted to use my knowhow and experience
for hiring and promoting personnel. He had great con-
fidence in my loyalty and honesty, and his confidence
increased these qualities. This work was more interest-
ing than | had expected it to be, although not always
pleasant.

In spite of what | have been explaining, my job
at the Bureau was not exactly the right job for me. It
was certainly a very interesting job. | learned a lot there,
contributed a lot, and was treated with great courtesy.
| never asked for a raise or a promotion; they just came
to me. Our salaries were not kept secret; we expected
that our bosses at all times looked after everybody'’s in-
terests. As soon as it was possible, | was given tenure.
There was a great team spirit in our group, nevertheless
with occasional upsets, of course.

When the invitation to Caltech came | felt very
pleased and honored and | knew that | had stayed at
the Bureau long enough. Coming from a civil service
job back to academic life meant a tremendous change,
almost as much as the opposite change, which we had
made years before. First of all, Caltech is a teaching insti-
tution, however high its research standards are. | myself
was given a research position with permission to teach.
This created a difficult situation for me. It is not entirely
pleasant not to teach when everybody else is, and be-
sides, | simply love to teach and feel that | have a good
bit of natural talent for it. Furthermore, our department
was greatly understaffed at that time and to some de-
gree still is. However, | had not taught for a long time,
and working with Ph.D. students on their theses is quite
different from working with post-doctorate young peo-
ple, as | had primarily done earlier. The students are not
yet fully trained. They are frightened that they may not
make it. They feel frustrated if a problem does not work
out right away. There is always the possibility that they
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may break down. Altogether, it is a greater responsibil-
ity. However, it is with great pride that | can say it has
always worked out well so far.

Of course, there is another thing that makes an
academic surrounding so different from the civil service.
That is the fixed hours in the civil service. In the evening
or during weekends one can hardly return to one’s re-
search. At the university nobody gives you a fixed time
schedule, apart from the fixed teaching schedule. So
what happens is that one works practically all the time!
When | wake up during the night, partially refreshed
from a few hours of sleep, my mind goes back at once
to my unsolved problems and | sometimes really make
some progress, but feel worn out the next day. But no
doubt more work is accomplished when fixed hours are
removed.

By the time | came to Caltech | had no doubt that
some administrative work was expected of me and in-
deed, our chairman at that time did expect it and treat-
ed me with confidence and appreciation. | then took on
more teaching than | had anticipated. | did not teach
undergraduate classes, though undergraduates came

Taussky-Todd with three of her Ph.D. students at Caltech. Left to right: Joseph Parker, Raphael Loewy, and Fergus Gaines.

to my graduate classes all the time and they were ex-
cellent students. | had thesis students almost from the
start. They took an enormous amount of time and en-
ergy, but working with them was something wonder-
ful, almost all the time. They also took many great prob-
lems that | had created away from me and sometimes |
did not dare to return to these problems for years, not
wanting to interfere with their work. But all this did not
seem to matter. | always found other problems. | let the
students do their own work, only giving guidance, and
hence, they felt really satisfied at the conclusion of their
work. It always amazes me that | found problems so
readily for these students, considering the complicated
research life that | had led, which brought me to thesis
students so late. | feel most grateful that this opportu-
nity was finally given to me.

Outside of my contacts with the Caltech students,
| have, of course, contacts with my colleagues. These
contacts fall into several groups. There are the postdoc-
toral students, some of whom became colleagues later
on in junior positions. | was able to establish common
research interests with all of those young people who



were working in my lines. | know from my own experi-
ence that the step from a complicated thesis to inde-
pendent research is a very hard one, and many people
cannot make it. Some stay in the subject of their the-
sis forever, which can be either good or bad, depend-
ing on the case. But to find a truly new subject, to cut
the umbilical cord from one’s teachers is a truly excit-
ing and great thing. | have definitely put myself out to
give moral and technical support to our young post-
doctorates. That | profited at the same time from the
know-how and talents of these people is understood.
Clearly, these people were chosen because they were
promising members of our department. Some of the
ones | collaborated with were later given junior faculty
positions. Some left later. One very glamorous excep-
tion was given tenure very soon. The exceptional case
was the immensely brilliant E. C. Dade, mentioned
previously. He was trained at Harvard and at Princeton
and wrote his thesis in algebraic geometry. He is fully
trained in every mathematical subject and in many
other subjects as well. | always describe him as a man
who could have written the thesis for any student in
any subject we had. He is also a great programmer. We
had met him when we were still in Washington, when
he was chosen as a Westinghouse scholarship recipient.
(We also met the great Paul Cohen in the same capacity
there.) As | mentioned earlier, he then worked with us
at the Bureau during summers as a trainee. We realized
his capabilities and asked Bohnenblust, our chairman
at that time, to bring him out here as a Bateman Fellow.
This succeeded, and Dade rapidly went from fellow to
assistant professor, to associate professor, and to full
professor before he was thirty years old. During his first
years here, he did research entirely with me in algebraic
number theory. The new lease on life that was given
to group theory a little later by Feit and Thompson
lured him away from my subject, but made him more
acceptable to other members of the department. But
they were not able to keep him and he left. | myself
continue a small bit of work by correspondence with
him. The other post-doctorates with whom | was able
to establish mathematical contacts were Dixon, Estes,
Kisilevsky, Guralnick, and P. Morton. Fortunately, Estes
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and Guralnick, both highly gifted and scholarly, are now
at the nearby University of Southern California.

Now | come to my older colleagues at Caltech.
Several members of the department would have wel-
comed it greatly had | joined their mathematical pur-
suits; but since the latter were much removed from my
own, | could not yield to this. | was too much settled
in my work by then, and in the past, even at times of
unemployment, | had always had my own ideas of what
| preferred to do. But | did have working contacts with
Morgan Ward, whose death was a great blow to me, and
| do have frequent contact with Apostol, who is an ex-
cellent number theoretician. | also have frequent con-
tacts with Ryser, a man in combinatorics with a great
interest in matrix theory, as well as with M. Hall and
D. Wales. Then there is DePrima, an analyst, but with a
feeling for other subjects as well. We got interested in
several problems concerning matrices with complex
entries and had some enjoyable work interactions, par-
tially in connection with theses worked on by students
of both of us. There was also my chairman at the start
of my stay at Caltech, Bohnenblust (Boni), who became
very interested in my problems on pairs of symmetric
matrices and provided very fine theorems on them. He
also discussed work of some of my thesis students with
them and myself.

The famous California climate lures visitors out
here easily. But some of them also come to work with us.
Among them is Zassenhaus, a man of great mathemati-
cal power and knowledge, a student of E. Artin. Then
there is A. Frohlich, a student of Heilbronn; Wielandt,
a student of Schur, more into group theory, but easily
lured into matrix theory; Varga in analysis and complex
matrix theory; D.W. Robinson, working on commutators
and integral matrices; S. Pierce, in matrix theory and in
number theory; and J. H. Smith, a pupil of lwasawa, in
many subjects.

There is so much mathematics going on nowa-
days that it is not possible to keep up with much of it.
One must restrict one’s creative work to small areas if
this is at all possible. However, | myself do not favor the
idea of working in a small area. One gets more famous
if one does, just as a medical specialist can do more
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important work and earn more as well. Yet the general
practitioner has occasionally the greater, though more
arduous, life. In any case, | like to nibble at all subjects,
although this is now getting harder every day. Partially,
circumstances have forced me into doing this. At the
start of my life all | wanted to work in was number theo-
ry. But this was frustrated through many circumstances.
In fact, it took a long time before | could return to my
dream subject. But apart from the complications in my
career, | developed rather early a great desire to see
the links between the various branches of mathemat-
ics. This struck me with great force when | drifted, on
my own, into topological algebra, a subject where one
studies mathematical structures from an algebraic and
from a geometric point of view simultaneously. From this
subject | developed a liking for sums of squares, a subject
where one observes strange links between number theory,
geometry, topology, partial differential equations, Galois the-
ory, and algebras.

The theses written under my guidance reflect
the main areas of my own research. At present these
are commutativity and generalized commutativity of
finite matrices, which includes the difficult problems
concerning eigenvalues of sums and products of ma-
trices, and on the other hand, integral matrices, i.e. ma-
trices whose elements are whole numbers. These two
subjects sound quite different, but they have important
intersections, a fact on which | am working very hard,
with some success, interpreting facts in number theory
via facts in matrix theory, which involves noncommu-
tativity. This is nothing new in principle, but has not
been exploited sufficiently until recently. Some facts in
modern number theory have been better understood
by considering numbers as one-dimensional matrices,
and then generalizing to matrices of higher dimension,
thus giving more meaning to the original results. | be-
came interested in these methods as soon as | heard of
them. Some go back to Poincaré, who had great ideas
in more subjects than people realize. | have gone my
own way on this kind of work.

My husband and | are not in the same line of work,
since he is an analyst and | an algebraist. However, most
of the time we are able to talk to each other about our

respective activities, and there are a number of items of
fairly large area in which we can work together. When
we first met, he was very much interested in rather ab-
stract parts of analysis, and since | had broken away,
temporarily, from number theory and was working in
topological algebra, | found talking to him very easy.
Later, the problems which arose in his scientific war job
brought our scientific ideas together again. Applied
mathematics as it is nowadays needs analysis to some
degree less than matrix theory. So we are never alto-
gether out of contact mathematically. Like myself, he is
a dedicated teacher, a family trait with him. At Caltech
this has led him to a number of book publications,
which are well received. He is also well known for his
work on approximation theory, special functions and
the application of elliptic functions.

The theses of my students have, as | implied ear-
lier, on the whole, been concerned with problems of my
own. Two of my students have started their work alone.
One student, Hobby, worked on group theory, his the-
sis leading to the solution, by Golod and Shafarevich, of
the class field tower problem. Some of my students have
not even realized that | work at present in two quite dif-
ferent subjects; some of them had a definite wish not
to be concerned with number theory. At one time | had
three students not working in number theory, while
at the same time my research was entirely in number
theory. With some of my students | continue research
contacts, notably R. C. Thompson, Bender, Gaines (and
even his colleague Laffey), Maurer, Uhlig, and Hanlon.

Something that has brought me great pleasure
over the years is my contact with Japanese mathemati-
cians. This goes back to my student days, when | heard
of the beautiful results Takagi had found in class field
theory. | took the liberty of writing to him for reprints
and in due course | received them. Later | sent him a
copy of my thesis, after it was published. In the mean-
time one of his best students, lyanaga, visited Europe.
He had sent me a copy of his thesis, and he visited me in
Vienna. In due course other Japanese mathematicians
visited me or sent reprints. One of them was Shoda. One
of the latter’s reprints contained results on expressing a
matrix of determinant 1 as a multiplicative commutator



over the field of the matrix’s entries, and of expressing
a matrix of trace zero as an additive one. This immedi-
ately struck me as a very beautiful and important result.
Many years later | was able to use it for my own work.
| then started to teach it and Shoda’s work was com-
pleted by my student R. C. Thompson in his thesis and
in later work and led to a great deal of work by others as
well. Shoda became aware of this and appreciated this
very deeply.

| met Takagi personally in Zirich at the
International Congress in 1932 and he visited me and
my family later in Vienna where he, of course, also vis-
ited Furtwangler. (However, these two class field giants
did not discuss class field theory!)
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At the conclusion of World War II, when things
had normalized somewhat, | sent a post card to him
inquiring about his safety. Many Japanese mathemati-
cians heard about this message and appreciated it im-
mensely. Takagi had done a tremendous amount for
Japanese mathematics and is revered for this.

| had always hoped to visit Japan some day, and
this finally became a reality a few years ago when | was
invited to the number theory conference in Kyoto held
in honor of Takagi. My husband went with me and was
able to attach himself to a group of mathematicians in
his line of work and was given a very good reception.

But it was not only the achievements of the
Japanese in number theory and algebra that came

At a 1976 symposium, mathematicians from distant points came to honor Olga Taussky-Todd. Left to right: R. Varga, Kent State
University; H. Schneider, University of Wisconsin; and D. Carlson, Oregon State University.
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to my attention. | had met some Japanese visitors in
Menger’s circle working in analysis, logic, and statis-
tics and, much later, Tosio Kato, whose work | admire
tremendously.

Honors

In the course of my career, | have received numerous
honors of more or less importance. Several of these
made me feel truly rewarded for my hard work over
the years. At the time of my retirement, two journals

on linear algebra—the Journal of Linear Algebra and
Applications and the Journal of Linear and Multilinear
Algebra—published issues dedicated to me, and a
number of isolated papers appeared in various journals
which were dedicated to me. The Journal of Number
Theory, went even further: they published a book en-
titled Algebra and Number Theory, published by the
Academic Press and edited by H. Zassenhaus. This book
contains an autobiographical sketch, which is entirely a
technical survey of some of my work.

At the symposium a volume of papers was dedicated to her. Here we see her being congratulated by R. Varga.



Something | consider a real honor is the fact that
some papers of mine were read to the last details by
truly great people, like Carl Siegel, who informed me of
some tiny slips. Another honor was when | was award-
ed a Ford Prize for my paper on sums of squares. Then
there was a symposium arranged here at Caltech by
Professor Varga. In this symposium, a number of papers
connected with my work were given, but in particular
one speaker, H. Schneider, reported on my influence
via three particular areas on which | had worked. He
talked about just three of them because they particu-
larly concerned him and he is not likely to know about
several others, but | was very grateful and elated about
it all. I myself had known about my influence on matrix
theory in this country, but | did not expect that anyone
would spell it out as he did. Actually, Schneider went
even further and published an article entitled:“On Olga
Taussky’s influence on mathematics and mathemati-
cians” The eminent J. P. Serre wrote a paper called “Sur
un probléme d'Olga Taussky.” And the Mathematical
Association of America recently published a book con-
taining a selection of papers in algebra which had been
published throughout the history of the Monthly and
the Mathematics Magazine, and all my major papers
from the Monthly were included.

In 1963, | was given the“Woman of the Year”award
by the Los Angeles Times. Apart from the strain that the
ceremonies and interviews inflicted on me, it gave me
great pleasure. | knew that none of my colleagues could
be jealous about it (since they were all men), and that it
would strengthen my position at Caltech. My husband
was delighted about it and enjoyed the ceremonies.
Otherwise it did nothing to me. Recognition that has
pleased me far more were those instances where a spe-
cific piece of my research or a lecture | had given were
involved, or where something | had done for a student
was involved.

While | slowly became an established member
of the mathematical community, | was awarded fel-
lowships and grants, was a member of the Council of
the London Mathematical Society, and was three times
elected a member of the Council of the American
Mathematical Society. A particularly appreciated event
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was the award of Fulbright Professorships to both of us
at my own Alma Mater in Vienna. Caltech gave us leave
for this. There | met Professor E. Hlawka who was still a
student when | left. He was later to spend some time
at Caltech and we have enjoyed his tremendous math-
ematical strength and warm friendship ever since.

So, in 1965, my husband and | were appointed
Visiting Professors at the University of Vienna. This
brought me back to Austria, and the Austrians have
supplemented this invitation by a number of rather im-
pressive honors since then: membership in the Austrian
Academy of Sciences, and later the Gold Cross of Honor,
First Class, awarded by the Austrian government and
handed over to me by the Consul-General of Austria
in Los Angeles in a ceremony at Caltech. In addition,
the University of Vienna has renewed my doctorate by
awarding me a Golden Diploma.

Epilogue

This account was written in installments quite some
time before 1980, the date on which it was delivered
to the Caltech Archive. A few alterations and insertions
have now been made under the advice of John Todd
and Professor of History J. Grabiner. Several years have
passed, but | do not plan to report much on what hap-
pened since then, although a lot did happen. For the
sake of continuity, there have been some repetitions.
In 1977 | became Professor Emeritus, a rather honour-
able title, but | was “retired,” a phrase | absolutely ab-
hor. Nobody, absolutely nobody, ought to be burdened
with it, unless by fate or by oneself. Apart from not lec-
turing | am carrying on as before, maybe with rather
more duties, some administrative, some highly techni-
cal. | have always helped others and | continue doing
this. But | have not coauthored a paper for a number
of years now. | have an enormous mathematical corre-
spondence, people from many countries flood me with
enquiries, | am asked to write a great many letters of
recommendation and evaluation for universities and
grant-giving agencies, and | am an editor for several
journals. Some of these activities bring me pleasure and
even additional knowledge. One of the most pleasing
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duties of this kind is my correspondence with J. Ochoa
from Madrid. His interest is in integral matrices and he
has very original ideas and seems entirely self- trained.
| continue to be invited to lecture at prestigious con-
ferences like the Noether 100th birthday symposium
at Bryn Mawr College in 1982 and at the Godel sympo-
sium in Salzburg to happen in July 1983. | worked with
two brilliant thesis students, but above everything else
| completed a piece of research with which | am exceed-
ingly pleased and proud. It concerns an application of
integral matrices to two of Gauss’s most famous proj-
ects in number theory, the composition of binary in-
tegral quadratic forms and the principal genus. Gauss,
with his enormous talents, worked through these prob-
lems, but the application of non-commutative methods
gives additional insight.

When | was sufficiently mature to think about my
career, and this came to me rather early, | knew that |
was dedicated to an intellectual life, with science, in
particular mathematics, my main interest. However,
from early childhood on, poetry and writing came to
me in a natural way. But it seems to me that both in the
work of others and in my own | look for beauty, and not
only for achievement. Only an expert will understand
what | mean by this.

In conclusion, | want to say: a person who started
with the enthusiasm that came to me and did not di-
minish through hardships, difficulties, and disappoint-

ments“is not given a choice”and “shadows of the future
one does not see.”

Postscript

In 1985, Taussky-Todd was elected Vice President of
the American Mathematical Society and was elected
to membership in the Bavarian Academy of Sciences.
In 1988 she received an honorary doctorate from the
University of Vienna, and in 1991 she was elected a
Fellow of the American Association forthe Advancement
of Science. In the 1980s and early 1990s several journals
dedicated issues to her. John Todd, her mathematician
husband, died at age 96 in June 2007.

Apropos

The truth, nothing but the truth, but not all the truth.

This personal memoir was written by Olga Taussky-
Todd at the request of the Oral History Project of the Caltech
Archives. We originally approached Dr. Taussky-Todd about
doing an oral history interview to add to our series of in-
terviews with Caltech professors. However, she preferred
to write her story and set it down in installments over the
course of the spring of 1979. | worked in close coopera-
tion with her over the next year to edit and rework the first
draft into its final form.

—Mary Terrall, September, 1980.






Albert Tucker

Interviewed by Stephen B. Maurer



he mathematical career of Albert W. Tucker,

Professor Emeritus at Princeton University, spans
more than fifty years. Best known today for his work in
mathematical programming and the theory of games
(e.g., the Kuhn-Tucker theorem, Tucker tableaux, and
the Prisoner’s Dilemma), he was also in his earlier years
prominent in topology. Outstanding teacher, admin-
istrator and leader, he has been President of the MAA,
Chairman of the Princeton Mathematics Department,
and course instructor, thesis advisor or general mentor
to scores of active mathematicians. He is also known for
his views on mathematics education and the proper in-
terplay between teaching and research. Tucker took an
active interest in this interview, helping with both the
planning and the editing. The interviewer received his
Ph.D. under Tucker in 1972 and teaches at Swarthmore
College.

A Career as an Actuary?

MP: Al, let's start at the beginning: tell us where you
grew up and how you got interested in mathematics.

Tucker: 1 grew up in Ontario, Canada, where | was born
in 1905. My father was a Methodist minister. We lived in
several small towns on the north shore of Lake Ontario.
It was while | was going to high school that it first
seemed | had talents in mathematics. It was a three-
teacher school, with the principal teaching science and
mathematics. A few weeks into my Euclidean geometry
course, the principal decided to give us a test. For his
own convenience, he used part of a provincial examina-
tion. This contained both questions of knowledge and
“originals.” He had not previously given us any originals
and didn't expect us to answer them. Well, | didn't know
this, so | answered the originals. That night the principal
came to see my father and wanted to know if my father
had been coaching me, because he knew my father had
taught mathematics for a year or two. My father said
no, he had not. Then the principal said, “I think your son
must be a mathematical genius. | think he can have a
very promising career as an actuary!”

From that time on my parents thought of me,
their only child, as a budding mathematician. For my-
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self, what | realized was that although | did well in all my
subjects, | did well in mathematics without trying.

Mathematics or Physics?

MP: You attended the University of Toronto. Tell us
about that.

Tucker: | entered the University of Toronto in 1924. In
those days, there was a Pass Course, which took three
years, and Honors Courses, which took four. | enrolled
in the Honors Course in Mathematics and Physics. There
were about seventy-five enrolled in this Honors Course
in my year. Almost all our courses were in mathematics
and physics. Other than that | had courses in chemistry
and astronomy and four or five elective courses, includ-
ing one in so-called “Religious Knowledge.”

My own idea at that time, as far as | had a goal,
was to become a high-school teacher of mathemat-
ics and physics. | knew very little about what an actu-
ary was, but on the other hand | had had high-school
teachers | thought very highly of.

At the end of the first year | was first in my class. (I
had also been first on the provincial scholarships exam-
inations before entering, in mathematics and in Latin.)
| didn’t know it at the time, but a professor who was
leaving to go back to his native Ireland, J. L. Synge, who
had taught me a course in conic sections, left a note to
the chairman of the department that there was a young
man in the First Year by the name of Tucker who bore
watching.

The chairman of physics was also watching. In my
Second Year he taught me History of Physics. During the
summer he had attended a conference in Italy where
for the first time he heard about quantum mechanics.
He had the fashion, a very good one which | followed
later on, of having students report on various topics. He
assigned me to report on quantum mechanics. At that
time nothing was available except a few published pa-
pers.|read these.| don't think | understood any of them,
but | put together some sort of report which greatly im-
pressed him. He called me into his office and urged me
to switch from the straddle between mathematics and
physics to pure physics.
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He and the chairman of the mathematics depart-
ment communicated about me, though they were not
on good speaking terms, and agreed that | should go
on in one or the other but not in both.

| took their advice, but it was a very hard decision
for me. | was more attracted to physics. It seemed to
have much more glamour. These were the early days
of relativity and quantum mechanics. But | found | was
able to talk more satisfactorily with the professors of
mathematics. | felt when | talked to them that | knew
what we were talking about, whereas the physicists
were always talking in terms of analogies. This was be-
fore physics had become mathematicized in the mod-
ern sense. If there had been real mathematical physics
at Toronto in the modern sense, | probably would have
opted for that.

So | chose mathematics. When | did this, | realized
| was going somewhere other than into high-school
teaching. There were jobs in the schools only for those
with a joint specialty in mathematics and physics.

“Princeton Was the Place
I Wanted to Go”

MP: How did you decide on Princeton for graduate
school?

Tucker: Early in my Fourth Year, the mathematics chair-
man, Dean DeLury, called me in and told me | should be
thinking about graduate study and that | ought to go
abroad. He felt Oxford, which was preferred by my fa-
ther, was not a good place for mathematics. Cambridge
was good, but best of all was Paris, he thought. When |
didn't take to the idea of Paris, he suggested Gottingen
or Bologna—he knew | was very interested in geom-
etry. But | was really frightened of studying in a foreign
language. So | wrote to Cambridge and got information
about courses there. These were mainly nineteenth-
century style courses. Of course, | didn't know anything
about the quality of these courses, but somehow they
didn’t impress me.

So in order to postpone making a decision, |
stayed on at Toronto for a fifth year as a Teaching Fellow

to get a master’s degree. | had a very good year of
teaching. Originally | was given one course, but soon
the other two teaching fellows dropped out and | was
teaching three! | taught Advanced Calculus to the first
small group of aeronautical engineers and Interest and
Bond Values in a laboratory session for Pass Course
students. Also, | taught Mathematics for Economists.
This was to Third Year students, mainly students who
had started in mathematics and physics. The trouble
was there was no adequate textbook at that time. Now
mark you, | had not ever studied economics. Of course,
the students hadn’t very much knowledge of econom-
ics either! So we learned together. But this was a year
course, and after two or three months | had done all the
mathematical economics | could lay hands on. So | fin-
ished the year teaching pretty much straight statistics,
which | felt these students ought to know. There again |
had really not had much statistics myself.

As a Teaching Fellow | got a tiny, bare office. The
first time | entered that office, the one piece of reading
material in the room was a Princeton graduate catalog!
| looked at that catalog and saw the courses that were
listed—a course by Veblen on projective geometry, a
course by Lefschetz on algebraic geometry, a course by
Alexander on combinatorial analysis situs, a course by
Eisenhart on differential geometry and another course
by Eisenhart on Riemannian geometry. Instantly, | de-
cided that Princeton was the place | wanted to go.

Well, | went to Dean DeLury and told him this. He
said,“Oh, | don’t think that’s a very good idea,"and start-
ed in again on going abroad. “But if you insist on going
to the United States,” he concluded, “there are only two
places, Harvard and Chicago.”

| wrote to Harvard and Chicago for catalogs and
compared offerings, and | decided the geometry cours-
es there were not nearly as attractive as at Princeton.
So | went back to Dean DeLury and told him what I had
done and that [ felt Princeton was the place for me. He
said—this was the only time | really saw him angry—
"Mr. Tucker, somehow you don’t seem able to take
advice!”

| left his office thinking there goes any further
mathematics study. It never occurred to me that | could
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Young mathematicians of Graduate College, Princeton University, 1932. Front row: J. L. Barnes, N. Jacobson, ]. B. Rosser, G.
Bol, C. B. Morrey, B. Hoffman. Second row: T. Graham, R. J. Walker, W. C. Randels, A. W. Tucker. Third row: E. W. Titt, G.
Garrison, E. E Beckenbach, M. M. Flood. Top row: D. Marfield. Statue: A. West.

just apply. | was so naive that | thought | could only go
to one of these places if in some sense Toronto sent me
there.

It happened before | left for the day that | saw
one of my favorite teachers, Professor Chapelon. He
sensed something was wrong and got me to explain.
He said, “Well, let me see these catalogs.” It turned out
he had gone to the same lycée in Paris as Lefschetz and
thought Lefschetz was a terrific mathematician. He
also thought highly of others at Princeton. So he went
to Dean DelLury, and said, “I think that you should not

discourage Mr. Tucker from going to Princeton,” and
explained.

To Dean Delury’s great credit, he immediately
reversed himself and told me he would write at once
to his good friend H. B. Fine. He did, but unknown to
us, the letter arrived shortly after Dean Fine's death.
Weeks went by without an answer, and again | became
very discouraged. Finally, a letter came to DeLury from
Eisenhart, explaining that Mrs. Fine had recently turned
over the letter to him. It was now too late for me to ap-
ply in the regular way. But, they needed a part-time
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instructor in mathematics, and if DeLury could recom-
mend me in that capacity, | could come and also start
graduate study.

Thanks to all the teaching | was doing, Dean
DelLury had no problem recommending me. So | was
appointed a part-time instructor at Princeton for the
1929-1930 school year, with a salary of $1000 and free
tuition.

MP: | take it you enjoyed your first teaching at Toronto.
Did you have any other early indications of your interest
in teaching?

Tucker: Pretty early on at university, | spent hours writ-
ing up my course notes. In many of the courses there
were no textbooks. | wrote up my lecture notes as
though next year, if necessary, | could teach the course!
That was somehow my aim in learning: to be able to
explain the material or teach it. | suppose this was early
evidence of my very strong pedagogical impulses.

How to Write a Thesis

MP: At Princeton you got your Ph.D. under Lefschetz.
How did this come about?

Tucker: Both my first two pieces of research, the first,
a paper written under Eisenhart, and the second, my
thesis with Lefschetz, came about through trying to im-
prove their books! With Eisenhart, during my first year
at Princeton, | took his course in Riemannian geometry.
Along about the middle of the year, in the chapter on
Riemannian subspaces, | saw what | regarded as a flaw
in the presentation of covariant differentiation. | went
to see him after class and made this criticism to him.
He said very courteously, why don’t you write this out.
The next week | gave him three or four pages. He made
certain criticisms and suggested | rewrite it. This was re-
peated several times. Finally, one day when | had given
him about the fourth rewriting, he said, “Mr. Tucker, |
would like to submit this for publication in the Annals
of Mathematics.” Well, you could have knocked me over
with a feather! | had had no thought at all that | was
writing a paper. | was just trying to make my point with
him.

Lefschetz, atthe end of myfirstyear, gave me some
chapters of the manuscript of his first topology book to
look over for errors during the summer in Toronto. Well,
when | came back in the fall, | gave him comments not
just on typographic errors and other small things which
were not right, but | proposed that he rewrite these
chapters along different lines! Oh, he was very scornful
of all this, but | persisted about it. He went off for the
second term (he and Alexandroff in Moscow changed
places), but while he was gone | kept on working up
my ideas of how his book should be written. At the end
of the second summer | presented him with a lengthy
screed on it. By then his book had been published, but
again | was just trying to win my point. So Lefschetz
said, “You better write this up and get done with it, be-
cause until you do that | see you're not going to go on
and do anything else!”He actually set up a weekly semi-
nar for me to present this material. As this went on, he
got more and more enthusiastic about it. Finally he said
| ought to make it my thesis, which | did. But before he
said that, | had not been thinking of it as research.

Often graduate students have asked me, “How
do you get started writing a thesis?” | would say, there
are lots of ways, but here is one way | have had good
experience with myself. Take something you are inter-
ested in, mull it over, and make it your own. There’s a
good chance that in doing this you will find new ways
of looking at the material, and this will turn into some-
thing that’s publishable.

Incidentally, Lefschetz was the one who intro-
duced the word topology, for the title of this first book
of his, published in 1930 in the Colloquium Series of the
AMS. There was an earlier volume in that series, written
by Veblen, called Analysis Situs. Lefschetz wanted a dis-
tinctive title and also, as he would say, a snappy title, so
he decided to borrow the word Topologie from German.
This was odd for Lefschetz since he was French-trained
and analysis situs was Poincare’s term; but once he de-
cided on it, he conducted a campaign to get everyone
to use it. His campaign succeeded very quickly, mainly |
think because of the derivative words: topologist, topol-
ogize, topological. That doesn’t go so well with analysis
situs!



Also, Lefschetz was the one who invented the
term algebraic topology, for his second Colloquium vol-
ume. The subject had been called combinatorial analy-
sis situs or, later, combinatorial topology.

MP: Let's talk now about the changes in your own work.
Your work in mathematical programming and games
does not appear to be closely related to your work in
topology. Is it? If not, how did you get involved in these
new areas?

Tucker: Looking back now, | feel | have always been
interested in combinatorial mathematics. When | was
called a topologist, it was the combinatorial cell struc-
ture that interested me. Someone who studied combi-
natorial topology was called a topologist; | should have
been called a combinatorialist, but the term just didn’t
exist then. So in 1948, when | had the opportunity to
move into other parts of mathematics, | probably didn’t
consciously recognize them as combinatorial, but I
think intuitively | was attracted to them for this reason.

The story of how | became involved in games and
programs has been told by Harold Kuhn in that very
fine survey article he has done on nonlinear program-
ming [3]. Briefly, the Pentagon was very impressed with
George Dantzig's 1947 invention of the simplex meth-
od and wanted to set up a university-based project to
study linear programming further. In May 1948, Dantzig
came up to Princeton from Washington to consult with
von Neumann about such a project. At the end of
the day, George needed a ride to the train station at
Princeton Junction. | just happened to be introduced to
him then and offered him a ride, during which he gave
me a five-minute introduction to linear programming,
using as an example the transportation problem. What
caught my attention was the network nature of the ex-
ample, and to be encouraging, | remarked that there
might be some connection with Kirchhoff’s Laws for
electrical networks, which I had been interested in from
the point of view of combinatorial topology. Because of
this five-minute conversation, several days later | was
asked if | would undertake a trial project that summer,
and | agreed. The two graduate students | got to work
with me were Harold Kuhn and David Gale. Thus began
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an Office of Naval Research project that continued over
two decades.

Many people think there was a sudden change in
direction for me in 1948, but it was really things | had
been interested in before that led into the things we
did in this seemingly new direction.

Combinatorial Mathematics

MP: Let me pursue the nature of the “change” a little
further. You've pointed out that you were always com-
binatorial in your interests. Nowadays you are also very
algorithmic in your approach. There is a quote you very
much like by Hermann Weyl, and which you taught me:
“Whenever you can settle a question by explicit con-
struction, be not satisfied with purely existential argu-
ments.” Did you have this constructive, algorithmic at-
titude early on as well?

Tucker: This attitude has been a gradual thing with me.
From 1948 to about 1957 | was really interested in exis-
tential results, so my approach to programming was in
terms of “convex geometry,” and | had never bothered
to examine the simplex algorithm carefully! There was
somehow in my mind—something very common with
mathematicians—a compartmentalization between
numerical results and theoretical results.

In 1957 lwasaconsultanttoa projectatDartmouth
of the MAA Committee on the Undergraduate Program
to write an experimental text for a second year course
for students in the biological and social sciences. My
job was to help write a chapter on linear programming.
Well, up to that point, in any talks | gave on linear pro-
gramming (I had not yet given any linear programming
courses), if | wanted to start off gently, | began with an
example that could be solved graphically in two dimen-
sions. But when it came to describing the subject in a
book, | felt that one had to present a solution method
that would generalize to higher dimensions. The first
thing to look at, naturally, was the simplex method. And
the more | looked at the simplex method, the more | be-
came fascinated by it. | began to see that it had very in-
teresting structure. (One can prove from this structure,
by purely combinatorial and algebraic means, that the
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algorithm must terminate. But by definition, the algo-
rithm terminates only if it reaches a tableau of one or
another specified form, forms from which the existence
or nonexistence of certain feasible or optimal solu-
tions is obvious. Thus the proof of termination proves
the fundamental “alternative theorems” of the subject,
while simultaneously showing how to compute the
correct alternative in any given case—something the
original proofs did not do.)

“Unify and Simplify”

For me it was a revelation to see an algorithm which, if
you let it, would develop the theory for you. Ever since
that time, it has been my aim to make theory and the
numerical methods of solving problems as unified as
possible. | guess you can say in some sense it has al-
ways been my aim to unify and simplify. | believe that
the simplification very often occurs through obtaining
meaningful examples, examples which, if you under-
stand them, don't need a lot of theory—the examples
carry the story.

| believe | began teaching a linear programming
course in the late 1950s. It was by dint of teaching this
to undergraduates that the algorithmic side continued
to develop for me. But it was only after teaching the
course several years that | got it organized into what
I think now is a very nice form [4]. | feel that all along
things which | have done that might be called research
have been intertwined with my teaching, and | don’t
know where to draw the line between one and the
other.

“Develop Courses for Students”

MP: In addition to a linear programming course, you
have developed several other courses during your ca-
reer. Tell us something about them.

Tucker: When | started as an instructor at Princeton
in 1933, | had the opportunity to develop two new
courses. One of these was a junior course in elementary
combinatorial topology. | taught that almost every year
until World War 1l, and several times since then. That

particular course has been turned into a textbook by
Donald W. Blackett [2]. Various students took the course
and later became topologists.

The other course was one in “college geome-
try”—now rather out of fashion. | taught various geo-
metric transformations in the plane, for instance, the 17
infinite Euclidean patterns. It was a low-brow survey of
geometries in the sense of Felix Klein: projective trans-
formations, affine transformations, inversions, that sort
of thing.

After | became involved in games and programs, |
did most of my course development in that direction. In
addition to the linear programming course, | developed
an undergraduate course in the theory of games and one
on combinatorial mathematics, mainly graph theory. In
the more recent years before | retired, | taught the linear
programming course every fall semester and alternated
in the spring semester between the other two.

The most unusual course | developed was a
course in geometric concepts. Soon after World War I,
Princeton, like many universities, introduced general-
education or distribution requirements. The natural
sciences requirement could only be met by labora-
tory courses, so the one place where a mathematics
course could fit was the catch-all Area IV called “History,
Philosophy, Religion.” Well, | had been a member of the
faculty committee which drew up the plan, and which
urged every department to develop distribution cours-
es, so | took it on myself to try to design a mathemat-
ics course to fit in Area IV. The course | worked out was
called “Evolution of Geometric Concepts.” In this course
| tried to trace geometric ideas from conics before
Euclid down to present-day topology. The course had
no prerequisites, and | concentrated on material that
could be treated verbally and pictorially. | talked about
things such as the Pascal configuration and the Lorentz
transformation, but would depend upon plausibility
arguments rather than proofs. For instance, the Pascal
result clearly holds for a hexagon inscribed in a circle so
that opposite sides are parallel. If you make an oblique
projection of this, you get a general configuration. |
don't think there is any other course that | have taught
as often and for which I have the same fondness.
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| feel that the chance to develop a course is a tre-
mendous opportunity. There is a lot of work involved,
but it's very rewarding. Students feel that a course that
is being developed for them is much more meaningful
than a course that is just being taught from some text-
book. Also, if the instructor handles the responsibility of
developing a course in an intelligent and sincere fash-
ion, he will learn a great deal and it will make him much
more interested in the job of teaching.

The Purpose of a Ph.D.

MP: What about your philosophy of teaching on the
graduate level? What do you see as the purpose of a
Ph.D.?

Tucker (laughing): We could spend all night talking
about that! | was one of the people who took an in-
terest a number of years ago, when there was a great
shortage of college teachers, in the idea of having a
Doctor of Arts degree. This would not require an origi-
nal contribution to knowledge but could be attained
by satisfactory work over a reasonable period, like a
master’s degree. | felt very strongly that if someone
did a publishable piece of research, the publication was
the acknowledgment, the credit, the reward, and that
a degree to bless that was not necessary. So | was quite
happy to have a doctorate degree given to anyone who
reached a certain level of mathematical maturity, and |
really didn't care what sort of doctorate it was called. If
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it was done by a research thesis, fine, but if it was done
by a so-called scholarly thesis, fine also.

As a thesis adviser, | felt that my principal role
was one of encouragement. Almost all my Ph.D. stu-
dents seemed quite self-reliant. Very often | really did
nothing for them mathematically; | simply was the
straight-man against whom they could bounce their
ideas.

| sometimes would suggest a general area for a
student, and | had some fortunate successes. | had one
student, E. F. Whittlesey, who had had to drop out be-
cause of family financial problems and came back many
years later to retake his General Examination, which he
had failed the first time. He passed nicely the second
time and then came to me and said, “l want to do a the-
sis with you in topology.” Well, I was no longer working
in topology. | felt that | was obliged, however, to meet
his request. He had been very much interested in the
undergraduate topology course | mentioned earlier,
and he said he would like to do something with the
sort of cutting and pasting | had used to classify two-
dimensional manifolds. So | said, “Why don't you try to
do a classification of two-dimensional complexes?” Well,
it had been proved by Reidemeister that you could find

a finite two-dimensional complex that would have
any given finitely generated group as its fundamental
group, so this topological problem looked as if it might
be as difficult as the problem of classifying finitely gen-
erated groups.

Of course, | didn't really think Whittlesey would
solve this problem. | regarded it as unsolvable. | thought
he might find a subclass that he could classify, and that
then this would become an important subclass, just
as earlier lens spaces had become an important sub-
class of three-dimensional manifolds. But he went off
to where he was teaching, and | neglected to tell him
this! | don't know if this was carelessness or what, but
it was apparently very fortunate that | didn't tell him.
About three months later he called me and said he had
solved it. Well, of course | didn’t believe him, but | asked
him to come to Princeton at the first opportunity. The
next weekend he came, we worked on it until noon
Sunday, and by then | was convinced that he had solved
the problem. | told my colleague Ralph Fox about this,
and he didn't believe it either. But when the thesis was
turned in, he was the second reader and approved the
thesis. His remark to me then was, “What devil got into
you, to set him that problem?” and | had to explain.

Father and sons: Alan, Albert, and Tom Tucker—AlIl mathematicians.



Anyway, that, of all my experiences with thesis supervi-
sion, was the most fortuitous.

Another unusual case was Marvin Minsky. He was
agraduate student at Princeton in the early '50s. He was
given support through a research assistantship with the
Office of Naval Research project | directed. | very quickly
discovered that he was very talented and had all sorts
of original ideas.

One day towards the end of his first year at
Princeton | asked him if he had any plans for his the-
sis. He said no, but he supposed he would do a thesis
in topology because that's what so many of the other
students were doing. “But what would you really like
to do?” | asked. He indicated he would like to develop
some of the ideas he had been interested in as an un-
dergraduate concerning the relation between com-
puters and the brain. “Well;" | said, “why don’t you!” He
replied, “The Department would never accept a far-out
thesis like that!”“No, as far as I'm concerned,’ | said, “the
only requirement for a Ph.D. thesis is that it should be
an original contribution to human knowledge; there’s
no limitation about far-out!” “But who would super-
vise it?” Minsky asked. “I'm willing to supervise it. |
can't help you with the material,” | explained, “but | will
serve the formal purposes.” And so we agreed that he
would try to develop his ideas and put them in thesis
form.

| did have some qualms about this, because there
would have to be a second reader of the thesis, and the
report of the readers would have to be accepted by
the Department. But | really felt strongly that Minsky
should develop his ideas on “artificial intelligence,” as it
is now called.

Well, he did. In the end his thesis was about 300
pages. As | recall, the title was “Neural Networks and
the Brain Problem. He did it all on his own. When |
saw him | would ask how things were going, but this
was really just general encouragement. | was the first
reader and John Tukey was the second. We also had an
independent reading done by the chairman of the bi-
ology department. The point of this was to have him
assess whether or not the physiological assumptions
that Minsky made were reasonable ones. He said they
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were, and put it in writing. So the report was made to
the Department and there were no objections.

There is a profile of Minsky published a year ago
in the New Yorker [1], in which mention is made of his
exceptional thesis and of the informal club-like atmo-
sphere of Fine Hall that he shared with creative contem-
poraries, such as John McCarthy and Lloyd Shapley.

MP: Al, let me ask one more question about teaching, of
a more personal nature. Both your sons, Alan and Tom,
are active mathematicians. In bringing them up, did
you stack the deck? [N.B.: Alan is also called Al by some,
but must be called Alan here, for obvious reasons.]

Tucker: 'm very happy that my sons seem to share
my mathematical tastes, but this has not come about
through any pressure from me. It's quite clear that
through some osmosis they acquired values that in-
clined them towards mathematics and its teaching. The
thing | can't really understand is why they both have
combinatorial interests akin to my own. They did not at-
tend Princeton and | at no time tutored them. Of course,
| would chat with them about the mathematics they
were studying. At one time Alan was having difficulty,
he thought, in finding a thesis adviser. But | knew that
he was enjoying the work that he did summers at the
Rand Corporation, where he was associated with Ray
Fulkerson. So | suggested that perhaps he could start
a thesis with Fulkerson and complete it at Stanford,
where he was a student. This indeed happened, thanks
especially to George Dantzig.

Founding of the Annals of
Mathematics Studies

MP: | understand you've been involved in a number
of editorial activities over the years which are not well
known but which you feel have been important. Tell us
something about them.

Tucker: Well, in 1933, when | was appointed to the
mathematics faculty at Princeton, | was assigned the
job of handling the manuscripts which came in to the
Annals of Mathematics, until they were either accepted
or rejected. Lefschetz and von Neumann were the edi-
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tors, but Lefschetz made most of the decisions. At that
time the Annals had no paid secretary. So when a manu-
script came in, Lefschetz would take a quick look at it. In
cases where he knew the author or the subject matter,
he would make a snap decision whether to accept it or
reject it. The other papers were turned over to me, and
| had to find referees for them. Then | rode herd over
the referees. | have no good substitute to suggest for
the refereeing system, but it's a pain in the neck for just
about everybody concerned. Anyway, if there was cor-
respondence, it was always signed by Lefschetz; | never
formally appeared as having anything to do with it. But
it was all dictated and handled by me.

Also in 1933 | was put in charge of the depart-
ment mimeograph machine, merely because there had
been some problem about people using the machine
carelessly without supervision, and Dean Eisenhart,
the chairman of the department, believed in running a
tight ship. The mimeograph was used to run off course
notes, and not much else. But there were a large num-
ber of course notes. The Institute for Advanced Study
had just recently been established and shared old
Fine Hall with the Princeton mathematics department.
Institute professors such as Oswald Veblen, Hermann
Weyl, John von Neumann and Marston Morse had been
accustomed to lecturing, and even though they were
not required to lecture at the Institute, they just did it
anyway out of habit. Also, the Institute professors had
distinguished assistants, and these assistants would
take notes of the lectures. Some of these sets of lecture
notes were on research; for example, the first publica-
tion of von Neumann on the work he was doing on lin-
ear operators came in such notes.

People would hear about these course notes,
even in Europe, and they would write for copies. So this
became a business. We priced the notes originally to
cover just the cost of ink and paper; the work of mim-
eographing and collating was done by students. It was a
very amateur enterprise. But when it became clear that
one of the two mathematics secretaries was spending a
sizeable fraction of her time on correspondence about
these notes, something had to be done. Several reme-
dies were tried starting in 1937, but the final successful

change was made with the creation in 1940 of the Annals
of Mathematics Studies, which were published by the
Princeton University Press as photo-offsets. The course
notes became volumes in the Studies. At the same time
the Annals of Mathematics had been having difficulty
with what to do with long papers. Such papers were
transferred to the Studies as monographs, and this is why
the series was called the Annals of Mathematics Studies.

So, just because of jobs | was assigned as low man
on the totem pole, | had a major role in the creation of
this distinguished series.

My other experience at that time in editing—it’s
another long story with chance elements—was in help-
ing to establish and run the Princeton Mathematical
Series (an equally distinguished series of hardback
full-length advanced books, also published by the
Princeton University Press). Because it was felt that |
was too young, inexperienced, and unknown to be sole
editor of this series (this was 1938 and | had just been
given tenure), two other editors were also designated,
H. B. Robertson and Marston Morse.

There are several interesting stories about how
books got into the Princeton Series, especially books
by European authors published during World War II.
On the other hand, | feel that the Annals Studies, which
have now passed 100 volumes, is a greater contribu-
tion than the Series. The Series was not too different
from what other publishers might do, but at the time
the Annals Studies were started there was nothing in the
United States in the way of low-cost paperback editions
of serious mathematics. Godel’s consistency of the con-
tinuum hypothesis might never have been published if
there had not been the Annals Studies in which it could
be done at a low cost.

MP: We have before us a picture of a combinatorial
problems seminar at the IBM Research Center. | under-
stand this is an unusual picture.

“Mathematics Must Become
More Algorithmic”

Tucker: Well, the picture is not unusual, but the work-
shop, which was held in the summer of 1959, was the
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Left to right: Merrill M. Flood, John L. Selfridge, Herbert J. Ryser, Ralph E. Gomory, Albert W. Tucker, Edward F. Moore, George
B. Dantzig, and James H. Griesmer.

first as far as | know in the area of combinatorial math-
ematics. The participants—there were about 15 of
us—spent a considerable amount of our social time in
trying to define what we meant by combinatorial math-
ematics. We were all agreed that networks or graphs fell
in combinatorial mathematics, and also that many as-
pects of matrices were combinatorial. And of course we
agreed that the traditional combinatorics arising out of
permutations and combinations was part of the sub-
ject. But outside that we all had our own conceptions
of combinatorial mathematics. It seems strange to me
now that it was such a short time ago that this area of
mathematics was being defined and recognized.

MP: Al, what do you see as the greatest challenge fac-
ing mathematics in the coming years?

Tucker: The computer revolution. Mathematicians have
set great stock in abstract mathematics in which con-
cepts and rigor have been the dominant things. But

now algorithms are really important. There have been
algorithms around from Euclid’s algorithm on, but
they have been regarded as rather unusual. | think that
mathematics will have to become more and more algo-
rithmic if it is going to be active and vital in the creative
life. This means it is necessary to rethink what we teach,
in school, in college, and in graduate school. In our em-
phasis on deductive reasoning and rigor we have been
following the Greek tradition, but there are other tradi-
tions—Babylonian, Hindu, Chinese, Mayan—and these
have all followed a more algorithmic, more numerical
procedure. After all, the word algorithm, like the word
algebra, comes from Arabic. And the numerals we use
come from Hindu mathematics via the Arabs. We can't
regard Greek mathematics as the only source of great
mathematics, and yet somehow in the last half centu-
ry there has been such emphasis on the greatness of
“pure” mathematics that the other possible forms of
mathematics have been put down. | don’t mean that it



364 o Mathematical People

is necessary to put down the rigorous Greek style math-
ematics, but it is necessary to raise up the status of the
numerical, the algorithmic, the discrete mathematics.

MP: We've talked very little about you personally. What
are some of your hobbies?

Tucker: | certainly do like to travel, and fortunately I've
had many professional opportunities for this. Even dur-
ing vacation trips | like to visit with mathematicians and
give talks. My favorite place for travel has been Australia.
I've been there four times as a visiting lecturer. The city
of Perth in Western Australia is my favorite city. That’s
where | would live if it weren't so far away from every-
thing else that I'm tied to.

The other hobby | might mention is that | like de-
tective stories. It isn't that | read them so much to try
to guess the end; | really read them for just relaxation.
| have quite a collection of paperbacks. | like best the
classical British detective stories, which | started read-
ing when | was a student in Toronto.

Early on | had liked chess, but | swore off chess
when | discovered that after playing a keen chess game
| had difficulty sleeping at night. | was continuing to

concentrate on the game. So | switched to reading, and
found that somehow detective stories provided me
with the sort of relaxation | liked.
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Postscript

Although Tucker retired in 1974, for the next 18 years
he was occupied writing, with Evar D. Nering, Linear
Programs and Related Problems, which was published in
1993.






Stanislaw M. Ulam

Interviewed by Anthony Barcellos



Stanislaw M. Ulam spent the winter quarter of the
1978-1979 academic year at the Davis campus of
the University of California. As Distinguished Visiting
Professor of the College of Letters and Science, Ulam
presented weekly seminars that touched on such topics
as probability, finite state automata, evolutionary genet-
ics, and coding theory. Professor Ulam’s audiences re-
flected the broad span of his interests: mathematicians,
physicists, engineers, and biologists, among others.

Reminiscing about his career in an interview with
the Two-Year College Mathematics Journal during his
Davis sojourn, Stan Ulam displayed a disarming mod-
esty and personal charm. It was difficult to perceive in
him the intimidatingly self-confident man described in
his autobiography Adventures of a Mathematician [1].
The discussion touched on Ulam’s origins in Poland,
his work on the Manhattan Project during World War
I, and the course of his subsequent research and in-
terests. Drawing on his experiences in several scientific
disciplines, Ulam spoke on the current status of math-
ematics and sciences and speculated on their possible
development.

Decision to Become a Mathematician

MP: Was your decision to become a mathematician a
conscious one, or something that developed over a pe-
riod of time?

Ulam: At the age of ten | was interested in astronomy,
then in physics, and finally in mathematics. By the time
I was 15, | was reading number theory; there was a fas-
cinating book by Sierpinski—in Polish, of course. And
then | read about set theory. At that time | thought that
if it's at all possible, or practical, to become a mathe-
matician, | would want to be one. Of course, from the
practical point of view, it was very difficult to decide
on studying mathematics—only mathematics—at the
university because of the exigencies of a career: there
were very few positions. To make a living in mathemat-
ics was very, very difficult.

So | entered an engineering school, the
Polytechnic Institute, and ordered a so-called “general
faculty,” which actually contained a lot of mathematics
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courses. Then Professor Kuratowski, a very famous to-
pologist, certainly influenced some of my early choices
in topics in mathematics. | met other mathematicians
more my contemporaries—although a few years old-
er—Ilike Mazur, and Banach. Banach was a professor at
the University, but he gave courses at the Polytechnic
Institute.

Very soon, just because—perhaps by luck—I
managed to solve a few problems which were open, |
became more sure of myself and decided to study—in-
stead of electrical engineering—mathematics itself,
come what may. | continued my work, continued writ-
ing my papers, and by the time | received my doctorate
I had nine or ten papers published.

MP: What were the fields of study that interested you
most at first and how have those changed over the
years?

Ulam: Well, set theory—and topology. That slowly, of
course, changed with the years—one should say de-
cades, almost. But | have been interested in probability
theory and always, so to say, platonically interested in
theoretical physics.

Pure versus Applied

MP: During your career the work you've done has been
both in very abstract mathematics and in various ap-
plied fields. Do you yourself perceive a fundamental dif-
ference between pure and applied math?

Ulam: | really don't. | think it's a question of language,
and perhaps habits. Even between pure mathematics
and theoretical physics the thinking process bears many
similarities. As | try to say in my seminar here in Davis:
Mathematicians start with certain facts—which we call
axioms—and deduce consequences, theorems. In phys-
ics, in a sense, it’s the other way around: The physicists
have a lot of facts, lots of relations, formal expressions,
which are the results of experiments; and they search
for a small number of simple laws—we could call them
axioms in this case—from which these results can be
deduced. So in some ways it's an inverse process, but
the course of thinking about it and the intuitions have
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great resemblance in both cases. And the question of
habits, so-called rigor, which mathematicians require
is often absent in physics. If one is tolerant, however,
you could say that what physicists do is quite rigorous,
but with different primitive notions than the ones too
naively pursued.

Now you actually didn’t ask me about physics so
much as about applied and pure mathematics. Even in
applied mathematics the really good work is not merely
a service type activity, but invention of new tools, new
methods, new applications. For somebody like Gauss,
you know, distinctions are really very hard to perceive;
he was perhaps the greatest number theorist who ever
lived, and then he did some marvelous applied work—
the method of least squares, for one thing.

MP: Currently you're a professor at the University
of Florida at Gainesville, professor emeritus of the
University of Colorado at Boulder, and you're still a con-
sultant for the Los Alamos Scientific Laboratory of the
University of California. How do you divide your time
these days?

Ulam: I'm afraid most of the time I'm just staying at
home, because in Florida | spend three or four months
at most. | don't stand humid heat very well, so come
April l usually leave. Now Los Alamos is very near where
[ live in Santa Fe (New Mexico). In Colorado I still have an
office. Lots of written material is there because there’s
no room in my house for tons of written material.

Los Alamos and the Bomb

MP: What do you work on at the Los Alamos Scientific
Laboratory?

Ulam: Mainly problems that are not concerned with
weapons. | did some work on nuclear propulsion of
space vehicles, and general mathematical studies—
also, what you might call mathematical biology. It’s a
little presumptuous term, perhaps at the present time,
but people are beginning to use mathematics even
conceptually for biological schemata observation. Not
many solvable equations appear in practical applica-
tions; there is very little done on that.

Stan Ulam wonders: “Will the shape of mathematics change?
Will there be “large” theorems such that individual theorems
will be left out as exercises, or corollaries?”

There’s little odds and ends. I'm actually now
trying to write a book on unsolved problemes. It’s a se-
quel to the book on this subject which | wrote 20 years
ago [2].

MP: To stay with the subject of Los Alamos, how did it
feel when you came from a background in theoretical
mathematics to join a large group of engineers and
physicists working on the very practical problems of
the Manhattan Project and the atomic bomb?

Ulam: It was fascinating. | must say it felt very good in
the sense that it was interesting. It wasn't really—in the
group in which | found myself—very “engineering” in
the ordinary sense, because the thing was so new and
so unknown in many aspects that it was almost like a
purely theoretical discussion. The problems really had
mathematical interest even though the crux was always



the physics of it. That was one of the most interesting
periods of my life, intellectually. There was a realiza-
tion of the possible enormous changes which could be
brought about through use of nuclear energy.

MP: How do you feel about the consequences of the
Los Alamos work? Are you satisfled with what has
happened?

Ulam: It's hard to say—satisfied from what point of
view? It's hard to say, certainly, “satisfied” or “dissatis-
fied” with facts of nature. These things exist. | believe—
some people say—that the advent of nuclear bombs
prevented a third world war and will hopefully prevent
such an unimaginable catastrophe—actually surpass-
ing by orders of magnitude all the horrors of the past
war. Some people say that, and perhaps it’s true. Let’s
hope. Now other uses of nuclear energy are beneficial:
use of radioisotopes and even use as energy sources.
I myself believe strongly in the use of fission reactors
for producing energy. It seems to me that there could
be safeguards for disposing of the waste. After all, there
are several hundred reactors running even now, mainly
for energy of some sort; there hasn’t been a single ma-
jor accident. Some people say it's by far the safest way
to produce energy—safer than coal, in terms of produc-
tion of coal and the use of coal.

After an unsatisfying postwar stint at the
University of Southern California, Ulam was invited to
return to Los Alamos. Russian acquisition of the atomic
bomb spurred efforts at Los Alamos to perfect the “su-
per,” as the hydrogen bomb was called in its develop-
ment stage. Ulam agreed that the matter was urgent
and was an important part of the research work. He
provided the key that finally made possible the ignition
of a thermonuclear device.

Ulam lays no claim to the title “Father of the H-
Bomb,” which Edward Teller has willingly worn. Teller
exerted himself strenuously on behalf of the bomb's
development and was its self-appointed champion on
all fronts. He was continuing the struggle to salvage his
plans in the face of increasingly negative theoretical
results when Ulam produced his vital contribution. As
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Ulam tells it, in his Adventures of a Mathematician:

... Teller continued to be very active both politi-
cally and organizationally at the moment when
things looked at their worst for his original “su-
per” design, even with the modifications and
improvements he and his collaborators had out-
lined in the intervening period.

Perhaps the change came with a proposal | con-
tributed. | thought of a way to modify the whole
approach by injecting a repetition of certain ar-
rangements....

The next morning | spoke to Teller. At once
Edward took up my suggestions ... | wrote a first
sketch of the proposal. Teller made some chang-
es and additions, and we wrote a joint report
quickly .. ..The report became the fundamental
basis for the design of the first successful ther-
monuclear reactions and the test in the Pacific
called “Mike."[1, pp. 219-220]

[Als a result of my work on the hydrogen bomb, |
became drawn into a maze of involvements. [IIn
some circles | became regarded as Teller’s oppo-
nent, and | suspect | was consulted as sort of a
counterweight. Some of these political activities
included my stand on the Test Ban Treaty and
testimony in Washington on that subject. The
cartoonist Herblock drew in the Washington Post
a picture of the respective positions of Teller and
me in which | fortunately appeared as the “good
guy."[1, p. 251]

However, the role he played in the establishment
of the nation’s nuclear policy appears to loom less large
in his mind now than at the time he penned his auto-
biography:

MP: You figured very strongly in the debate on the
management of nuclear resources.

Ulam: No, not really. | was once involved in some testi-
monies about testing in the atmosphere—the Test Ban
Treaty. My friends’ and my own opinion was that atmo-
spheric testing was not necessary. And finally the U.S.
Senate ratified by an overwhelming margin an agree-
ment not to have nuclear explosions in the atmosphere.

MP: You were viewed at that time as something of a
counterweight to Edward Teller.
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It’s A Wise Father That Knows His Own Bomb
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Ulam: No, there were many people who argued for the
test ban, and | think Teller was a minority.

MP: In the scientific community?

Ulam: In the scientific community acquainted with the
appropriate technology. On the whole, people thought
that atmospheric testing was not necessary. | don't
know how Teller feels about it now.

MP: You mentioned your belief in the safety of nuclear
reactors. Do you think that the general public has any
real understanding about these issues, that they're
properly educated on them and have sufficient infor-
mation to make reasoned judgments?

Ulam: 1 think that they do not have any information.
Too much is the result of emotion. In this case, unfor-
tunately, | think that it slows down the attempts of the
United States to become independent in production of
energy. | do not know why one does not build many
more reactors.

MP: This leads me to the broader question of the cur-
rent status of mathematics, science, and technology.
So many people have become very antitechnology
and feel that it's responsible for most of our problems.
Do you see any likelihood of this trend reversing in the
near future?

Ulam: | don't know. I'm not a prophet. Certainly what
you say is true, but many of the phenomena that have
been going on are due, it seems to me, to feelings of
inadequacy—individuals who are baffled by the facts
of science. | think some of this is one of the reasons
for the unrest in the world—feelings of inadequacy. |
don't know how to counteract this or how to proceed in
education to make people feel better about the fact—
which is now, | think, unavoidable—that one does
need special technological and scientific frameworks to
organize the world with its enormous population, and
so many demands on and ultimate shortage of the old
type of fuels.

MP: This is a very popular question to ask mathematics
professors: Do you have any opinions on the “disastrous
failure” or the “qualified success” of the new math?
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Ulam: Yes, | had some feelings about the new math
right away. | thought that in principle, ideally, it was
an interesting thing to attempt to instill or inculcate
in children a sort of more abstract way of reasoning.
Unfortunately, in practice that requires very special
teachers. More than that: Many people—including, for
example, myself—need examples, practical cases, and
not purely formal abstractions and rules, even though
mathematics consists of that. They need contact with
intuition. Variety almost by itself confuses the stu-
dent. | think a great problem is teaching mathematics
as a question of grammar rather than the structure.
Sometimes, especially with teachers who themselves
are not too good at it, it was a negative change and dis-
couraged, | think, many bright children from going into
more mathematical things. [This formalism] was a big
problem. That’s how | felt in the beginning and | think
that by now it uses much less of this.

Large Theorems

MP: To what mathematical questions would you most
like to know the answers?

Ulam: Well, I'll tell you. It’s very strange; it's a question |
ask myself—exactly what you ask me now. And it's very
hard to give just one or two. But | certainly would like
to know the outlines of a future basis of set theory—so
to say, the sequel of the discovery of Godel of unde-
cidability. Then there are problems in number theory;
some mathematicians, of course, mention Riemann’s
hypothesis, or Goldbach’s conjecture. Are there “theo-
rems” of this type which will be proved undecidable on
the basis of present systems of number theory? What
interests me more now is not any special theorem, but
rather whether the shape of mathematics will change:
Will there be “large” theorems such that individual the-
orems will be left out as exercises, or corollaries? Well, |
have to make it more precise.

In his autobiography Ulam addresses at greater
length the topic of the future “shape” of mathematics.
Remarking on the overthrow of the set-theoretical as-
sumptions on which modern mathematics was found-
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ed, Ulam strives to express a sense of the new and
broader concepts of “true” and “false” which may be for-
mulated to replace the deficient current notions:

Godel, the mathematical logician at the Institute
for Advanced Studies in Princeton, found that
any finite system of axioms or even countably in-
finite systems of axioms in mathematics, allows
one to formulate meaningful statements within
the system which are undecidable—that is to
say, within the system one will not be able to
prove or disprove the truth of these statements.
Cohen opened the door to a whole class of new
axioms of infinities. There is now a plethora of re-
sults showing that our intuition of infinity is not
complete. They open up mysterious areas in our
intuitions to different concepts of infinity. This
will, in turn, contribute indirectly to a change
in the philosophy of foundations of mathemat-
ics, indicating that mathematics is not a finished
object as was believed, based on fixed, uniquely
given laws, but that it is genetically evolving.
This point of view has not yet been accepted
consciously, but it points a way to a different
outlook. Mathematics really thrives on the infi-
nite, and who can tell what will happen to our
attitudes toward this notion during the next fifty
years? Certainly, there will be something—if not
axioms in the present sense of the word, at least
new rules or agreements among mathemati-
cians about the assumption of new postulates
or rather let us call them formalized desiderata,
expressing an absolute freedom of thought,
freedom of construction, given an undecidable
proposition, in preference to true or false as-
sumption. Indeed some statements may be un-
decidably undecidable. This should have great
philosophical interest. [1, pp. 283-284]

Ulam: | think that computers will bring about great
changes in the aspect of both stating and proving theo-
rems. Finally, the most interesting thing is the schema
of the human brain itself. What kind of mathematics will
our gradually acquired knowledge of the workings of
the brain suggest? That's what | think is the most fas-
cinating of all. Some Greek poet said, “There are many
wonders, but the greatest of all is human thought”Was
it Aeschylus?

MP: That reminds me of Johnny von Neumann—his
classical learning.

Ulam: A most remarkable man. Since his death the ap-
plication of his work and his influence is growing steadi-
ly. He was recognized very much during his life, but his
very great fame started developing really, | think, after
1957 when he died. Too bad he didn't live to see the
enormously increasing role of computers. He was an
early prophet of this.

MP: Recently the four color theorem was proved with
computer assistance. How do you feel about this?

Ulam: In some cases it might be that this sort of thing
will become more frequent. Certainly | believe in the
heuristic or experimental value of computers where one
by working examples will get intuitions about the more
general fact. Ultimately the computers will be able to
make formal proofs and operate symbolically the way
we do now in thinking about mathematics. There’s no
question at all. Now there are computers playing fair
games of chess. They have a sort of 2000 rating. [This
ranking would correspond to a very good amateur.]

MP: Do you think it would be fair to call such comput-
ers increasingly intelligent? Or does the word have any
meaning in this context?

Ulam: Well, | think that actual intelligence is very dif-
ficult to define even for people. Don’t you agree? There
are so many different types of what you might call intel-
ligence in individuals. Some people have intelligence
in certain directions and are very dumb in some other
directions. Isn't that true? Usually if you call a person in-
telligent it's sort of faint praise. One wants more. “He’s
intelligent” That’s not such a great compliment.

Monte Carlo Methods

MP: Your mention of computers and heuristic reason-
ing, working out special cases and examples to give one
a feeling for things, naturally brings to mind your Monte
Carlo method.

Ulam: Yes, about the time when | left Los Alamos just
when the war ended, | had the first thoughts about it.



When | came back to Los Alamos | developed it some
more and then, mainly in collaboration with von
Neumann, | established several regions of application.

One may choose a computation of a volume of
a region of space defined by a number of equa-
tions or inequalities in spaces of a high number
of dimensions. Instead of the classical method
of approximating everything by a network of
points or “cells,” which would involve billions
of individual elements, one may merely select
a few thousand points at random and obtain
by sampling an idea of the value one seeks.
[1, p. 200]

MP: What do you want to do now?

Ulam: What does anyone want to do? Enjoy a few more
years of normal life. | want to write this book (of prob-
lems), finish it. | am still—still—thinking about prob-
lems. It's also interesting to see what's happening in
foundations of physics, in particle physics, and the very
strange phenomena in astronomy. Also in biology, tre-
mendous things will happen, maybe more rapidly now
than in any other science.

MP: | have one more fairly prosaic question.

Ulam: 1t's the answers which are prosaic. Oscar Wilde
said, “No question is indiscreet; the answer might be
indiscreet.”

MP: | would like you to cite, if you can, the things you
like best among what you've done. You've mentioned
the Monte Carlo method and everyone seems to recog-
nize that as important.

Ulam: | know, but intellectually it wasn’t a great deal.
MP: What do you like most that you've done?
Ulam: You mean, sort of narcissism?

MP: Yes, something of that sort.
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Ulam: It's hard. | don't compare things, but a few |
thought were—by luck—not unimportant, not totally
unimportant. | believe in the role of luck in scientific
research. | like some works | did in collaboration with
other people. | wrote many joint papers with Mazur,
Schreier, Banach, Borsuk, Hyers, Everett, Oxtoby, etc. In
general | somehow like to talk to people and work to-
gether.

MP: |s it that you have the “habit of luck” yourself or that
you associate with people who do?

Ulam: That'’s a strange thing. Some people say, “Ah, it
cannot be luck because why does it happen several
times in a row?” and so on. | don't know; that’s a good
question. But, clearly, it's not a question of the power
of the brain alone. The times must be right, and by
chance you come upon something. Even somebody
like Einstein, or, as people say, Newton. Who was it that
said that Newton was so lucky because only once can
you discover the fundamental laws of the universe?
Actually there are infinitely many fundamental laws,
perhaps. Certainly luck plays a role, even at the highest
level, not to mention the level of a working mathemati-
cian like myself.

References

[11 S. M. Ulam. Adventures of a Mathematician. New York:
Scribner’s, 1976.

[2] S.M.Ulam. Collection of Mathematical Problems. New York:
Interscience, 1960.

[3] S. M. Ulam.“John von Neumann, 1903-1957. Bull. Amer.
Math. Soc 64:3 (1958), 1-49.

Postscript

Ulam died shortly after this interview but his own view
of his career is preserved in his autobiography refer-
enced in the interview: Adventures of a Mathematician
(Scribner’s, 1976). He died on May 13, 1984.
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